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Abstract

This study aims to establish new forms of the Weierstras’s inequality with some parameters. The Weierstras’s
inequality is one of the most famous inequality and most useful tool in Mathematical analysis. We use principles of
mathematical analysis as the principle of Mean Value Theorem, order relationship properties and other principles
to find and generalized new forms of Weierstras’s inequality. We hope the results in this paper help other
Interested researchers in this area of research.
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INTRODUCTION

Suppose X >—1 and N € N. Then
1+X)" >1+nx (1)

(1) Is called Bernoulli’s inequality, which is essential in the analysis [4].
suppose 0 < X <1, 1=123,...,N, where n > 2. The following inequalities

ﬁ(1+ xi)21+zn“xi

i=1
(2
ﬁ(l—xi) 21—Zn:xi
i=1 i=1
3)

are well known as Weierstrass’s inequality [1] or Weierstrass’s Bernoulli’s inequality [3]. These inequalities are two of the most
important inequalities in the supject of product polynomials. Many scientists studied this topic and a large number of documents

n
have been written on it [6],[9],[8]. For example, if @, =20, X >-11=12,...,n and Zai <1: then
i1
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ﬁ(1+ X,)“ <1+ zn:aixi
i=1 i=1

4)
11021 X >00r ¢;<land X <0, for i=12,...,n then

f[(1+ X)) =1+ zn:aixi
i=1 i=1

n
5 Let X;,X,,..., X, be positive real numbers with » X; =1 ; H.Sh. Huang gave an inequality [2]
1172 n
i-1

no1 1
[1C+x)=(+5)"
i1 X n
(6)
n
More general, for X;,X,,..., X, be positive real numbers with Z X; =K, 1<K <n where k,neN;forme N, Shanhe
i1
Wu and Huannan Shi [10] gave the following inequality

m(kZm_nZN) n
n 1 n m k m n n T k2mp2m n m k m
[T+ xM =20+ T x =
i1 X k n ia K k n
()
For more information on the weierstrass inequality, you can refer to [5,7] and the references therein .

In this paper, new generalizations of Weierstrass inequality are established by using principles of mathematical analysis as the
principle of Mean Value Theorem.

PRELIMINARIES AND LEMMAS

LEMMAL Let Q; >2, f<1 and OSXi<1fori =12,...,n.Then

n n

> =T A" ®

i1 i-1
PROOF: If X; =0, then (8) holds.

if 0<X; <1and a; > 2 then (Xi )ai <land since S <1 then

PO X 44 X00) > B x)

n
thus we have

LEMMA2. LetlSﬂSJ/i Q, > 2, 7“1t < B and Xi>1 for i=1,2,...,n.Then

l_l[(?’iJrﬁXi)a1 >i7iﬁxiai ©)

PROOF: Define
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h(x)= (i + )" =7 X" for X; 21
Its clear that N(X;) is continuous function for X; >1 and differentiable for X; > 1 with

h () =By + P)“ " —a B
=a; B(y; +:Bxi)ail[l—LiailJ

(7, + %)
ES I
1 -1 a;-1 a;i-1
since yﬁx < X <y, + X then L <1 itis mean that a N (L M— <1, we obtain that
I o I yitp Vi + BX; (i + Ax)
hI(X) >0 . Byusing MvT, 3C; € (LX) suchthath'(c;) = M then
| 1 a;-1
. ]/-ai_lC-
h (x;) =By "',Bxi)ai_1 1-| ——=
7i + B
_ [(7i "‘:[))Xi)ai _7iﬂxiai:|_|:(7i +ﬁ)a' _7iﬂ]
X, —1
1
a;i-1 .
i <1
since " +ﬁci , thus
1 a;-1
. -ai_lC-
h'(x) = By + p) 1= D= | |0,
7i + 55
its mean that h(Xi) is increasing function for X; 2> 1, and also by MVT
h'(X-): l(?’i 'F:b)xi)oci _7iﬂxiaiJ_[(7i +ﬁ)ai _ViﬁJ>o
' X, —1
since X; >1, then
0+ %) =7 |-+ B) ~ 78] 0 (10)
since 13,33% <¢;, then (Q/i -l-,B)O[i > }/i,ﬁ , from (10) we obtain
(7i + Bx)" > 7 X" (11)
then
H(?’f"ﬁxi)ai >H7/iﬂxiai (12)
i=1 i=1

and since 7iIBXi >2 for i=12,...,n,then
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[T7Bx > s (13)
i=1 i=1

Apply transitive property to (12) and (13) we obtain (9).

MAIN RESULTS

THEOREM 1. Let 1S,B§7i, a,; > 2 and OSXi<1,for i=12,...,n,then

ﬁ(% )" Zﬁ(%)a‘ +i/}xiai

(14)
and

ﬁ(?ﬁ + %) Zﬁ(?”i )ai "’ﬁﬂxual (15)

PROOF: If X;=0 (14) holds.
For 0< X; < 1, define

n n

TCOR ) (R 0RN § GO . o

i= i=1

then f (Xi) is differentiable function with

£ =3 @B+ ) 10 + A0 |- D
i-1 i1 i-1

(17)

=}

o B(y; +@<i)ai_1H(7j + )7 = ()

j=i

since ¥, + 0% > X andsince & —1>0 then (¥, -l-,b’Xi)a{F1 > Xiaifl, and since (7; + /%) > Llthen

H(}/i + /%) >1, thus we obtain
i1

@B+ O TT0n+ A" |- |0

(18)

then
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n

Z o, B(y; +/8Xi)ailll[(7/j "‘ﬁxj)aj _“iﬁxiaiil >0 (19)

thus f (X)>0 for 0<X <1 then f(X) isincreasingfor 0 < X: <1, its meanthat T (X)) > f(0)=0, thus

n

f(x) :(ﬁ(% + ;)" _1_[(7’i)ai _Zﬂxiaij> 0 for xe[0,1)

n
i=1 i=1
then

[Tows s> ([167 x| 0

and because the inequality (14) holds when Xi=0,then

n n n
[T+ )™ 2 T](n)" + 286 >0
i=1 i=1 i=1
Which complete the proof of (14) of theorem 1.
To prove (15) : If X;=0 (15) holds

For 0 < X; <1, define

n

g(xi)=ﬁ(7i +p) =[]0 )" —f[ﬁxi“‘ (20)

i=1

Its clear that g(Xi) is continuous for 0 < X; < 1 and differentiable function with

n

9'00)= 3| @+ A0+ ) |- 2| s T 2

n

§0)=Y| @Bt + AT, + A |- [ A @
=1 j=1

i=1

ji j=i

since (7 + %)™ > X" and (y + %)™ > PX" then

B+ A L0+ A1) || e 1A |[>0 @)

j#i j#i

then

S @B+ [0, + A || ape T ac ||>0 @
=l =

j#i j=i
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then g'(xi) >0 for 0< X <1, then g(xi) is increasingon 0 < X <1, its mean that g(Xi) >0(0) =0, then we lead
the proof of inequality (15).
Remark L:If we put }; = 1, L =1and O =1lin (14), we obtain the famous Weierstrass’s inequality (2).

Remark 2:1f we put Jj = 1, L =1and & = *in (14), we obtain the famous Weierstrass’s inequality (4).

THEOREM 2: Let 1<%, <@y, g#>2 and X;=1, then

n n n
H(ﬂ/i + %) 2 H(Vi )ai +Zﬂxiai
i=1 i=1 i=1
(25)
Proof: Substitute X;= 1 in the left hand side of (25) and let

=110+ B = Gt B G B () )

Since 1< Vi <@, fori=12,...,n,then

> (" + )0 + B) s + 5%)..(ra" + )

0

=727 )+ G0 BY) + Co(r™ BY) + o+ Co, (1 BY) + BB BT BT
\—ﬂ/_—J

>l >1 1

. _ . -2
(26) WhereCJ-, J=1,2,.-.,2n 2are coefficients of Y and /3, and since all of Cj>1 for J=1.2,---,2n , then

n 2"-2 n
I 21_[7/;1i1 + ch(%ai B) +Hﬂai
i=1 j:lT i=1

n n
>[[r+I15
i=1 i=1
Which complete the proof of theorem 2.

o

tHEOREM 3.Let 1S <y <a, 7O < (7 + B 7il% >2and X, >lfor i=12,...,n then

[T+ >0 ) +TT A (27)
i=1 i=1 i=1
Proof: Define

n

06 = [10:+ ) [0 -] b

i=1

then g(Xi) is differentiable function with

n

g‘(Xi) :i aiﬁ(yi +ﬂxi)ailﬁ[(ﬂ/j +,ij)aj _Z OliﬁxiMFl ri ﬁ)xjxj

i=1
ji j#i
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=3 @+ 0 T+ )" |- T

since (7, +ﬂXi)a‘_1 > ﬁXiai_l and using Lemma 2, we get

a,p(y; -I-ﬂXi)ai_llL[(?/j +,B>(j)mj - aiﬁxiai_lll[@(?j >0

then

| B+ A TT 0+ i)™ || i T || >0
=1 j=1

j#i j=i

i=1

then g'(xi) >0, for X; >1, then g(Xi) is incrasing for X; >1, thus

n

ot)> 90 =([T0+4" 167" -3 )0

i=1

for X E( 00) , which leads to inequality(27).
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