& %,
S %
®
; %
»
2 o
[ @
= S
o, o
2,
% &

ISSN :1991-8178
EISSN: 2309-8414

Australian Jour nal of Basic and Applied Sciences

2018 July; 12(7): pages 112-119
DOI: 10.22587 /ajbas.2018.12.7.18
Research Article AENSI Publications

Compromise Solutions for Rough Multiple Objective Decision Making Problems
IShereen Fathy El-Feky and *Tarek H.M. Abou-El-Enien

Teaching Assistant at Faculty of Computer Science , Department Of Computer Science,Modern Science and Arts University, 6™ of October city-Giza - Egypt.
Department of Operations Research & Decision Support, Faculty of Computers & Information, Cairo University,5 Dr. Ahmed Zoweil St.- Orman - Postal Code
12613 - Giza - Egypt.

Correspondence Author: Shereen Fathy El-Feky, Teaching Assistant at Faculty of Computer Science , Department Of Computer Science,Modern Science and Arts
University, 6" of October city-Giza - Egypt.
E-mail: selfeky@msa.eun.eg

Received date: 15 April 2018, Accepted date: 15 June 2018, Online date: 5 July 2018

Copyright: © 2018 Shereen Fathy El-Feky and Tarek H.M. Abou-El-Enien. This is an open-access article distributed under the terms of the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original author and source are credited.

Abstract

The technique for order preference by similarity to ideal solution (TOPSIS) is introduced to develop a methodology to find
compromise solutions for the Multiple Objective Decision Making (MODM) Problems with Rough intervals parameters in the
objective functions (RMODM) of Mixed-type. Anew algorithm is presented for the proposed TOPSIS approach for solving these
types of mathematical programming problems. Also, an illustrative numerical example is solved and compared the solution of
proposed algorithm with the ideal solutions.
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INTRODUCTION

Compromise programming (CP) was initially proposed by Zeleny (1973) and subsequently used by many researchers. (Zeleny, M., 1973). Yu (1973) and
Zeleny (1974) define the ideal solution as any solution that would simultaneously optimize each individual objective, (Yu, P.L., 1973; Zeleny, M., 1974).

Rough set theory is considered from the excellent mathematical tool for dealing with the description of vague objects, Rough set methodology has been
introduced as new handling of analysis of vague concepts classificatory by Pawlak (1991). Any Vague concept is introduced by pair of precise concepts called
“Lower & Upper” approximations, (Hamzehee, A., 2014; Osman, M.S., 2011; Youness, E., 2006).

Linear optimization problem which is considered where some or all of its coefficients in the objective function and/or constraints are rough intervals is
introduced by Hamzehee et al. (2014).

Several algorithms for solving different kinds of large scale multiple objective optimization problems using TOPSIS approach are presented in (Abou-El-
Enien, T.H.M., 2013). TOPSIS method assumes that any DM seeks a solution which has the shortest distance from positive ideal solution (PIS), and the farthest
distance from the negative ideal solution (NIS), (Lai, Y.J., 1994).

In the following sections, the formulation of RMODM problems is given in section (2). Also, transformation of RMODM problem into deterministic
RMODM problems (by use of TOPSIS method and "Lower & Upper” approximations method) is introduced in section (2). Anew algorithm for solving
deterministic RMODM problems is proposed in section (3). For the sake of illustration, we present an example for the extended TOPSIS method and compared the
solution of proposed algorithm with the ideal solutions in section (4).

Formulation of the problem:

Consider the following Linear Multiple Objective Decision Making (LMODM) Problem, (Hwang, C.L., and A.S.M. Masud, 1979; Yu, P.L., 1985; Zeleny,
M., 1982), with rough parameters in the objective functions [RLMODM]:
Maximize/Minimize (f; (X1, Xz, - Xn, )y oo fe (X0, Xzy o, X))

subject to )
X €M = {X € R*: DX < b}

where

fi = Xieaey (03 Q"] [0, @ )y 0= 1.2, ke, @

m : the number of constraints,

n :the number of variables,

k : the number of objective functions,

c;; - realconstants coefficients of the objective functions, (i = 1,2,...,k,j = 1,...,n).

b: anm-dimensional column vector of right-hand sides of constraints

D :an (m X n)coefficient matrix,

R : the set of all real numbers,

X @ an n-dimensional column vector of variables,

N ={12...n},

R"® = {X = (%1, %3, .., )7 ¢ x; ER,i €N},

[QH, @], [QH, QFH]are rough interval coefficients of the objective functions , (i = 1,2, ....,k,j = 1,....,n).
Using the upper and lower approximation method, (Hamzehee, A., 2014), the multiple objective decision making problems with Rough parameters in the
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objective functions (RMODM) can be transformed to the following four deterministic LMODM problems:

PL: (Lower interval - Lower interval coefficients)

Maximize /MinimizeF}* = Y7, ¢;; Qffx;, i = 1,2, ..., k,

subject to 3)
XeM

PHL:(Lower interval - Upper interval coefficients)

Maximize/MinimizeF!" = ¥7_; c¢;; Qff*x;, i = 1,2, ...k,

subject to 4)
XeM

P H: (Upper interval - Lower interval coefficients)

Maximize/MinimizeF" = ¥}_; ¢;; Qff'xj, i = 1,2, k,

subject to (5)
XeM

PHH(Upper interval - Upper interval coefficients)

Maximize /MinimizeF{"" = ¥1_, ¢;; Qfi"x;, i = 1,2, ..., k,

subject to (6)
XeM

TOPSIS Approach for RLMODM:

A modified version of TOPSIS method, (Abou-El-Enien, T.H.M., 2013; Lai, Y.J., 1994), is introduced to find compromise solutions, (Hwang, C.L., and
A.S.M. Masud, 1979; Zeleny, M., 1982), for the RLMODM problems. Modified equations for the distance function equation from the positive ideal solution (PIS)
and the distance function equation from the negative ideal solution (NIS) are introduced.

Algorithm (1):
Step 1:
Use the "Lower & Upper” approximations method to transform the RLMODM Problem (1) into the four deterministic LMODM problems (3)-(6).

Step 2:

I- Find the PIS(F;™) , PIS(F;™), PIS(F™) , PIS(Fe™), NIS(F™), NIS(E™) , NIS(E™") and NIS(F™) which are (Abou-El-Enien, T.H.M., 2013;
Hamzehee, A., 2014; Lai, Y.J., 1994):

F*LL — Maximiz;(E%Minimize)FtLL(X)(Or FULL(X)),V t (and ‘IJ)
F_LL — Minimiz;(g“qlMaximize)Ft[,L(X)(Dr FULL(X)),V t ( and U)

HL

it = Maxlmlz;g;gMmetze)FtHL(X)(()r E,HL(X)),V t (and v)

prit = Mintmize(or MaximzO) pL (xy (or FHL(X)),V t (and v)
F*LH - Maximiz;éﬁ Minimize)FtLH (X) (OT E;LH (X)),V ¢ ( and 17)
= Mi"imizf((g};HMaxmize)FtLH X)(or EF(X)),V t (and v)
= M“"im"z)‘;’g‘g Mi"imize)F[’” O (or EMM X)),V t (and v)
F_HH — Minimiz;(eolgﬂMuximize)FtHH(X)(Or E,HH(X)),V ¢ ( and 17)
where

F,(X): Objective function for Maximization ,t € k; c k,
F,(X): Objective function for Minimization ,v € k, C k,
k =k, Uk,,

I1-  Construct PIS and NIS payoff tables for the four deterministic LMODM problems (3)-(6).

Step 3:
Let w; = wii=12,..,k where Y, w; =1and=p* p* € {1,2,...,0}.

Step 4:

I-  Construct distance functionsd{,”SLLand d{”‘”SLL for problem (3) as following, (Abou-El-Enien, T.H.M., 2013; Lai, Y.J., 1994):
LLL p LLL\ P 1/17

arist (ztekl wf () + Boe wh (00 ) 1)
t t v v

and

Nistt p (FEo-rr’ p (Fi =R\’ T
dy> = <Zt€k1 w; (W> + Yvek, Wy (W) > (7.2)

II-  Construct distance functions d;’sm'and dQ”SHL for problem (4) as following :

1
+HL p LHL\ P /17
dPIst p (F_—Fx) " p (FLCO-F 8.1
P = Zteklwt AL AL ZkaZWu “HL AL (8.1)
Fp—Ff Fy i —Fy
and
1
_HL\ P _HL 14 /P
ANIS™ _ p (FE O-F p(Fr -Fh0 8.2
P = Zteklwt JAL __HL +Zuek2Wv AL AL (8.2)
Fy —F¢ Fy —F

I11-  Construct distance functions df,”SLHand d{,}”sLH for problem (5) as following:

1
LH p LLH\P /P
dP’SLH —(x WP Fr - FH(x) +y w? FEH(0)-Fy (9.1)
4 = teky Yt \ T LH_LH veky v \ " -LH_L.IH '
t t v v

and
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Y
LH FER oo -F P Fr R\ P P
ay’s =<ztgklwf () + o, wh (i) ©2)

LH LH
Fe—Fy e

IV- Construct distance functions dg’SHHand dg”sHH for problem (6) as following :

1
HH g\ P HH it P /P
HH - FE(x) FHH(X0)-F,
dEis™ = (Ztekl WP (e )+ T wh (i) ) (10.1)
and
1
p HH v\ /p
HH FEH G0 —F7 ™ Fy o -
dy’s = <Ztek1 th( ;*HH F_tHH ) +Zvek2 Wf( ;_HH ;,HH (10.2)
t It v Iy
Step 5:

I-  Construct the following bi-objective problem with two commensurable (but conflicting) objectives, (Abou-El-Enien, T.H.M., 2013; Lai, Y.J., 1994), using
the distance functions d{;’SLLand d{,”sLL:

Minimize d5™™" (X)

Maximize dﬁ”SLL(X)

subject to (11)
XeM

wherep = 1,2, ....., 0.

II-  Construct the following bi-objective problem with two commensurable (but conflicting) objectives using the distance functions d,‘;’SHLand d;,‘”SHL:

Minimize dﬁ’SHL(X)

Maximize dQ”SHL(X)

subject to (12)
XeM

wherep = 1,2, ....., 0.

I1l-  Construct the following bi-objective problem with two commensurable (but conflicting) objectives using the distance functions d,‘,”SLHand dQ”SLH:
Minimize 5™ (X)

Maximize dg”sLH x)

subject to (13)
XeM

wherep = 1,2, ..., 0.

IV- Construct the following bi-objective problem with two commensurable (but conflicting) objectives using the distance functions dg’SHHand d{,}”SHH:

Minimize d5'5™ (X)

Maximize d¥™" (X)

subject to (14)
XeM

wherep = 1,2, ....., 0.

Step 6:

I-  Construct PIS Payoff table for problem (11) :

At p = 1, use the simplex method or the interior point method,
At p >2, use the generalized reduced gradient method,

and obtain

_LL LLN\ ™ LLy — «LL LLN* LLy*
e (G I C L B I A (CE M C i )
where
(dS’SLL) = Ml'};éﬁi”dglsu(x) and the solution is XP'S"™",
(dNis™) = MaximizegNIS™ (x) and the solution is XV'S™,
(dgls‘-'-)" — dglsL'-(szls’-L) and (d{‘,”SLL)_ — dg’sLL(X"ISLL).

II-  Construct PIS Payoff table for problem (12):

At p = 1, use the simplex method or the interior point method ,
At p =2, use the generalized reduced gradient method ,

and obtain

_HL HLy — HLy ™~ +HL HLy* HLy*
a"™ = (™) (@™ ), ™ = (4™ (™)),
I1I-  Construct PIS Payoff table for problem (13) :

At p = 1, use the simplex method or the interior point method ,
At p >2, use the generalized reduced gradient method ,
and obtain

_LH LHy — LH\ ™ «LH LHy* LHy*
at = (5 (@) ), = () (@),
IV- Construct PIS Payoff table for problem (14) :

At p = 1, use the simplex method or the interior point method ,
At p >2, use the generalized reduced gradient method ,

and obtain
" = (@) @) " = (@ @)
Step 7:

I-  Construct the following satisfactory level model (for finite value of p), (Bellman, R.E. and L.A. Zadeh, 1970; Dauer, P. and M.S.A. Osman, 1985; Dubois,
J.D. and A. Prade, 1980; Zimmermann, H.J., 1996), for problem (11):

Maximize 5"t

subject to (15)
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G- g,
(a) (et
gNIStE *_lesLL X
(( . LL)* - Llf 2) = 6LL'
() =)
XeM, 6&“Lelo1]
wheres L is the satisfactory level for both criteria of the shortest distance from the PIS and the farthest distance from the NIS.
I1-  Construct the following satisfactory level model (for finite value of p) for problem (12):
Maximize 6"t
subject to (16)
() e
(o) (a5
HL\* HL
(") "0\ s,
(45 (™)
XeM, s e0,1]
wheres L is the satisfactory level for both criteria of the shortest distance from the PIS and the farthest distance from the NIS.
I1I-  Construct the following satisfactory level model (for finite value of p) for problem (13):
Maximize 6“1
subject to @17
i )
() (')
LH\* LH
(aprs )*_dlryls AR SLH
(57 (a5
XeM, 6elo01]
wheres ' is the satisfactory level for both criteria of the shortest distance from the PIS and the farthest distance from the NIS.
IV-  Construct the following satisfactory level model (for finite value of p) for problem (14):
Maximize §"H
subject to (18)
d{,’ISHH(X)—(d{;ISHH)‘ S ghH
(a5 —(agsy) =0
HH\* HH
(@5 "0\
(o) {aps™)
XeM, s"e[o01]
wheres ™ is the satisfactory level for both criteria of the shortest distance from the PIS and the farthest distance from the NIS.

Step 8:
If the solution of problems (15)-(18) yield optimal solutions (S*LL,X*LL), (S‘HL,X*HL),((S*LH,X*LH) and (5*HH,X*HH)then X x™ x " and x*™ are a
nondominated solutions of problems (3)-(6) and compromise solutions of problem (1), then go to step (10). Otherwise go to step (9).

Step 9:
Go to step (3).

Step 10:
Stop.

Illustrative Numerical Example for the Proposed Algorithm (1):
The proposed algorithm (1) is used to solve the following RLMODM problem:
Maximize f;(X) = 7([2,3], [1,5])x; + 4([2,5],[2,7]) x,
Minimize f,(X) = 5([2,3], [1,4])x; + 11([3,4],[2,9]) x,
subject to
X €M = {3x; + 5x, <35,2x; —x, <20,5x, <16,x; = 1,%,x, = 0}
Solution:
PLL.
MaximizeF}* = 14x,+ 8x,
Minimize F}* = 10x,+ 33x,
subject to
XeM
PHL.
MaximizeF{* = 21x,+ 20 x,
MinimizeF}* = 15x,+ 44x,
Subject to

XeM
P,

MaximizeF}" = 7x,+ 8 x,
MinimizeFf" = 5x,+ 22x,
subject to

XeM

PHH,

MaximizeFf!! = 35x,+ 28 x,
MinimizeFi™H = 20x,+ 99z,
subject to

XeM

Obtain PIS and NIS payoff tables for problem PL: :
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Table 1: PIS payoff table for problemP*t:

FI(X) FH(X) X1 X2
MaximizeF}: (X) 151.5385" 129.2308164 10.38462 0.7692308
Minimize FF*(X) 14 10* 1 0
PIS: = (151.5385, 10)
Table 2:NIS payoff table for problem P :
FIH(X) FA(X) X1 X2
Minimize FF(X) 14~ 10 1 0
Maximize FF(X) 114.2662 168.9333~ 6.3333 32
NIS: £~ = (14, 168.9333)
- Next, construct equation and obtain the following equations:
/
geisv [ 151.5385 — FLL(X)\’ WP FLOO—0) \177
P 1\ 151.5385-—14 2\(168.9333) — (10)
1
/
st _ [ ,p (_FHO0 — 14 Y L ((1689333) — FA(X) '’
P 11151.5385 — 14 2 \ ' (168.9333) — (10)
- us, problem is obtained. In order to get numerical solutions, assume that w=w?=0.5 and p=2,
Thus, problem (11) is obtained. In order to g ical soluti hat wP=w?=0.5 and p=2
Table 3: PIS payoff table of problem (11) when p=2.
dprst dyis™ () F(X) x Xz
Min. d5's™" 75.21841" 0.1249037754~ 151.5385264 129.2305616 10.38462 0.7692308
Max. dé\”SLL 0.3750962246~ 0.5005752" 151.5385264 129.2305616 10.38462 0.7692308
d;"=(75.21841,0.5005752),d5 "=(0.3750962246, 0.1249037754 ).
- Now, it is easy to compute step (10) :
Maximize &
Subject to
3x; +5x, <35,2x; —x, <20,5x, <16 ,x, 2 1, X1,X9,X3 =0
dfs™ (x) — 75.21841 w (05005752 — s x) 511 614 € [0.1]
0.3750962246 — 75.21841) — "\ 0.5005752 — 0.1249037754 ) — ’ e
The maximum “satisfactory level” (§1=0.3960653) is achieved for the solution x;“=1,x;""=1.930737.
- Obtain PIS and NIS payoff tables for problem PHL: :
Table 4: PIS payoff table for problem PH:
FlHL(X) FZHL(X) X1 X2
MaximizeFPL(X) 233.4615 189.6154552 10.38462 0.7692308
Minimize Ff*(X) 21 15* 1 0
PIS: = (233.4615, 15)
Table 5: NIS payoff table for problem PHL:
FI(X) ' (X) X1 X2
Minimize Ff*(X) 21° 15 1 0
Maximize FL(X) 196.9993 235.8™ 6.3333 3.2
NIS: f="= (21, 235.8)
- Next, construct equation and obtain the following equations:
1
aeist _ [ 233.4615 — FAL(X)\" o FAL(x) — (15)\'] P
P 1\ 2334615 - 21 2\ (235.8) — (15)
1
guist _ [p (0 =21\ (2358) - OO\
P 11233.4615 — 21 2\ (235.8) — (15)
- Thus, problem (12) is obtained. In order to get numerical solutions, assume that w”=w?=0.5 and p=2,
Table 6: PIS payoff table of problem (12) when p=2.
dprs™ dyis™ F (X ' (X) X1 X2
Min. dgls“'“ 116.1814" 0.5108208411~ 233.461636 189.6154552 10.38462 0.7692308
Max. dy's™ 0.395415433~ 0.5002369" 233.461636 189.6154552 10.38462 0.7692308

d;™=(116.1814, 0.5002369),d; "=(0.395415433, 0.5108208411).
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- Now, it is easy to compute step (10) :

Maximize 51

Subject to

3x1 +5x, < 35,2x; —x, <20,5%, <16,x; = 1,%1,%5,%3 =20
< dPis™(x) — 116.1814 ) o s ( 0.5002369 — dV's™ (x)

0.395415433 — 116.1814 0.5002369 — 0.5108208411
The maximum “satisfactory level” (§HL=1) is achieved for the solution x;" =1.234568,x; " =1.234568.

) >8HL §HLe[01] .

- Obtain PIS and NIS payoff tables for problem P“#:

Table 7: PIS payoff table for problem PLH:

FH(X) FI(X) x1 Xz
MaximizeFF (X) 78.84615" 86.8460776 10.38462 0.7692308
Minimize FF(X) 7 5 1 0
PIS: = (78.84615, 5)
Table 8: NIS payoff table for problem P4:
FlLH(X) (X X1 X2
Minimize FF (X) 7" 5 1 0
Maximize Ff(X) 96.9331 102.0667~ 6.3333 3.2
NIS: £== (7, 102.0667)
- Next, construct equation and obtain the following equations:
/
geiss [ p 78.84615 — FEH (X)\° W FHX) - (5) \'1'°
P 1 78.84615 — 7 21(102.0667) — (5)
Y,
st _ [ FHx) -7\ o (102.0667) — FFH(X)\"1 P
P 1 \78.84615 — 7 2 {7 (102.0667) — (5)
- Thus, problem (13) is obtained. In order to get numerical solutions, assume that w”=w?=0.5 and p=2,
Table 9: PIS payoff table of problem (13) when p=2.
apistt ayst FHX) F1X) Xy X2
Min. dlz’IS”" 38.87445" 0.5284722909° 78.84615 68.8460776 10.38462 0.7692308
Max. dIZVISL" 0.3288773472~ 0.5008807* 78.84615 68.8460776 10.38462 0.7692308
d;"'=(38.87445, 0.5008807),d; " '=(0.3288773472, 0.5284722909).
- Now, it is easy to compute step (10) :
Maximize §'H
Subject to
3x; +5x; <35,2x; —x, £20,5x, <16 ,x; = 1,x1,%5,x3 20
LH LH
abis™ (x) — 38.87445 . ( 0.5008807 — ay’s™" (x) St st e o1
0.3288773472 — 38.87445) — "\ 0.5008807 — 0.5284722909 ] — ’ T
The maximum “satisfactory level” (§H=1) is achieved for the solution x;""'=1.234568,x;""'=1.234568.
- Obtain PIS and NIS payoff tables for problem PHH. :
Table 10: PIS payoff table for problem PHH:
FM(X) P (X) X1 X2
MaximizeF{" (X) 385" 283.8462492 10.38462 0.7692308
Minimize FFH(X) 35 20° 1 0
PIS: £"= (385, 20)
Table 11: NIS payoff table for problem PHH:
F'™M(X) FMx) E2) )
Minimize FIH(X) 35 20 1 0
Maximize FIH(X) 311.2655 443.4667" 6.3333 3.2

NIS: £~""= (35, 443.4667)

- Next, construct equation and obtain the following equations:

qrisn _ [ o (385~ MO\ FEON) - 20) oyl
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1
s _ [ p (FIU100 =35V ((443.4667) = ()Y o
P 7™\ 385-35 2\ (443.4667) — (20)
- Thus, problem (14) is obtained. In order to get numerical solutions, assume that wP=w}=0.5 and p=2,

Table 12: PIS payoff table of problem (14) when p=2.

aps™ ays™ F'™MX) X)) X Xz
Min, dZis™ 191.95" 0.534341143~ 385 283.8462492 10.38462 0.7692308
Max. dyis™ 03115312836~ 05002225 385 283.8462492 10.38462 0.7692308

d;™=(191.95, 0.5002225),d; " =(0.3115312836, 0.534341143).

- Now, it is easy to compute step (10) :

Maximize §"1H

Subject to

3x; + 5x, < 35,2x%; —x, £20,5x, < 16,x; = 1,x1,%5,x3 20
< ars™x) —191.95 ) , 5t ( 0.5002225 — d¥s"™ (x)

0.3115312836 — 191.95 0.5002225 — 0.534341143
The maximum “satisfactory level” (§HH=1) is achieved for the solution x;" =1.234568,x3 " =1.234568.
The compromise solutions by using the proposed TOPSIS algorithm is compared with the vector of ideal solutions in Table (15). Thus, the proposed TOPSIS
algorithm gives good compromise solutions.

) >¢6HH §HH €0,1].

Tik))tl)?elcfi:ve Proposed TOPSIS Algorithm method (p=2) Ideal Objective Vector
wP=05 | wP =05 PIS NIS
pLL F}t 29.445896 151.5385 14
FiL 73.714321 10 168.9333
pHL FHL 50.617288 233.4615 21
FAL 72.839512 15 235.8
pLH FH 18.51852 78.84615 7
FiH 33.33336 5 102.0667
PHH FfiH T77.777784 385 35
FHH 146.913592 20 443.4667
Conclusions:

This paper extended TOPSIS approach to find compromise solutions for the RLMODM of mixed (Maximize/Minimize)-type. A new algorithm is
presented for the proposed TOPSIS approach for solving these types of mathematical programming problems. Also, an illustrative numerical example is solved
and compared the compromise solutions of the proposed algorithm with the vector of ideal solutions. Thus, the proposed TOPSIS algorithm gives good
compromise solutions.

Abbreviations:

DM: Decision Maker,

CP: Compromise Programming,

PIS: Positive Ideal Solution,

NIS: Negative Ideal Solution,

MODM: Multiple Objective Decision Making,

TOPSIS: Technique for Order Preference by Similarity Ideal Solution,

RMODM: Multiple Objective Decision Making Problems with Rough parameters in the objective functions.
RLMODM : Linear Multiple Objective Decision Making Problem with rough parameters in the objective functions.
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