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INTRODUCTION

Dirac equation, (DiracP.A., 192¢ Dirac, P.A.M., 1928) which describébe quantum and relativist
behavior of a spin ¥ particle is one of the greatehievements of " century science. It is attributed to Di
himselfthat the relativistic wave equation of the electi®the basis of all Chemistry and almost all of$tts

(Rajasekaran, G., 2003).
[u 0 +mc] — 0t = (x, ict)
Vaxu A P =0(x* = (xict))
This equation is linear if\; and it assures positive definite probability dgnsihich were lacking in Klei-

Gordon equationNotwithstanding the merits of the Dirac equaticxact solutions othe equation have been
obtained onlyfor some configurations. Some of them ¢Coulomb potentialKeynman, R.P., M. G-Mann,
1958), a constant magnetic fielRabi, I1.V., 192), a constant electric fieldS@uter, F., 197), the field of a
plane wave (Volkov, D.M., 1935}he field of a plane wave with a constant magnééld parilel to the
direction of propagation of plane wa\(Redmond, P.J., 1965¥our cases in which the electromagn
potentials assumieinctional dependen on the space coordinates (Stanciu, G.N., 18&@)one where electric
and magnetic fields are crossdtam, L., 197(). Two component form of the Dirac equation was edhn
(Kulkarni, S.V., L.K. Sharma, 19) by identifying it with the Schrodingeequation with the Kratzer
molecular potentialPreliminary workleading to certain exact solutions of th&ac equation for the followin
four field configurationsvere worked ouin [12]:

H —_ —

He = Gy = Hy =0 @)
H

He = gy e = Hy =0
E

y=(1—ay)2 Ex=E; =0 (2)
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H

H, = (1-ay)? Hy=Hy =0
E

Ezzm'Ex:EyZO (3)
H

Hy = oz Hx = Hy =0

E,=E E,=E, =0 (4)

Solution for the following field was reported ihJ]

E —_ —_—

Ezzm,Ex—E},—O (5)

For the field (1) both bound state as well astedayg solutions are obtained (Canuto, V., C. Chiud
1969). In respect of the two fields (2) and (3)ydmbund state solutions are presented. For thdsfi@) and (5)
the scattering solutions alone are given; no bastate solutions are possible for these case. tfnpgaper we
present the bound state solutions for field (2)e Tdombined fields in (2) can be obtained by Lorentz
transformation from a rest frame of reference whbere exists only the field (1) to a frame movinigh
velocity E/H along the x-axis. Thus one can obth@solution for the present case by Lorentz tiensétion of
the solutions obtained for field (1). However wecke to solve the problem ab initio. It is worthntiening
here that the solutions of the Dirac equation fmssed homogeneous electric and magnetic fielde baen
obtained by straight forward procedure by and thpeentz transformation of the homogeneous fieldisohs

by.

1.1. The Dirac Equation:
It is convenient to start with the two-componenti of the Dirac equation (DE).
[(p+ed)?+m?+ eo.(H+IE)|y= (W +eV)?y (6)
Theo'’s are the Pauli spin matrices and we use the alatmitsh = ¢ = 1. The four-component Dirac spinor
1Y which is the solution of the DE
[vi(p + eA) + ivs(W +eV) —im]|ypp, =0 @)
is generated from the solutions of the two compbeeguation (5) as follows. We write

by = [o.(p + eA) + W+eV+m]1p] (8)
D™ lo.(p+eAd)+ W +eV —mly
The fields (2) considered in this work are derifredan the gauge:
Hy
A() = _gl——ay)' Ay, =0,4,=0
_ _ _Ey
Vo) = - (©)
1.2. Bound state solutions for the Field Configuration (2):
For magnetic field under consideration, the twmponent DE can be written as
2 2 _ _eHy 2 2 eA _ __ €Ey 2
{py + Pz + [px (1-ay) (l—ay)z}l’b - [W l—ay] l,b (10)
_[H E
| I
The spin part of (9) can be diagonalised withrttarix
5= [rr_ rr+]'ri=3(vi1>.v—2=1—BZ.B=E/H (11)

It is to be noted that the diagonalization of $ipin part of (10) is identical to the one in thaeriogeneous
case. Thus we have

[Q —seHy™ /(1 — ay)?]X; = 0 12)

Where

X, = S, o (13)

Q = D} +P3HpE + 2y 4 26 (py — W) +m? — w2 - HOEAD B2 (14)
Introducing a new variable

n= ék(l —ay)

with

k=[-W?+pi+p;+8y7% +m? + 28 (p, — pW)IY? (15)
The equation (11) reduces to

{;—; — 1 Heanl i}”’zy_z - fzy_f;f,szHy_l} Xs(m) =0 (16)

This is in the form of the well-know Whittaker exgion (18)
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12
{%— R }Xs(n) =0 (17)
The parameterg andu in (17) are identified as
_ 2,,—2
¥ = §(ox B‘Q% 14 (18)
U= % + %s (19)
Now the solution of (16) foy > 0 is obtained as
X(n) = e AR, (u S — pp 1+ 2u5 ) (20)

Where F, () is the confluent hypergeometric functiofs¢aknown as Kummer function). This function
has the following asymptotic values:

~ 1
P +% g 1+20m) nowely 7274 (21)
However, if
u+3—)(=—n,n=0,1,2.... 22
2

then,F; (-n; 1 + 2um) reduces to the generalized Laguerre polynoﬂﬁfﬁl)(n). Thus we get the solution
X,(n) which has the proper asymptotic behavioy & <« as

X,(n) = Coe™3 IpIF3LE0 () (23)
where G is the normalization constant abﬁ”) (n) is the generalized Laguerre polynomial.

The energy eigenvalues are given by

W, s = —eHB[aN(a®N + 2eHy ") — eHp,] + (eHB)*[a*N(a®N + 2eHy™ ") — eHp,]* + [(a®*N +

eHy )% + (eHB)?1[(a’*N + eHy1)*(m* + p; — (Bypx)* + (aypx + eHy )?(a’N? + 2NeHy ™ )]"/?/

[(a®N + eHy™1)? + (eHB)?] (24)
It can be seen from the above expression that e (i.e., no electric field), ; reduces to the one in

field (1).

2

Wi = m* + pz + (ap, + eH)ZN%
Further, when a= 0 we get from (24)

Wys = Bpx £y [m? + p7 + 2NeHy *]'/? (26)
which is the energy of the electron in crossed tgemeous electric and magnetic fields.

(25)

[1. Conclusion:

The problem of particles and fields has been dn@éeexciting areas of research holding the atienof
both theoreticians and experimentalists. The reswbuld be of interests to researchers in the diebé
astrophysics, plasma physics, condensed matteigshgnd particle physics among others. In this papend
state solutions of Dirac equation in inhomogeneslastric and magnetic field configuration is prdasen The
transition in terms of the eigenvalues to (i) inftm®neous magnetic field and (i) Crossed homogeseou
electric and magnetic fields is indicated. The thet these fields give rise to exact solutionsti@r classical as
well as quantum mechanical motion, amidst paucftguch rigorous solutions encourages one to sthdy t
electron behavior in these fields. Using the eigdumes and proper computation of density of staté an
degeneracy one can compute statistical propertieleotron gas in the external field. However, céetgpeffect
of the inhomogeneous fields will be known on stadyguantum electrodynamic processes which, of eours
make use of the eigenfunctions as well. It may loetlwpondering why classical equations such asdcapl
equation and wave equation have rich solutionseathié solutions of Dirac equations are just handful
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