Australian Journal of Basic and Applied Science, 10(1) January 2016, Pages: 6%

AUSTRALIAN JOURNAL OF BASIC AND : N
APPLIED SCIENCES

ISSN:1991-8178 EISSN: 2309-8414
Journal home page: www.ajbasweb.com

Australian

Journal of

Basic and Applied Sciences

AENSI Publisher

Independent Domination of Middle Graph and Line Graph-Laplacian

Approach

B.K. Keerthiga PriyatharsinfK. Thiagaraja and®S. Velammal

"Department of Mathematics, Research Scholar, Anna University, India,
2Department of Mathematics, PSNA College of Engineering and Technology, India,
Department of MathematicsVelammal College of Engineering and Technology, India.

Address For Correspondence:

B.K. Keerthiga PriyatharsinDepartment of Mathematic Research Scholar, Anna University, India.
E-mail: keerthi.priyatharsini@yahoo.com

ARTICLE INFO

ABSTRACT

Article history:

Received 12 February 2016
Accepted 12 March 2016
Available online 20 March 2016

Keywords:

Domination Number, Independent
Domination  Number, Laplacian
Matrix, Line Graph, Middle Graph,
Rank

The Middle graph of a graph G , denoted by M(G)aigraph whose vertex set
V(G)UE(G) , and two vertices are adjacent if they adjacent edges of G or one i
vertex and other is an edge incident with it. Tleelgraph of G , written L(G), is tt
simple graph whose vertices are the edges of ®,efif E(L(G)) when e and f have
common end vertex in G An independent dominatirignsa graph is a set thatboth
dominating and independent.The independent doromatimber of G is the minimu
size of an independent dominating set.In this paperprove the result for connec
graph G, iIM(G)> Rank of the Laplacian matrix of GQ((number of internal vertis
in Longest path of G)/2) and For connected grapB,df(G)) > number of vertices in
G —Rank of the Laplacian matrix + Q((number of intérmertices in longest path

G)/3) where Q is the quotient.

INTRODUCTION

The domination in graphs is one the concepts in graph theory which has attractedymesearchers |
work on it because of its many and varied applicegiin such fields as linear algebra and optirron, design
and analysis of communication networks, and sosténces and militaryurveillance. Many variants «
dominating models are available in the existingréiture. For a comprehensive bibliography of papershe
concept of domination , readers are referred toetieéemi and Laskar . he present paper is focused
independent dominatiamumber of middl graphsn terms of vertices and Rank of Laplacian m.

1.1. Preliminaries:
In this section, the basic definitions and knowsutts related to our results are gi\

1.1.1. Definition:

A graph G is a finite noepmpty se of objects called vertices together with a setiobrdered pairs ¢
distinct vertices of G, called edges. The verteixasel the edge set of G are denoted | (G) and E(G)
respectively.

If e= { u,v} is an edgewe write e=uv; we say that e joins theertices u and v ; u and v are adjac
vertices ; u and v are incident with e.If two vees are not joined , then we say that they argomatd then we
say that they are noadjacent . If two distinct edges are incident veitbommon verte then thy are said to be
adjacent to each other.
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1.1.2. Definition:

Let G = (V, E) be a graph. A set S ,subset ofs\Gdlled a dominating set if every vertex in V-&d§acent
to some vertex in S. The domination numBér(G) is the minimum cardinality taken over all nmval
dominating sets in G.

1.1.3. Definition:
A set is independent dominating if it is indepemdand dominating. let i(G) denotes the minimum
cardinality of an independent dominating set of G.

1.1.4. Definition:

The adjacency matrix A(G) of G is an nxn matrixhnits row and columns indexed by V(G) and with the
(i,)-entry equal to 1 if vertices i,j are adjatdne., joined by an edge ) and 0 otherwise. Th&)Ais a
symmetric matrix with its i-th row (or column ) suegual to dG),which by definition is the degree of the
vertex i, i=1,2,..n.

Let D(G) denote the nxn diagonal matrix,whose diigonal entry is;(5),i=1,2,...n.

The Laplacian matrix of G,denoted by L(G),is siynfile matrix D(G)-A(G).

1.1.5. Definition:
A graph G is said to be connected if any two ditivertices of G are joined by a path.

1.1.6. Definition:
A set of vertices in a graph G is called indepemdet if no two vertices in the set are adjacent.

1.1.7. Définition:

Let u and v be vertices of a graph G. A u-v wdllGais a finite,alternating sequence of verticed adges
beginning with vertex u and ending with vertex elsthat e= u_,u;,i=1,2,...n.The number n is called the length
of the walk.The walk is said to be open if u angre distinct vertices;it is closed otherwise. A kval
e, e,l,.. 1, is determined by the sequence,w,u,,..u, of its vertices and hence we specify the walk igy (
U, Up,..W).A walk in which all the vertices are distinctdalled a path. A closed walk puy,u,,..W,) in which w
.U, Up,.. U, 1 are distinct is called a cycle.A path on n vegigedenoted by fand a cycle on n vertices is denoted

by G..

1.1.8. Definition:

Letv (1 G be a vertex a grapB. The neighbourhood ofis the setNG(v) = {u [ G |wu I G}. The degree
of vis the number of its neighboudG(v) = NG(V)| .

If dG(v) = 0, thenv is said to be isolated i@, and ifdG(v) = 1, therv is a leaf of the graph. The minimum
degree and the maximum degreeCoéire defined ad(G) = min{dG(v) | v [ G} and D(G) = max{dG(v) |v [
G}.

1.1.9. Definition:
The Line graph of G , written L(G), is the simgieaph whose vertices are the edges of G, witk ef
E(L(G)) when e and f have a common end vertex in G

1.1.10. Definition:

Let G be a connected graph. The distance betweervértices u and v in G, denoted by d(u, v) is the
length of a shortest path between them in G. Therdcity of a vertex v is ecc(v) := max¥ (G) d(v, x). The
diameter of G is diam(G) := max¥ (G) ecc(x).

The radius of G is rad(G) := min¥ (G) ecc(x). Distance between a vertex v and &setV (G) is d(v, S)

:= minxUS d(v, x). The k-step open neighbourhood of a set\&(G) is Nk(S) := {xJ V (G)|d(x, S) = k}, k[
{0,1,2,- - - } The degree of a vertex v is degree(v) := IN)vThe minimum degree of G BG) :=
minxJV (G) degree(x). A vertex is called pendant ifdeggree is 1 and isolated if its degree is 0.

1.1.11. Theorem:
For any graphi(G) > E]

1.1.12. Theorem:
If G is connected,then the rank of Laplacian matin-1.
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[I. Main Results:
2.1. Theorem:
For Star graph, Cycle graph, Path graph, Treegydhc graph, i(G)) > number of vertices in G — Rank of

the LapIaCian matrix + dttmber of internal ver;ices in longest path in G).

2.1.1. Proof:
Let G= (p,q) graph. Let {y V>, V;,...... \Vy } be the vertices of G. Let {16, ...,6} be the edges of G.Let{
f1,fofs...... fn} be the corresponding vertices of L(G). ¥ 8, the result is obvious. Assume that p>4
2.1.1.1. Case:
If A(G)=p-1.

If G contains an edgeceE(G) such that deg e = g-1.

Then the vertex having maximum degree dominatebhalvertices of L(G)
Then i(L(G) =1.

Hence the result holds.

2.1.1.2. Case

If G contains an edgeceE(G) such that\(G) < p-1 and ifA(G) = 2

If G is cycle and g1,2(mod 3)

Let {f2.fsfs....f; / d(f,f)=3 ,1<i<j<n,f ,fj are not adjacent} which is independent dominatey of L(G)
with cardinality Qg).

If p=0 (mod 3)

Choose | ={},f5,fs....f; / d(f,f;)=3 ,1<i<j<n,f, ,fj are not adjacenty v, which is independent dominating set
of L(G) with cardinality Q§)+1 vertices.

. umber of internal vertices in longest path in G
Consider, @h)+1> Q( i - gep )+1
number of internal vertices in longest path in G

> Q( ! gerp )+n-n+1.

3
number of internal vertices in longest path in G
> Q( )+n-(n-1).
3
umber of internal vertices in longest path in G
>n+ Qf -

)-Rank of the Laplacian matrix.

2.1.1.3. Case:
If G is a path,and if #2 (mod 3)

Choose | = {§,f5 fs...... Jo/d (i, fis)=3,X%i<n} U {f}
Clearly, I is an independent dominating set witrdazality Q§)+1 vertices.
If n=0,1 (mod 3), Choose I={ {ffs,fs...... fo/d(fi,fies)=3,Xi<n}
Clearly, I is an independent dominating set witfdazality QG) vertices.
2.1.14. Case
If 2<A(G)<p-1, If G is a tree,
Let {uj,u2,u3,...y.1} be the cutvertices of L(G)
Let S={u,u/ u and yare not adjacentsl<j<n-1}
Let I = {fi,f/ u€S and d(yx;)=2,u,x are not adjacent anglx are not adjacentsl<j<n-1}
Clearly, H=SUI is an independent dominating sehwidrdinality|H| = diam G-1
Now, Number of internal vertic.es of Gin 'Ion'gestr’p'a; diam G-1
|H| > diam G > 1+ Q(Vumber of internal vertglces in longest path of G)
>1+ QI\Number of internal ver;ices in longest path of G)
> Q(Number of internal vertgices in longest path of G

)+n-(n-1).

2.1.1.5. Case:
Let G be Unicyclic graph. Let C={ el,e2,e3.....&@ the cycle of G.

Let C1={ei,ej/d(ei,ej) are not adjacerttigj<n} be the edges of cycle with cardinality atmosgns(dges.
Consider the connected spanning tree T of G byvarg the Qg) edges of C1

Clearly, T is tree of G with atmost p-zzl)(vertices
L(T) has independent dominating set | with
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|I| > Q(Number of internal vertices in longest path of G)+n_(n_1).

Now, Adding the edges ,
If edges of C1 adjacent to some vertex of L(Thttteere is nothing to prove.
If not, I(L(G) > Q(Number of internal vertices in longest path of G)+n_(n_1)+ Qg)

3
il(G)) > number of vertices in G - Rank of the Laplacian trira +
Q(number of internal vertices in longest path in G)

3

2.2. Theorem:
For Star graph, Cycle,Path, G,y(&) > Rank of the Laplacian matrix of G -

Q(number of internal vertzices in Longest path of G) where Q I; the quotient -

2.2.1. Proof:

Let G= (p,q) graph. Let {y V>, V3,...... Vi } be the vertices of G. Let {1®, ...,6} be the edges of G.Let
{ugp,....,fr, o .. ,fo} be the corresponding vertices of M(G). wheréffs....... fn are subdividing edges
of M(G). Let us prove the theorem by induction anthee number of vertices of G. If 1 4, the result is
obvious. Assume that the result is true for less th. Now we prove for n

2211 Case
If G contains an edgeceE(G) such that deg e = g-1.
Hence, if deg e = g-1,
Then exactly subdividing edgg 4<i<n, dominate all the subdividing edges and one emtron end
vertex.
Also, remaining n-2 end vertices are dominateithéinselves.
I ={e;,(n-2) end vertices , 4i<n,}
| is an independent dominating set with cardinghity- 1|.
The number of internal vertices of G is 1

Hence, jy(G) > Rank of the Laplacian matrix of G —

nymber of internal vertices in Longest path of G)
4\ '
2

2212 Case

If G contains an edge&ceE(G) such that deg e < p-1

If deg e<?2

If nis even,

Choose , | = {{f5,...fi1 /d(f,fi.1)=2,1<i<n-1, {, f,; are not adjacent}

Clearly, I is an independent dominating set wihdinality atleast @) vertices.

If nis odd,

Choose | = { {f5,...fiy /d(f,fi)=2,<i<n-1, f, f, are not adjacent} U vwhich is an independent
dominating set with cardinality atleas(gj + 1 vertices.

n nnumber of internal vertices in Longest path of G
Now, Q(E)+1-nz-1-Q( f gest path of )

2
‘anumber of internal vertices in Longest path of G

>Rank of the Laplacian matrix -(Y

2
number of internal vertices in Longest path of G)

Q(g)zRank of the Laplacian matrix (@ :
Hence the result is true.

2.3. Theorem:
For complete bipartite grapkk, Ye(M(Km n))=m+n-1 for any m ,n.

2.3.1. Proof:

Let (X,Y) be a bipartition of k. Let |X| =mand|Y| =n

Let X = { X1,X0,X3,.....%n} @and Y = {y1,¥>,Y3,....Yn}

Let { Ui, Uso,... ... Uj, 1<i<m, 1<j<n} be the added vertices corresponding to thesdg.e,,.....6 1
<i<m, Kj<n of k,,to obtain M(k, ).

Thus V(Mfkn'rb)) ={ X1,X0, X35+ 0o X Y1,Y2, Y31+ Y Ui, Uigy e Uyl<i<m,1l<j<n}

Therefore| V(IM(Km))) | =mn+m+n

Consider a set F ={,g8,1, &y for i=1,2,3....m-1,j=1,2,3,...n} is a connected donting set With| F| =m+
nl.

Since each vertex in Mgk, is either in F or is adjacent to an vertex in F ,

Therefore, F is connected dominating set. Sinbenumber of vertices can dominate mn + m + 1 vestic
and other vertices can be dominated by n - 1 \astic
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Therefore , any set containing edges less tharoftffacannot be connected domainting set of M{k
This implies that F is connected dominating séhwwinimum cardinality.
ThereforeY{(M(Km)) =m+n- 1.

2.4. Theorem:

For any connected (p,q) grapthrZ(G)] <Y(G)
2.4.1. Proof:

We have[HZ(G)] <Y (G)

But, Y (G)<Y (G)

p
Hence,[1+A(G)] <Y (G)

2.5. Theorem:
iM(Cp) = r 2.

2.5.1. Proof:
Let G be a (p,q) graph.

we know thatY (G) < i(G) and For any k-regular grapﬁ(G)zﬁ .

clearly =< Y(G) <i(G) >=<i(G).

M(Cy,)) has p+p vertices.since number of vertices in M@&qual to twice the number of vertices in G and
M(C,)) is 4-regular graph.

iM(Cp) = r 2.

2.6. Theorem:
If G is connected graph on n vertices other thangraph, then i(M(GiSn-Y(G)-[%].
[1. Conclusion:

The Middle graph of a graph G , denoted by M(G)aigraph whose vertex set is V(G)UE(G) , and two
vertices are adjacent if they are adjacent edgé&s af one is a vertex and other is an edge incidéhtit. The
Line graph of G , written L(G), is the simple graphose vertices are the edges of G, witk &(L(G)) when e
and f have a common end vertex in G An independentinating set in a graph is a set that is bothidatimg
and independent.The independent domination numb@&ris the minimum size of an independent domiratin
set.In this paper, we prove the result for corewdraph G,)i(G) > Rank of the Laplacian matrix of G —

ber of internal vertices in Longest path of G o
QT e vermces T onees a2y and For connected graph of &@)) > number of vertices in G —

2
. . ber of internal vertices in longest path in G
Rank of the Laplacian matrix + 8¢ : gP

) where Q is the quotient.
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