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INTRODUCTION

The use of Space Filling Curves (SFC) has founchamy applications such as routing system, parallel
computing, image processing and data bases. THeofjtlze research presented in this paper is terekthe
concept of Space Filling Curves on square franfepace Filling Curves on rectangular frame. JuS8FEGs are
convoluted linesthat fill a square, these SFCs are carefully elaeor to fill a rectangle. The author has
discussed in (Kitaev, S., 2002) about occurrendesome patterns, subsequences and sub words irasigm
sequence. Combinatorics on words has been analyz@e Luca, A., 1999) and (Berstel, J., and DrriRg
2007). Masood Ahmed and Shahid Bokhari (Ahmed, M., Bokhari, 2007) explained about Space Filling
Surfaces. The author has introduced the notioHilert words in (Sbold, P., 2007). In (Kitaev, S., and T.
Mansour, 2002), counting occurrences of some petter Peano words was done. Counting orderedrpatie
words generated by morphisms was done in (Kitagwt%l., 2008). Finite words which correspond to finite
approximations of the Rectangular SFC are produtsedction 4, after presenting the generation aft&egular
Space Filling Curve by geometrically and througralgrammar. An ordering is given to the alphabéfinite
words and discussed about rises and descents imetesection. Finally, the number of occurrendesrdered
patterns in the finite words has been executed.

I1. Geometric generation of rectangular SFC:
A Space Filling Curve maps a 1-dimensional spade arhigher-dimensional space e.g., the unit iaterv
onto the unit square. A geometric generation ppiecfor the extension of Hilbert curve constructionfill a
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rectangle region is suggested. The method is a wothkn recursive thinking and can be summed up faw

lines. Let us assume that the unit inteivedn be mapped continuously onto the rectamgl%oiz}x[o,ﬂ.
3

2.1. Initial mapping:
If I is partitioned into six congruent subintervaéifen it should be possible to partitiOninto six congruent
sub squares, such that each subinterval will bepethpontinuously onto one of the sub squares.

2.2. Iteration mapping:

If the subintervals are partitioned into nine carat subintervals then it should be possible tditjar the
sub squares into nine congruent sub squares, katkach subinterval will be mapped continuoushp ame of
the sub squares. This reasoning can be repeatedydip partitioning each subinterval into nine caomegt
subintervals and doing the same for the respestitesquares. When repeating this procedure maletisar
the sub squares are arranged in such a way thateadjsub squares correspond to adjacent subilstebiee
this the overall continuity of the mapping is pmese. If an interval corresponds to a square, thsn
subintervals must correspond to the sub squarethadf square. This inclusion relationship assured th
mapping of then" iteration preserves the mapping of thel}" iteration.

@A3.1)
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Fig. 1: Initial Iteration
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[11. Representation of the rectangular SFC through a grammar:

In the construction of this Hilbert Rectangularvayrthe four templates H, A, B and C illustratedthe
figure (1) are used in every iteration. These tetigs are substituted in every iteration step inficsaiteration
of this Space Filling Curve. These fixed substitatprocedure can be described by a grammar G ¥,(?, S)

whereV={H,A,B,C} ,T={T,l,—>,<—},3={H} and P is defined by
H-[CTC1CtH o H oHIALALA] =
A-B<B<B<AlALA_H-HSH]
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V. Finite Word H,, for the Rectangular SFC:

The construction of the Hilbert Rectangular cury®btained by drawing, without removing the pemrfro
the surface of the paper to fill the rectangle ia&3'x2", an infinite succession of unit lines and doulmé u
lines left, right, up or down. Thus this successi@an be represented by a word over the alphabet

{u drl ,J,E,F,i} where u stands for unit line up, d stands for limé down, r stands for unit line right,stands

for unit line left, U stands for double units line uﬁ stands for double units line dowif, stands for double

units line right, ¢ stands for double units line left. Let us expldie wlgorithm of rectangular Hilbert Curve.
The general idea is to divide, at step n, the regeainto 6(9)* equal sub squares each of them containing an
equal length part of the curve (except the firgt e last ones which contain a part of length “2he curve so
obtained is then depicted by a word of lenga{@)"™ —-1] which is called as the'rrectangular Hilbert word H

Therefore
H=Urd
Similarly  H, - =FulufufurululrdrUrdrlrdd fdrd/drd (dF
H, = Urdr |a d| UrdrUrdrfufufuf ufufl ¢deursdreursdru
u
UrdrUrdrurdrfufufuluru? ¢d /U
(dreusdra

d/usdrurd Ul idrd/drdidrrUrdrtrd rtrd
Now let us define orY. three literal morphisms t, and t, by

fuy=d, f(d)=uf()=r,f¢)=¢,f(U)=d,f(d)=U,f(F)=F,f(l)="¢
t,(u=,,t,d)=rt,@=ut,(l)=dt,(U)=7,t,(d)=F,t,(F)=0,t(7)=d
tu=rt@d=,t@E=dt({)=ut(U)=r,t(d)=/,t(F)=d,t (l)=U
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These three morphisms represent a vertical flgpaxter turn left rotation, and a quarter turn tigitation

respectively. Using these morphisms, the recurreglegion for finite word H (n> 1) is generated by

[H ... = p(H,)up(H Jup(H )uH ;1H . rH (dA(H)dA(H )dA(H )

(1)wherep=t, o f andA =t o f

4.1. Theorem:

Forany =1,
1 |H,|=409)"-1

2. Hol=[Helg and[Hof=[H, |, =[H], =[],
3. |Ho..=3H,| +3[H,| +3[H,|.
4. |Hols=3/H, s +3H, | +3[H,|,
5. |Houl. =3/H,|. +3]H, | +3[H,|;
6. |Hol =3H,| +3[H, |, +3/H,|.
7. |Hn+1,:3|Hn|,+3|Hn|u+3|Hn|d+2
8. [Houl,=3[H,| +3/H,| +3H,], +3
9. |Hpal,=3[H,|,+3[H,|, +3H,| +3
10. [H,.|,=3/H,|,+3[H,|,+ 3|H,],
11. |HnU:|Hn|a: FED it nis ewn
w, if n is odd
12. [H | =H,|; =[H,|,=[H,|,= w if n is even
377D p s odd
2
|Hn|u = 0 means that there is zero occurrence of u,in H
13. [H,| = @—l if n is odd
%—1 if n is even
14. H, | = % if n is odd
3(3T2_1) if n is even
Proof

The recurrence relation fcan| is given by|Hn+1 = 9|Hn|+8, |H1| = 3. Solving this equation with initial

condition, the equality (1) is obtained. The ediedifrom (2) to (10) can be obtained from the migbn of 0,
A and the formation (1) of HOther equalities can be proved by induction on n.

V. Rises and descentsin H,:

Let us order the alphabets of as<uU <Tr <f<d<d</(<7

5.1. Proposition:

Let X,....X, be non-empty words overlt{,u,r, '}, y1 ¥a,....yk1 NON-empty words ovel{a,d,ﬁ,?}, X1 IS
a word over U ,u,r, T } and y is a word over{ 6,d,£,2} (may be x=¢. Or y, =¢, or both). Letw =,

Xo Yo.... % Yk , then
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Dw) -1 if x,=y,=¢
R(pW)=<D(w)+1, if x, 2candy, #¢
D(w), otherwise

Rw)+1 if x,=y,=¢
D(pW)) ={D(w) -1, if x, Zgandy, #¢&
R(w), otherwise

R(\(w)) = D(w) and Df{(w)) = R(w) where R (w) and D (w) denote the numbérises and descents
respectively in a word w.

Proof

Clearly D (w) =ZK:[D(xi) +D(y)]+k-1

i=1

) k-2, if x, =y, =€
and R (W) =3 [R(x) +RY)]*+ lk,  if x, #eandy, #¢
= k-1, otherwise
Let p(w) = XY X Y, e XY
From the definition op, R (X)) =D (x), D () = R (x), R (%)) =D (y), D () = R (y)),

K k-2 if x'=y,'=¢€
ReOW)=D[RX)+RY N+ 1k if x'#eandy, '#e
= k-1 otherwise
K k-2 if x,=y,=¢
=3 [D)+D(y)]+ Ik,  if x, #eandy, #¢
= k-1, otherwise
Dw) -1, if x,=y, =¢
This implies that Rp((w)) =<D(w) +1, if x, Zcandy, Z&
D(w), otherwise
Sincel is the literal morphism which inverts the ordetiuf letters, we get R (w)) = D (w) and
D@®W)=R(w)

5.2. Theorem:
For any n[IN,

D(H,.,) ={8)"18}-1
D(H ) = 469" -1}
R(H 5n.,) ={ @118} -1
R(H ) = 261"

Proof
From the construction of H

D(H 5.2) =6R(H 5,,1) +3D(H 500) +5

D(H ;1) =6R(H,,) +3D(H,,) +7

R(H ;) =3R(H,,) +6D(H,,) +9

R(H zn.2) = 6D(H 5,,1) +3R(H 5,,1) +11.

And using the above proposition 5.1, the theorembzaproved.
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VI. Occurrences of ordered patterns without internal hashesin H,:
The finite words K can be defined by the following inductive scheme.

H=Urd, B=fufl, G=d /U, 0=/df

Thus H, =B_uB _uB _uH ,rH rH ,dD, dD, ,dD,

where B, =H rH ,rH ,rB _uB _uB _/C_,/C _/C

C,=D.dD, ,dD, dC _/C _¢C ,uB _uB _uB. _,

D,=C,/C /C. /D, dD, dD ,rH ,rH ,rH_,

Let X! denote the number of occurrences of the patreim X, where X [({H,A,B,C}

6.1. Definition:
Suppose a word W = AaB, where A and B are some svofdhe same length and a is a letter. The Kernel
of order k for the word W to be the subword comsgsbf the k-1 rightmost letters of A, the letteraad the k —

1 leftmost letters of B. It is denoted tg, (W) . For examplex, (111211221=12112 If W <k-1,
then k, (W) = £. Also m, (7,W) denotes the number of occurrences of the paftern

6.2. Theorem:
Let T = T,7,I,...T, be an arbitrary generalized pattern without irdérashes that consists of numbers

from {1,2,...8} such that|Ti| =1. Suppos&k =1+ {%Iogs(gj—l ,

a, =m,(7,H;rH;), a,, =m,(r,BuB,), a,; =m, (7,C,(C,), a,, = m, (7, D,dD,),
a,; =m,(7,BuH;), a,, =m,(7,H;rB), a,, =m, (r,C,uB)), a,, =m, (7,D;rH;),
a,, =m, (7,H;dD;), a,, =m, (7, B (C;), a,, =m, (7,D;dC)), a,, =m, (7,C,(D;)
where x can be either (-1) or 1 depends on wheikeddd or Even and k i <n-1

Thenforn>k+ 1,

M

Hr =2 (2 (0" 3" ML+ @ - (9")By + @ + (- ~2CL, +@” - (-")DL )+

M -1 i

> o 0 43R O DR, + @+ DR+ @ DR

BT 3:: ((2+ ( l) +3" )Bk+1 + (3M - (_l)M))Hk+1 + (3M + (_1) _2)Dk+1 + (3M - (_1) )Ck+1)
Z:OE:_ [(2+( 1) ) ( 0D ( - (_1)')) ()1 + (3' + (—1) —2) (1) 4 ( - (_1) ) 1™ (.+1)3]

G =2 o+ (0" 435+ @ - (DMID, + @+ () -2, + @ - (D)L

M =1 ~i

% ¥ 0 43Ry + O DR, + @+ DR, + B (DI

D7 =22+ (" +3')D, + @' ~ (") + @ + (" ~2BL, + @' - (D")CL ¢
M-l i Wher
> o 0 +3)P + @ U, + @ (Y DR, + @ - VP

evenl

eM=n-(k+1),p, =2(ay, +ay, +ay,) +ays + Ay,
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P =28y, Ty, tays) taxg Ty Py = 28y, TaAxs HaY,) Tax, tayy,
Pus = 2(ay; x5 +8y,) Ay t Ay, XO{-11}

Proof

Suppose n >k + 1. In this caseH, =B,,uB,_,uB,_,uH _rH rH ,dD _,dD,,dD,

An occurrence of the patterd@ in H is either in B; 's or H,ys or G.'s or K, (Bn—1UBn—1) or
K (ByUH Jor k, (H, rH ) or x (H ,dD )or x,(D,,dD ). So,
H =3B, +3H,,+3D,, + Py (1)

where X can be lor (-1) depends on n is Odd onEve
Similarly, we can have

B, =3A,,+3B, +3C , + P, (2)
C; =3D;,; +3C,, +3B, + Py (3)
D, =3C,, +3D;, +3AL; + P,4 (4)
The above system of equations can be written imixnigirm

H') (3 3 0 3YH",) (P

Bi | |3 330 BL| |Px )

cl| |0 3 3 3|C, Py

DI) (3 0 3 3\D7,) |px

Thus we need to solve recurrence relations ofaha Y, = AY, , + P, .

This relation can be solved by diagonalizationhef matrix, that is, by writingA = VDV ™, where D is a
diagonal matrix consisting of eigenvalues of A, a&mel columns of V are eigen vectors of A.
Hence the proof of the theorem follows from theusioh of (5).

6.2.1. Example
Let /=1. Thusk=1H,, =B, =C.,, =D,, =35,
Px1 = Px2 = Pxs = Pxa =8, for X 0{-11} . ThusH’ :\Hn\:4(9)”71—1-

Similarly the cases for B, C and D can be done.
6.2.2. Example

Let /=2.7=12. Thusk=1H,,, =B, =C;,, =D, =17,

p(—1)1 =8, p(—1)2 =5, p(—1)3 =11, p(—1)4 =8, P = 9, P12 =8, Pis =8, Py = 7.
ThUS H £m+2 = R(H 2m+2) :{(81)m18}_1

H £m+1: R(H 2m+1) = 2(81)m

The cases for B, C and D are similar.

VII. Occurrences of patterns 1#2 and 2#1.
Let us denotdl ,u,r,r,d,d,/and ¢ as 1,2,3,4,5,6,7 and 8 respectively.
Let|X,,| denotes the number of occurrences of the letteesponding td [1 {1,2,3..8} in X,
From (11) to (14) of Theorem 1 can be used to ﬂmg\l
It is clear that
Bo|.= [Bils = [Culs= [Cyl, =Dufg=[Dl, =[H,,
B[, =[Bul; =[Bd|,=[Bu[,=|H,l,
Cl=[Cal, =ICuls=[Cul,=[H.,
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Dol =[Dul, =[Daf=|Dufs=|Hal,

Thus from (11) to (14) of Theorem 1 can be usednagafind | X, | where X 0{B,C, D}

i

Xn‘i——j =;‘Xn‘k

Let us discuss about the number of occurr@neg#2

We haveH, =B, ,uB,_,uB,_,uH_,rH_,rH _.dD, ,dD, ,dD, ,

There are six cases.

Let us denote for & |,

Case (i)

T can appear either in any one ¢fiB or H,;'s or D, s's.

Thus H! =3B, +3H , +3D,

Case (i)

The letter corresponding to the 14ncan be a “u” or a “r" or a “d".

So there are 21 combinations for the occurrencekibthe letter corresponding to 2 is other u’'s & or

Moreover the letter corresponding to 2 can appé#her in B_; or H,; or D1

In this caseH | = QB|3__8 + QHH +94D|3__8 + 3P44__8 + 6|D|4——8 + 6|D| 7--8

Case (iii)
The letter corresponding to the 17ncan appear any one of.Bs .

In this caseH . ZZ|B —l| [ |B -1 +1)--8 qu-l|(+1)——8 an—1|(i+1)——8]

i=0 j=1
A similar argument can be applied to other two sase
Combining all these cases, we have the followireptem.

7.1. Theorem:
Let 7 =1#2. (Similarly if 7 =2#1) for For n > 1,H_ ,B’,C’ and D, are given by the following
recurrence.
H, 3 3 0 3\H, h
B;_333085_1+bn
c'| |o333|c,| |c
D, 3 0 3 3\D;, d
where
2 7
hn :38;—1 +3H r:—l +3Dr:—1 + ZO:Z;‘|B”_1|1 [(Z_iXBn—l| (j+1)--8 +3|An—l (j+1)--8 +3|Dn—1| (j+1)——8]+
i=0 j=

ZZ|'A}‘_1|J'[(2_ _1|(J+1) -8 qD -1

17
(I+l)——8]+ZZ|D —1| [ |D ‘1|(J+l) 8]

i=0 j=1 i=0 j=1

38, +9H|, , +9D|, , +3H], , +6D|, , +6D], 21

22: Z7:| Bn—1| i [(2 a i)|Bn—1| (i+)--8 + 3|Cn—1| @+1)——8] + Zl: 27:|Cn—1| j [(2 a i)|Cn—1

2 7
bﬂ :38;—1 +3H r:—l + 3Cr:—1 + ZZ|A1—1|J' [(2 ol )|Ah—1| (j+1)--8 + q Bn—1| (j+1)--8 + qcn—l (j+1)——8]+

i=0 j=1

]
(j+1)--8

i=0 j=1 i=0 j=1

qH | 4--8 + qB| 4--8 + 9|C| 4--8 + q B| 3--8 + 6|C|3——8 + 6|C|8+15
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2

7
Cn:3Br:-l +3Cr:—l +3Dr:—l + ZZ| -l| [ D —1 (j+1)—- + 3|Cn—l| (j+1)--8 + an—l| (j+1)——8]+

i=0 j=1
2 7 17
Z(;z;,|cn 1| [ |C _1|(J+1)——8 +an—1|(j+1)——8]+;Zl|Bﬂ—1|j [(Z_i)|Bn—1|(j+1)——s]+
i j= i=0 j=
30l, , +9¢],_, +98},, +3C|, + 6B, +dﬂ38+6
2 7
d BCS -1 +3Hr€ -1 +3Dr: -1 +ZZ|C —l| [ _I -l| (j+1)-- :{D —1| (j+1--8 3|A1—1|(j+1)——8]+
i=0 j=1
2 7 17
2021|D —1| [ |D _1|(j+1)——8 +3A1—1|(J+1)——8]+2021|A1—1| [ |A1—1|(]+1)——8]
i j= i

3Cl, +9D|, +9H|, +3D|,_, +§H|, , +6A,

VII1. Counting occurrences of ordered patterns through homomor phism:
The generation of RSFC through by a grammar has besplained in section 3. If the templeates

H,A,B,Cand arrows —, <, 1,1 used in the construction of RSFC are named respdgetiy the Iettersag(i) ,
i=1.2,..8 whereo []S;, then the RSFC can be generated by the DOL syStertX, f,a, ) ) where
f (aa @) ) - a'0'(4) a0'(7) aJ (4) aJ ) aJ (4) a'0'(7) aa'(l) aJ (5) aJ @ a0’(5) a'0'(1) aJ (8) aO'(Z) a0'(8) aJ(Z) aJ (8) aO'(Z)
F@s)) = 850806806 3006 202 306 802 o) o) o) 8ot 8o e Bon e Bon
F(@s) = 81863036 80806 8088w 1) 80w 8o o @ 8o 8@ 8o Qo
F@rw) = 8528632806/ 20(2) 806 o 86 2o 86 3o 8o (1) o) 8o (1 B9 Bo ) Bow)
f(a,5) - A
f(a,6) — A
f(a,q) - aa
f (a0(8)) - a0(8)

8.1. Inversions and non-inversions of f":
Let n be a non-negative integer.
The vector of non-inversions of " is the 8-vector (8x1 column matrix) whose ith grigr the number of

occurrences of the ordered pattern 1#2 in the vvbP({ag(i)), i.e.,
RG(") =(f"(a,q)

The vector of inversions off " is the 8-vector (8x1 column matrix) whose ith gns the number of

12 )]siSB

occurrences of the ordered pattern 2#1 in the vvf)P({aU(i)), i.e
ny — n
DG(f") =(f"@,)],)

1<i<8
8.2. Repetitions of one letter:

Let n be a non-negative integer and p a posititeggr. The vector of p-repetitions with gaps 10é detter
of f" is the 8-vector whose i-th entry is the numbeoadurrences of the ordered patted#) " in the word

fn(aa(i))' e., R,G(f") = qf n(a"(i))‘ (1#)")

1<i<8
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8.3. Ordered patterns with no gaps and morphisms:
8.3.1. Rises, Descents and cubesof f":

The vector of rises off "is the 8-vector whose ith entry is the number @pences of the ordered pattern

12 in the word f “(ag(i)). ie., R(f") = Qf ”(ag(i))‘lz)]sis8
The vector of descents of "is the 8-vector whose ith entry is the number afunences of the ordered
. n . ny — n
pattern 21 in the wordf (ag(i)). i.e., D(f")= Qf (aa(i))‘ﬂ)Jsiss

The vector of cubes off "is the 8-vector whose ith entry is the number ofunences of the ordered
pattern 111 in the word " (ag(i)). ie., Ry (f") = Qf n(a‘f(i))‘ln)g .
<I<

8.3.2. Incidence Matrix of f"
Let n be a non-negative integer.. The incidenagimof f "is the 8 x 8 matrix

M(f") =(mnp(j )M))]si,jSS where M, ;) IS the number of occurrences of the leteey;, in the
n . _|¢n
word f (ag(j)) |.e.,mﬂyj—‘f (ag(j)l

n
Let us denote#f (aa(j) Xa‘.——ak asm

Clearly it is understandable th}af " (ag(j) Xal =My (i

n
. So we can denot‘eﬂc (ao.(j) Xal asM, ;)1

8 i)

n,o(j)i——k -

Using these notations and generalizing the thed@ewe have the following theorem.

8.4. Theorem:

(80,
31" @), *31" @), *3F @), 3T " @), * 31" @), * AT @),
’ (3 - i)mn o (D).(j+)--8 + (2 - i)mn o (4),(j+1)--8 + 3mn o 1),(j+1)--8

2.2 Moo,

=0 j=1 +2M, , 6)+1--8 T 3M 5 @) (41)--8 T 3Mh 5 (2)(+1)--8
[(2 —i)m, s@+y-—-8 T (2-i)m, o@ -8 T 3m,, @.(j+1)--8
n,o(7),j

+2M, ;6 498 3Ny 5 @G-8 T 3M 2,418

N

Mo, (( =DM, @ en—-s T @ =DMy, 6 Gag—-s T3My 5 g o8 T 3mnn(2),(j+1)——8)+

DA~ 5~ 1~ El\gflw

My oe),] (( =DM, -8 T Q=DM 46 an--8 +3My 5 ) o8 T 3mna(2),(j+1)——8)+

mna(S)J (2 I)mna(B)(]+1) 8+(3 I)mna(Z)(Jﬂ)——)

LM I IS I

1
-

j

m, (), ((2 - i)mn o (8).(j+1)--8 + (2 - i)mn o (2),(j+1)——8)

1M~

Z

1
i=0 j=1

@oe),,

jf n(a0(3))‘1#2 +3{f n(a‘f(z))‘wz +qfn(a‘7(1))‘1#2 +qfn(ag(6))‘1#2 +jf n(61‘7(5))‘1#2 +2‘fn(a‘7(8))‘1#2
"
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N

7 (3 - I)mn 7 (6),(j+1)--8 + (2 - I)mn o (3).(j+1)--8 + 3mﬂ o (2,(j+1)--8

ZZmna@,

i=0 j=1 +2m, c@+--8 T 3m, oE+)-—8 T 3m, o (U.(j+1)--8

((2 =DM, 6 -8 T C =DM, 5 a8 +3My ;2418
n,0(6),j

+2M, ;6498 3Ny 5 6, G+n—-8 T 3M @), G+1--8

My o@i \ =DM, 0 en-e T =DMy ) 418 +3My 5518 +3M, a(l),(j+1)——s)+

My o)) (( =DM, o) - T =DMy 46y egy—-s +3My 5 )48 T 3mna<1),(i+1)——s)+

D~ 5~ 1~ El\gflw

mna(5)] (2 I)rnn¢7(5)(]+1)——8 + (3 I)rnna(l)(]ﬂ)—— )

1
-

j

* M M- 2 1M

1

Z mn,a(l),j ((2 =DM, 6 +1-8 T =DM, , 0 o ——8)
i=0 j

f n+l (ao-(3) )‘ »

qfn(a‘f(l))‘wz +qfn(a‘7(4))‘1#2 +qf n(ag(3))‘1#2 +qf n(a‘f@)‘l#z +:4f n(aa(ﬁ))‘l#z +2‘fn(a‘7(8))‘1#2+

B=)M, ;6. gen—e T =DM, 5y e1y-8 +3Mh 5y 18
+2m

DM~
M~

Ms@,j
+3M, ;608 T 3M 3,418

I
o
I
AN

ng (7),(j+1)--8

[(2 =DM 6,000t @ =DMy 50 o8 +3My 4 en—e

+2M, ;408 T3 56408 + 3Mh 5 3,418

N
~

2.2 Mo,

i=0 j=1

My o@ i \ =DM, 4 ene T =DMy ) 118 +3My 6418 +3mna(3),(j+1)——s)+

M@ (( =DM, wyeye T A=DM 50 -8 T3My o8 + 3mna(3>,<j+1)——s)+

M- 1M 30
M- 20 1M~ 3

M@, =DM, ;6 ge-s + B~ ')mna<3>(1+1)——)

I
o
I
i

j

M, 53, ((2 =DM, , 6 G- T -1)M, (3),(j+1)——8)

M~

>

i=0 |

{0l
[y

1
R CY

31" @), *3" @), 31" @), +31 @), *3 T @), AT @),
.

22: 27: . | B=1)M,, g -8 T =DM 2 +1-8 +3M, ;3418
i=0 j=1 ne@I| 4 2mn o (6),(j+1)--8 + 3mn o (@)(j+1)--8 + 3mﬂ o 4).(j+)--8

22: 27: . | =M, ;@ s--s T =M, o) 498 T 3My 5 (3418
SO 2M 6 e T3y e 3T e

2 7

D> Mo ((2 DM @ a-s T DM 6 48 T3M )48 T 3Mh 54,415 ) +
i
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mna(s)J((Z DMy @en—-s T @A=DMy 5 6,61 +3mnﬂ(7)(1+1)--8+3mnﬂ(4)(1+1)——8)+

DM 3D
M~ 3~

m, 0 (7). ((2 I)mnzf(7) (j+1)—— g T (3_ i)mqg(4),(j+1)__8)+

i=0 j=1
1 7 ) .
2.2 Mo, ((2 —D)M, ey T 2-1M,, (4>,(1+1>——8)
i=0 j=1
(@), =

qf n(a”(“))‘z#l +qf n(a”(l))‘z#l +qf n(a”(z))‘z#l +q f n(a”m)‘z#l +qf n(a”(s))‘z#i +2‘f n(a”(f’))‘z#l
+

@=DM, ;1 + =DMy o1y +3My p 1oy
+2M 61y T 3M g M@

[(2 =DM -y =DMy a9 +3Mi s oy
ho(7),]

+2M, 61—y T 3M s g 3 @1

M, )]

3

My o, J( =DM @iy ¥ =DM, 61 +3M s g1y +3mna<2),1——(i—1))+
My se).j (( —DMy gy Y A=DM 60y +3My s g1y +3mna(2),1——(j—1))+

M, ;@) 2- I)mna(S)l——(J—l) +(3- I)mnp(Z)l——(]—l))

1My I 1M 1M 3
Mo 1M 1M 1M 1M

I
N

1

Z

i=0 j

mn 0 (2).] ((2 - I)mn o ©8)1--(j-1) + (2 - I)mn 7 (21— (j-1) )

M

. . n+l n+l n+l .
The recursive relation fo*f (@2 )‘ 2#1,“ (@ )‘ ,,y and ‘f (@, )‘ ,,, €3N be expressed in a

similar manner.

8.5. Theorem:
Let L,; = o(K)if the last letter of f " (@) is @,

F.; = 0(K)if the First letter of f "(a,;)) is @,
1 it L, <F,;

Koij=1-1 if L, >F,;
o if L, =F,;

Then ‘ e (a”(l) )‘12

qf n(a”(“) )‘12 * q f n(a”(l) )‘12 +q f n(a”(z) )‘12 +3“ n(a”m )‘12 +qf n(a”(s) )‘12 * Z‘f n(a0(5) )‘12+
3K, 47+2K, 7, +2K, 16+ 2K, 5, +3K, 5, + 2K 0 + K 70 K, 1
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1
" (@), =

qf n(a‘f(“))‘m +:'4 f n(ag(l))‘m +q f n(a‘f(z))‘zl +3{f n(a‘fm)‘zl +qf n(aa(s))‘ﬂ *+2

3 Kn,4,7'2 Kn,7,4'2 Kn,1,5'2Kn,5,1 _3Kn,8,2 - 2Kn,2,8 - Kn,7,1 - Kn,LS

8.6. Theorem:

The incidence matrix off "is

S S S,
S S S
S S S
S S S
0O 0 O
0O 0 O
0O 0 O
0O 0 O
SN
s 8 §
S S §
S, S S
0O 0 O
0O 0 O
0O 0 O
0O 0 O

NN

L » O o o o

O o o o .Ww W;m

$-1 s,
S, S,
S, S,
S S
1 0
0 1
0 0
0 0

-1 s
s S
s S
S, ST
1 0
0 1
0 0
0 0

3@ +1 IE-) _ _3E+1
_IE+) _FE@ oD _3UE)

> 4

RG(1") =" @) ) s

(6s,)C, +(s)C
(6s,)C, +(s)C
(6s,)C, +(s)C
(6s,)C, +(s;)C
ic,
ic,
ic,
1C

4

I<i

<8

+(s, -1)C,
+(s, -1)C,
+(s, -1)C,
+(s, -1)c,

S, S
s, s;-1
-1 s
S, S, .
0 o I when n is even.
0 0
1 0
0 1
S
s, s-1
s-1 s,
Zl Zl , when n is odd.
0 0
1 0
0 1

4 T 4

, if nis even

n+l fn-1 _
¢ 3@ -

f n(ag(5) )‘21-
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s 8 s s -1 s, 5 0§
s s 8 s s 8 5 s§-1
s s s s 8 8 s§-1 s
s, 8 8% 8 5 s-1 5 §
0O 0 0 O 1 0 0 0
0O 0 0 O 0 1 0 0
0O 0 0 O 0 0 1 0
0O 0 0 O 0 0 0 1
(Bs.)c, +(2s,)c, +(s -1)C,
(Bs))c, +(2s,)c, +(s -1)C,
(Bs))c, +(2s,)c, +(s -1)C,
(Bs)c, +(2s,)c, +(s -1)C,

1c,

1c,

1c,

1C

©

Conclusion:
In this paper, we observed recursive occurrenceses$, descents and ordered patterns in the fivorels
which represent finite approximations of the Regtdar Space Filling Curve.

REFERENCES

De Luca, A., 1999. On the combinatorics of finiterds. Theoretical Computer Science, 218(1): 13-39.

Berstel, J., and D. Perrin, 2007. The origins ofmbmatorics on words. European Journal of
Combinatorics, 28(3): 996-1022.

Ahmed, M., S. Bokhari, 2007. Mapping with spadknfy surfaces. Parallel and Distributed Systera&H
Transactions on, 18(9): 1258-1269.

Subold, P., 2007. Tag-systems for the Hilbert cuiscrete Mathematics & Theoretical Computer
Science, 9(2).

Kitaev, S., and T. Mansour, 2002. The Peano cung @unting occurrences of some patteanXiv
preprint math/0210268.

Kitaev, S., 2002. The sigma-sequence and counttmyrcences of some patterns, subsequences and
subwordsarXiv preprint math/0211260.

Kitaev, S., T. Mansour and P. Séébold, 2008. Cagntrdered patterns in words generated by morphisms
In Language and Automata Theory and Applications, pp: 287-298). Springer Berlin Heidelberg.



