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INTRODUCTION

Levine, N. (1963;1970) introduced and investigajederalized open sets and semi-open sets resggctiv
Abd EI-Monsef, M. and et.al (1983), Andrijevic, [L996), Mashhour, A. and et.al. (1982) and Njast@d
(1965) introduced-open sets, b-open sets, pre-open sets cangen sets respectively. Also, Maki, H. and
et.al (1993;1994), Arya, S. and Nour, T. (1990) &ithn, M. and et.al (2008) introduced and studied
generalized open sets, generalizeaben sets, generalized semi open sets and s*gsgiemespectively. In this
paper, we introduce and study a new class of opt) samely, pre-open sets and we show that the family of

all prew-open sets in a topological spa¢X,T) form a topology on X which is finer thati. This class of

open sets is placed properly between the clasparf sets and each pfopen sets, b-open sets, semi-open sets,
pre-open setsg-open setsp-generalized open sets, generalizedpen sets and generalized semi open sets
respectively. The characterizations and basic ptigseof pres-open sets and preclosed sets have been
studied. Moreover, we use these open sets to defittk study new classes of functions, namely, opre-
continuous functions, contra peeeontinuous functions, pre-irresolute functions and contra prdrresolute
functions in topological spaces and we study thatiom between these types of functions and eaatoofra
continuous functions and other weaker forms of @obdntinuous functions.

1. Preliminaries:
First we recall the following definitions, theoreppropositions and lemmas.

Definition 1.1:
A subset A of a topological spa¢X,T) is called:
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i) A B-open set (Abd El-Monsef, M.E., 1983)4 [ cl(int(cl(A))) .
ii) A b-open set (Andrijevic, D., 1996) A [ int(cl(A))Ucl(int(A)) .
iii) A semi-open (briefly s-open) set (Levine, N., 1p83A [ cl(int(A)) .
iv) A pre-open set (Mashhour, A.S.,1982)Af [1 int(cl(A)) .
v) An o-open set (Njastad, O., 1965)A L1 int(cl(int(A))) .
The a-closure (resp. semi-closure) of a subset A ofpmlmgical spac€X,T)is the intersection of at-
closed (resp. semi-closed) sets which contains A iandenoted bydcl(A) ( resp. SCKA)) . Clearly
sc(A) O acl(A) Ocl(A).

Definition 1.2:
A subset A of a topological spac¥, T) is said to be:

i) A generalized closed (briefly g-closed) seevfine, N., 1970) if Cl(A) 0 V wheneverA JV and V is
open in X.

ii) An a-generalized closed (brieflyg-closed) set (Maki, H., 1994) dcl(A) [0 V wheneverA [J V and V
is open in X.

iii) A generalizedi-closed (briefly g-closed) set (Maki, H., 1993) ificl(A) O V wheneverA [V and V
is a-open in X.

iv) A generalized semi-closed (briefly gs-closed) @&tya, S.P. and T.M. Nour, 1990) i6c(A) O V
wheneveA 1V and V is open in X.

v) An s*g-closed set (Khan, M., 2008)6{(A) [0 V wheneverA [J V and V is semi-open in X.

The complement of a g-closed (resg-closed, g-closed, gs-closed, s*g-closed) set is called &R0
(resp.ag-open, g-open, gs-open, s*g-open) set .

Definition 1.3:
A functionf : (X,T) - (Y,0)is said to be:

i) Contracontinuous Dontchev, J., 1996) if f (V) is closed set iXX for every open seV in Y.

ii) Contrasemi-continuous (briefly contra s-continuou)ofitchev, J. and T. Noiri, 1999) if f (V)is s-
closed set iX for every open seV in Y.

iii) Contraa-continuous (Jafari, S. and T. Noiri, 2001)fif*(V) is a-closed set iiX for every open seV in
Y.

iv) Contra pre-continuous (Jafari, S. and T. NoiriQ20if f_l(V) is pre-closed set X for every open set
VinY.

v) Contra b-continuous (Nasef, A.A., 2005)fif*(V) is b-closed set iX for every open seV in Y.

vi) Contrag-continuous (Caldas, M. and S. Jafari, 2001f) if(V) is p-closed set iiX for every open seV in
Y.

vii) Contra generalized continuous (briefly Contra gtwious) (Jafari, S., 2007) § (V)is g-closed set

in X for every open séf in Y.
viii) Contra generalized semi continuous (briefly Comfsacontinuous) (Dontchev, J. and T. Noiri, 1999) i

f (V) is gs-closed set iX for every open se¥ in Y.

ix) Contra generalized-continuous (briefly Contrasgcontinuous) (Alli, K., 2013) iff _1(V) is go-closed set
in X for every open seV in Y.

x) Contraa-generalized continuous (briefly Conixg-continuous) (Jafari, S. and T. Noiri, 2001)fif1(V) is
ag-closed set inX for every open seV in Y.

xi) Contra s*g-continuous if *(V) is s*g-closed set iX for every open se¥ in Y.

Definition 1.4 (Mrsevic, M., 1986):
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Let A be a subset of a topological spé¥gT) . Then:
N{UOT: A OU}is called the kernel of A and is denoted by ker(A).

Lemma 1.5 (Jafari, S. and T. Noiri, 1999):
Let A and B be subsets of a topological sf2€¢T) . Then:
i) X Oker(A) if and only if A (1 F # ¢ for any closed subset F of X containing x.
i) Allker(A) and if A is open in X, then Aker(A).
iy If A LlB,then ker(Allker(B).

Definition 1.6 (Mashhour, A., 1982):
Let (X, T) be a topological space aAd[] X . Then:

i) The pre-closure ofp, denoted by pCl(A)is the intersection of all pre-closed subsets ofwKich
contains A.

ii) The pre-interior of A, denoted bpint(A)is the union of all pre-open subsets of X which @satained in
A.

Proposition 1.7 (Jun, Y.B., 2008; Al-khazraji, R.B., 2004).
Let (X,T) be a topological space am, B [1 X . Then:

) int(A) O pint(A) O A.

i) A Opcl(A)Ocl(A).

iii) A is pre-closed iffpCl(A) = A .

iv) pcl(pcl(A)) = pcl(A).

v) X —pint(A) =pc X —A).

vi) If A OB, thenpcl(A) O pcl(B).

vii) | Jpel(U,) O pel( JU,).

adO add
viii) X  pcl(A) iff for every pre-open set U containingld,( 1A # ¢ .
ix) If V is an open set in X and A is a pre-open setinthenV [ 1A is a pre-open set in X.

Theorem 1.8 (Navalagi, G. and Debadatta Roy Chaudhuri, 2009):
Let X XY be the product space of topological spa¢¥st) and (Y,0).If A, X andA, Y.

Then pcl(A,) xpcl(A,) =
pcl(A, xA,).

2. Properties Of pre-a-open Sets:
In this section we introduce a new type of setenely, prex-open sets and we show that the family of all

prea-open subsets of a topological spge€,T) form a topology on X which is finer than. Also, we study
the relation between this type of open sets anld ehopen sets and other weaker forms of open sets.

Definition 2.1:
A subset A of a topological spatX,T) is called a pre-open set ifA [Iint(pcl(int(A))) . The
complement of a pre-open set is defined to be pueslosed. The family of all pre-open subsets of X is

denoted byt™*™® .
Clearly, every open set igpee-u-open set, but the converse is not true as shovthebfpllowing example.

Example 2.2:
Let X ={a,b,c} and TH{ ¢X,{a}} be a topology on X. Thd@,b}is aprew-open set in X, since

{a,b} Oint(pcl(int({a b}))) =
int(pcl{a})) =int(X) =X . But{a,b} is not open in X.
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Theorem 2.3:
Every prea-open set is--open (resp. @open,ag-open,-open, pre-open, b-open) set.

Proof:
Let A be any pre-open set in X, therA [ int(pcl(int(A))) . Sinceint(pcl(int(A)))

int(cl(int(A))) , thus A O int(cl(int(A))) , therefore A is am-open set in X. Since eveny open set is
ga-open (respag-open,B-open, pre-open, b-open) set. Thus everyopopen set isi-open (resp. g-open,og-
open,B-open, pre-open, b-open) set.

Remark 2.4:
The converse of theorem (2.3) may not be trugeimeral. Consider the following example.

Example 2.5:

Let X ={a,b} & T={ ¢ X} be a topology on X. Thefa} is a pre-open (respagopen,oag-open,p-
open, b-open) set in X, but is not prepen set  in X, since{a} O int(pcl(int({a})))
=int(pcl(¢)) = ¢.

Remark 2.6:
prew-open sets and s*g-open sets are in general indepeas shown by the following examples:

Example 2.7:
Let X ={ab,c}and T ={ ¢ X} be a topology on X. Thg¢b} is an s*g-open set in X, but is not pre-

open, since{b} O int(pcl(int({b}))) =

int(pcl(¢)) =¢. Also, in example (2.{p,b}is a pres-open set in X, but is not s*g-open, since
{a,b}° ={c} is not s*g-closed set in X, sinc@a,C}is a semi-open set in X anft} [0{a,c}, but
cl({c}) ={bc} U {ac}.

Theorem 2.8:
Every prea-open set is semi-open and gs-open set.

Proof:
Let A be any prer-open set in X, ther [ int(pcl(int(A))) . Sinceint(pcl(int(A)))

O pcl(int(A)) O cl(int(A)) , thus A O cl(int(A)) , therefore A is a semi-open set in X. Since ewenyi-
open set is gs-open. Thus every prepen set is semi-open and gs-open set.

Remark 2.9:
The converse of theorem (2.8) may not be trugeimeral. Consider the following example.

Example 2.10:
Let X ={a,b,c} & T£ @¢X,{a}, {b}, {ab}} be a topology on X. Then the §aic} is semi-open and
gs-open set in X, but is not peeepen set in X, sincga,c} [ int(pcl(int({ a,c}))) =

int(pcl({a}))) =int({a,c}) ={a}.

Remark 2.11:
ag-open sets and pre-open sets are in general indepeas shown by the following examples:

Example 2.12:
Let (R,|) be the usual topological space. Then the set imn@tnumbers Q is a pre-open set, but is

not ag-open. Also, in example (2{1)} is anag-open set, sincgb}® = {a,c} is ag-closed, but is not pre-

open, sincdb} T intel ({b})) = int{c,b}) =¢.
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Remark 2.13:
ga-open sets and g-open sets are in general indepeasishown by the following examples:

Example 2.14:
Let X ={a,b,c} & 1 ¢X,{a}, {a,c}} be atopology on X. Then the s, b} is a gi-open set in X,
since{a,b}“ ={c} is gu-closed, but is not g-open, sina,b}“ ={c} is not g-closed. Also, in example (2.2)

{c}is a g-open set in X, sincfc}® ={a,b} is g-closed, but is notogopen, sincdc}® ={a,b} is not g:-
closed.

The following diagram shows the relationships between pre-a-open sets and each of open sets and other
weaker forms of open sets:

Open set T s*g-open set :':’ s-open set T gs-open set

IS0

p-open set ———* pre-g-open set +—— o- open set +——; go-open set

AN o

b-open set +—— pre-open set 4:': ag-open set *—— g-open set

Theorem 2.15:
A subset A of a topological spalR¥,T) is a pres-open set if and only if there is an open set \Kafuch

thatV OO A O int(pckV)) .

Proof: = Assume that A is a pre-open set in X, therA [ int(pcl(int(A))) . Sinceint(A) O A,
then int(A)OA O
int(pcl(int(A))). PutV =int(A), thus there is an open setV of X such Matl A [ int(pcV)) .
Conversely, assume that there is an open set V sdick thatV [0 A [ int(pckV)) . SinceV 0 A =
V Oint(A) = pcl(V) O pcl(int(A)) = int(pcl(V)) O int(pcl(int(A))) . But A O int(pckV)) ,
thus A [J int(pcl(int(A))) . Therefore A is a pre-open set in X.

Theorem 2.16 (Jun, Y.B., 2008):
If V is an open set i{ X, T), thenV (1 pcl(A) O pcV N A) for any subset A of X.

Theorem 2.17:
The family of all pres-open sets in a topological sp£e€, T) form a topology on X.

Proof:

(i). Since¢ O int(pcl(int(¢))) and X O int(pcl(int(X))) , then@ X O TP,

(i). Let A,BOTP®™®. To prove that A(NBOT" ™. By theorem (2.15), there arb),V T st
UDOA Oint(pcl(V)) and V OB Oint(pclV)). Notice that UNV Ot and UNV OANB.

Hence,

AN B Oint(pcl(U)) Nint(pcl(V)) = int(int(pcl(U)) N pck(V))

O int(pcl(int(pcl(U)) N V)) (by theorem (2.16))

O int(pcl(pcl(U) NV))

O int(pcl(pcl(UNV))) (by theorem (2.16)) .

=int(pcl(UNV)) (by proposition (1.7),iv) .

ThereforeUNV O AN B Oint(pcl(U N V)). Thus by theorem (2.15A B O 1”7,



6 Sabiha I. Mahmood, 2016

Australian Journal of Basic and Applied Sciences,d(1) January 2016, Pages: 1-14

(ii). Le{V, :a A} be any family of preropen sets in X, therV, O int(pcl(int(V,))) for each
o OA. Therefore by proposition ((1.7) vii) , we get:

V. O Jint(pel(int(V, ))) Oint(|_Jpckint(V,))) O int(pcl(| Jint(V,)))

add a0 add add

O int(pel(int(|_JV,))). Then | JV, O™,

a0 a0
ThereforeT™*® is a topology on X.

Theorem 2.18:
Let B be a subset of a topological spe¥gT) . Then the following statements are equivalent:
i) B is preea-closed.

i) cl(pint(cl(B))) O B.
iii) There is a closed subset F of X such talpint(F)) 0 B O F.

Proof:

(I)=(ii). Since B is a presclosed set in X = X-B is prea-open =
X =B Oint(pcl(iint(X =B))) = X -BOint(pcX —cl(B))). By proposition ((1.7),v), we get
X =pint(cl(B)) = pc(X —cl(B)) . Hence X =B O int(X —pint(cl(B))) = X-B[O
X = cl(pint(cl(B))) = cl(pint(cl(B))) U B.

(i) =(iii) . since cl(pint(cl(B))) O B and B [J cl(B), then cl(pint(cl(B))) I B [ cl(B) . Put
F=cl(B), thus there is a closed subset F of X such eigpint(F)) 0 B 0 F.

(iii)=(i). Assume that there is a closed subset F of X gheh cl(pint(F)) O B O F. Hence
X-FOX-B0OX-=cl(pint(F))
=int(X —pint(F)). Since X —pint(F) =
=pc X -F), then X-FOX-BO
int(pc(X — F)) . HenceX — Bis a pres-open set in X. Thus B is a peeelosed set in X.

Proposition 2.19:
If Ais a pree-open set in(X,T) and A [ B [J int(pcl(A)) , then B is a pre-open set in X.

Proof:
Since A is a pre-open set in X, then by theorem (2.15), there isopen set V of X such that

VOAUOint(pcV)). since AOB = VOB. But int(pclA)) Oint(pckV)) =
V OB Oint(pcl(V)) . Thus B is a pre-open set in X.

Corollary 2.20:
If Ais a pree-closed set i(X,T) and cl(pint(A) O B O A, then B is a pre-closed set in X.

Proof:
SinceX —A [0 X -B O X = cl(pint(A)) = int(X — pint(A)) = int(pc X — A)) , then by
proposition (2.19) X — B is a pres-open set in X. Thus B is a peeclosed set in X.

Theorem 2.21:
A subset A of a topological spad¥,T)is pree-clopen (pres-open and pre-closed) if and only if A is
clopen (open and closed).

Proof: = Assume that A is a preclopen set in X, then A is pre-open and pre~closed in X. Thus
A Oint(pcl(int(A))) and cl(pint(cl(A))) O A. But by proposition ((1.7) , i, ii ) we get,
pcl(A) Ocl(A) and int(A) O pint(A) , then A O int(cl(int(A))) and cl(int(cl(A))) O A .
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Sinceint(A) O A = cl(int(A)) Ocl(A) (@)
Sinceint(cl(int(A))) O cl(int(A)) , then

A Oint(cl(int(A))) O cl(int(A)) = cl(A) O cl(int(A)) 2
Therefore from (1) and (2) , we get(int(A)) =cl(A) (3)
Similarly, sinceA [ cl(A) = int(A) Oint(cl(A)) 4)

Also, int(cl(A)) O cl(int(cl(A))) O A, then

int(cl(A)) O int(A) (5)

Therefore from (4) and (5), we gént(cl(A)) =int(A) (6)

Since int(cl(A)) =int(A) =

cl(int(cl(A))) =cl(int(A)) =cl(A) (by (3)).

But cl(int(cl(A))) O A, thencl(A) O A, since A cl(A), thereforeA =cl(A), hence A is closed in
X. Similarly, sincecl(int(A)) =cl(A)

= int(cl(int(A))) =int(cl(A)) =int(A) (by (6)). But A O int(cl(int(A))), then A [Jint(A), since
int(A) O A, thereforeA =int(A), hence A is open in X. Thus A is a clopen set in X

U Itis a obvious.

Definition 2.22:
A subset N of a topological spa¢X,T) is called a pre-neighborhood of a point x in X if there is a pre-

o-open set O in X such that (1O I N.

Remark 2.23:
Since every open set in X is prespen, then every neighborhood of x is a gneeighborhood of x, but the

converse is not true in general. In example (2f9,C}is a pres-neighborhood of a point ¢, since
c{a,c} O{ac}.But{a,c} is not a neighborhood of a point c.

Propositions 2.24:
A subset A of a topological spa€e<,T) is pree-open if and only if it is a pre-neighborhood of each of
its points.

Proof:
= If Ais a pree-open set in X, thetxx LA [ A for eachXx L1A . Hence A is a pre-neighborhood of each
of its points.

Conversely, assume that A is a jpreeighborhood of each of its points. THen eachX 1A , there is a
prew-open set V, in X such that XUV, LJA. Hence UVx UA. Since A UVX, thus

xOA xOA

A= UVX . Therefore A is a pre-open set in X, since it is a union of prespen sets.
xOA

Definition 2.25:
Let A be a subset of a topological sp4e€, T) . Then:

i) The preea-closure ofA, denoted by prcl(A) is the intersection of all preclosed subsets of X which
contains A.

ii) The pree-interior of A, denoted by p-int(A) is the union of all pre~open sets in X which are contained in
A.

Theorem 2.26:
Let A and B be subsets of a topological sp¥gT) . Then:

) int(A) O p-int(A) 0 A and A [ p-o-cl(A)
Ocl(A).

i) p-a-int(A) is a pree-open setin X and p-cl(A) is a pree-closed set in X.
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i) If A B, then pe-int(A) I p-o-int(B) and pe-cl(A) L] p-a-cl(B).

iv) Ais pree-open iff pe-int(A) =A and A is prex-closed iff pe-pcl(A) =A.

v) po-int( A [ B) =p-a-int (A) () p-a-int (B) and pe-pcl(A U B)=p-a-pcl(A) U p-a-pcl(B).
vi) p-a-int(p-o-int(A)) =p-a-int(A) and pe-cl(p-a-cl(A)) =p-a-pcl(A).

vii) X Up-a-int(A) iff there is a prex-open set U in X sX U A .

viii) X Ll p-a-pcl(A) iff for every pree-open set U containing XJ (1A # ¢ .

Proof:
It is obvious.

Proposition 2.27:
Let (X,T) and(Y,0) be topological spaces. A, 1 Xand A, I Y. Then A, XA, is a prea-open

setin X XY ifand only if A; and A, are pres-open sets in X and Y respectevely.

Proof:
[J Since A; and A, are pres-open sets in X and Y respectevely, then by dédimi{2.1), we get
A, Oint(pcl(int(A,))) and A, Oint(pcl(int(A,))). Hence

A, xA, Oint(pcl(int(A,))) xint(pcl(int(A,))) = int(pcl(int(A,)) x pcl(int(A,))). By theorem
(1.8) pcl(A,)xpcl(A,) =pcl(A;xA,). Therefore A, xA, Oint(pcl(int(A; xA,))). Thus
A, xA, is a prea-open set inX XY . By the same way, we can prove tifaf and A, are pres-open sets

in X and Y respectevely ifA; XA, is a pres-open set inX XY .

Contra Pre-a-Continuous Functions and Contra pre-a-Irresolute Functions:

In this section, we introduce new types wfictions, namely, pre-continuous functions, contra pee-
continuous functions, pre-rresolute functions and contra padrresolute functions in topological spaces and
we study the relation between these types of fanstand each of contra continuous functions aneratleaker
forms of contra continuous functions.

Definition 3.1:
A functionf : (X,T) - (Y,0)is called pres-continuous iff ~(U) is a prea-open set irX for every
opensetUiny.

Definition 3.2:
A functionf : (X,T) - (Y,0)is called contra pre-continuous iff *(U) is a pres-closed set inX for
everyopensetuiny.

Proposition 3.3:
Every contra continuous function is contra preentinuous.

Proof:
Follows from the definition (3.2) and the factttleaery closed set is preclosed.

Remark 3.4:
The converse of proposition (3.3) may not be inugeneral as shown by the following example:

Example 3.5:
Let X =Y ={a,b,c}, 1 ¢X,{a}} & o ¢Y,{a}, {ac}} = " = ¢X,{a},
{a,c}, {ab}} . Define f : (X,1) - (Y,0) by: f@=b, f(b)=c & f(c)=a = f is not contra
continuous, but f is contra precontinuous, sincd (YY) =X, f (@) = ¢, f *({a,c}) =
{b,c}, andf *({a}) ={c} are prea-closed sets in X.
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Remark 3.6:
pre-a-continuous functions and contra preontinuous functions are in general independerghasvn by
the following examples:

Example 3.7

Let X=Y={abc}, t1x¢X,{ab}} & oA ¢Y,{a}} = 1" =1. Define
f:(X,1) > (Y,0) by: f(a) =a,f(b)=a & f(c)=c = fis prea-continuous, but f is not contra
pre-w-continuous, sincga} is open setin Y, buf " ({a}) ={a,b} is not pres-closed in X. Also, in example

(3.5) fis contra pre-continuous, but is not pre-continuous, sindg@} is open set in Y, buf ~*({a}) ={c} is
not pree-open in X.

Remark 3.8:
Contra pres-continuous functions and contra s*g-continuouscfioms are in general independent as
shown by the following examples:

Example 3.9:
Let X =Y ={abc} , T={¢X} & o ¢Y,{a}} = 1 =1 and 19 ={q,
X,{a,b}, {a,c}, {b,c}, {a}, {b}, {c}} . Define f:(X,1) - (Y,0) by: f(a)=a, f(b)=b &
f(c) =c = fis contra s*g-continuous, but f is not contr@prcontinuous, sinca} is open set in Y, but
f *({a}) ={a} is not prea-closed in X. Also, in example (3.5) f is contra@prcontinuous, but is not contra

s*g-continuous, sincéa} is open set in Y, buf *({a}) ={c} is not s*g-closed in X.

Theorem 3.10:
Every contra pre-continuous function is contra-continuous (resp. contrasgontinuous, contraxg-
continuous, contr-continuous, contra pre-continuous, contra b-caatirs) function.

Proof:
Follows from the theorem (2.3).

Remark 3.11:

The converse of theorem (3.10) may not be trugeimeral. Notice that in example (3.9) f is conire-
continuous (resp. contrf-continuous, contra b-continuous, conftig-continuous, contra cgcontinuous)
function, but f is not contra pre-continuous.

Theorem 3.12:
Every contra pre-continuous function is contra semi-continuous fiorc and contra gs-continuous
function.

Proof:
Follows from the theorem (2.8).

Remark 3.13:
The converse of theorem (3.12) may not be trigemeral. Consider the following example:

Example 3.14:

Let X =Y ={a,b,c}, 1 ¢X,{a}, {b},
{ab}} & o ¢Y,{a}, {ac}}. Definef : (X,T) - (Y,0) by: f(a)=a, f(b)=b & f(c)=c
= fis contra semi-continuous and contra gs-contilsybut f is not contra pre-continuous, sinc€a} is open
in'Y, but f ({a}) ={a} is not pres-closed in X, sinceci(pintcl ({a}))) = cl(pint({a,c})) =cl({a}) =
{a,c} O{a}.
Remark 3.15:

Contraag-continuous functions and contfpae-continuous functions are in general independsrghown
by the following examples:
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Example 3.16:

LetX =Y ={a,b,ct, T ¢X,{a}, {ac}} & o qY,{ab}}. Definef:(X,1) - (Y,0)
by: f@@ =a,f(b)=b & f(c)=c = fis contraag-continuous, but f is not contra pre-continuous,
since{a,b}is open set in Y, butf({ab}) ={ab} is not pre-closed in X, since
cl(int{a,b})) =cl({a}) =X [{ab}.
Example 3.17:

Let X =Y =0, 1= = usual topology &0 ={¢,J{Q}} . Define f:(O,u) - (J,0) by:

f(x) = x foreachx 0 => fis not contraxg-continuous, since Q is open in Y, Hut" ({Q}) = Q is not
ag-closed set in X. But f is contra pre-continuous.

Remark 3.18:
Contra gi-continuous functions and contra g-continuous fianst are in general independent as shown by
the following examples:

Example 3.19:
Let X=Y={ab,g , T ¢X,{a}} & o ¢Y,{b}}. Define f:(X,1) - (Y,0) by:
f@ =b,f(b)=c & f(c) =b = fis contra g-continuous, but f is not conteagpntinuous, since

{b} is open setin Y, bdt *({b}) ={a,c} is not g-closed set in X.

Example 3.20:

Let X =Y ={a,b,¢}, T ¢X,{a}, {ac}} & o+ ¢Y,{b}}. Define f:(X,T) - (Y,0) by:
f@ =a,f(b)=c & f(c) =b =fis contra g-continuous, but f is not contra g-continuous, eifld} is
open setin Y, buf '({b}) ={c}is not g-closed set in X.

The following diagram shows the relationships between contra pre-a-continuous functions and each of
contra continuous functions and other weaker forms of contra continuous functions:

Contra continuous ¢ * Contra s*g-continuous ‘_“__. Contra s-continuous .—* Contra gs-continuous

INt=1 |

Contra f-continuous —— Contra pre-g-continuous +—— Contra o-continuous P Contra go-continuous

LI

Contra b-mut'munus‘_. Contra pre-contimuous 2’2 Contra ug-continuous ‘_' Contra g-continuous

Proposition 3.21:
It f:(X,T) - (Y,0)is contra prex-continuous, therf ™ (int(B)) O p-o-ci(f ~(B)) for every subset B of
Y.

Proof:

Sinceint(B) 0 B = f *(int(B)) O f ™*(B) . Sinceint(B)is an open set in ¥and f is contra pre-
continuous, then by definition (3.2 (int(B))
is a prea-closed set inX such that f *(int(B)) Of *(B). Therefore by theorem ((2.26),iv)
f 7 (int(B)) O p-o-cl(f *(B)) for every subset B of.

Theorem 3.22:
Let f :(X,T) - (Y,0) be afunction. Then the following statements apai\alent:
i) fis contra prex-continuous.
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ii) For every closed subset F offY;' (F) is a pres-open set in X.
iii) For eachx [0 X and each closed set F¥ncontainingf (X) , there exists a pre-open set V irX such that

x OV andf (V) OF.
iv) f(p-a-cl(A)) LI ker(f(A)) for each subset A of X.

v) pe-cl(f (B)) U f ™ (ker(B)) for each subset B of Y.

Proof:

(1) = (ii).Itis obvious.

(ii) = (lii). Let F be a closed set in Y §.(X) O F. To prove that, there is a pseepen set V in X s.t
x OV andf (V) OF. Sincef (x) OF and Fis closed in Y, then by hypothesis' (F) is a pres-open set
inXstxOf *(F).LetV =f*(F) = f(V)=f(f*(F)OF.

(iii) = (ii). Let F be any closed set M. To prove thatf (F) is a pres-open set in X. Let
xOf (F) = f(x)OF. By hypothesis there is a puespen set V in X sXOV andf(V)OF
= x OV Of ™ (F). Thus by theorem ((2.26),vil) ™ (F) is a pres-open set in X.

(ii) = (iv) . Let A be any subset of X. Assume thatlker(f(A)), then by lemma ((1.5),i) there is a
closed set F inY styOF and f(A)NF=¢. Thus, we haveANf ™ (F)=¢ and pe-
cl(A) N f(F) = ¢. Therefore, we obtain f(p-cl(A)) () F = ¢ andy O f(p-a-cl(A)). Thus f(pe-cl(A)) O
ker(f(A)) for each subset A of X.

(iv) = (V). Let B be any subset of Y. By (iv) and lemma ({fii5 we have f(pe-ci(f *(B)))
ker(f(f ™(B))) Oker(B). Therefore px-cl(f ™ (B)) O f ™ (ker(B)) for each subset B of Y.

(V)= (i). Let V be any open set of Y. Then by (end lemma ((1.5),i) , we haveop-
c(f (V) O f Hker(V)) =f (V) and pe-cl(f *(V)) =f (V). Thereforef (V) is  a pres-

closed set in X. Thusis contra prax-continuous.

Definition 3.23:
A functionf : (X,T) - (Y,0)is called pres-irresolute if the inverse image of every prepen set in Y
is a pree-open set in X.

Definition 3.24:
A functionf : (X,T) - (Y,0)is called contra pre-irresolute if the inverse image of every prepen
setin Y is a prerclosed set in X.

Remark 3.25:
prew-irresolute functions and contra pagrresolute functions are in general independerghasvn by the
following examples:

Example 3.26:

Let X =Y ={abc}, 1 ¢X,{a}, {ac}} &
o ¢Y,{bc}} = " H{gX/{a}{ac}, {ab}} & 0" ° =0. Definef:(x,1) - (Y,0) by:
f@)=a, f(b)=b & f(C) =Cc = fis contra prex-irresolute, but f is not pre-irresolute, sincgh,C} is pre-
a-open setin Y, buf “*({b,c}) ={b,c} is not prea-open set in X.

Example 3.27:

Let X =Y ={abc} 1H ¢X,{a}} & o{ ¢Y.{ab}} = H{ ¢X,{a}, {ac} {ab}}
& o™ =g. Define f :(X,T) - (Y,0) by: f@=a, f(b)=b & f(c)=c= fis pres-irresolute,
but f is not contra pre-irresolute, Since{a,b} is prea-open set in Y, buf ™ ({a,b}) ={a,b}is not pres-
closed in X.
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Proposition 3.28:
Every contra prexirresolute function is contra pre€ontinuous.

Proof:
It is Obvious.

Remark 3.29:
The converse of proposition (3.28) may not be trugeneral. Consider the following example:

Example 3.30:

Let X =Y ={a,b,c, 1H¢X,{ac}} & of¢Y,{a}} = ™"=1 and
o™ £ ¢v,{a}, {ac}, {ab}} . Definef : (X,T) - (Y,0) by: f@=b, f(b)=a & f(c)=c
= fis contra prex-continuous, but f is not contra paeiresolute since{@,b} is a pres-open set in Y, but
f *({a,b}) ={a b} is not prea-closed set in X.

Definition 3.31:

Let A be a subset of a topological spf¥gT) . Then(|{U O™ : A 00U} is called the pre-kernel
of A and is denoted by preker(A).

Lemma 3.32:
Let A and B be subsets of a topological sp¥gT) .Then:

i) X Lprea-ker(A) if and only if A (1 F # ¢ for any pres-closed subset F of X containing x.
i) ALl prew-ker(A) and if A is pres-open in X, then A= preo-ker(A).
iii) If A [IB, then prea-ker(A) ] preo-ker(B).

Proof:
i) = Suppose thdt a prea-closed set Fin X sx JF andANF=¢ = AOF stF°is

a pree-open set in X ank [ F¢ = x Opre-a-ker(A), this is a contradiction.
Conversely, ifX Oprea-ker(A) = L a prea-open set U in X s/A D Uand xOU = xOU°® st

U° is a pres-closed setin X and (1 U° = @, this is a contradiction.

ii) It is Obvious.
iii) It is Obvious

Theorem 3.33:
Let f : (X,T) = (Y,0) be a function. Then the following statements apei\alent:
i) fis contra prex-irresolute.

ii) For every prex-closed subset F of ¥, (F) is a prea-open set in X.

iii) For eachx [1X and each pre-closed set F ity with f (X) [JF, there is a pre-open set U irX such that
xOUandf(U) OF.

iv) f(p-a-cl(A)) U prew-ker(f(A)) for each subset A of X.

v) po-cl(f (B)) O f *( pre-o-ker(B)) for each subset B of Y.

Proof:

(i) = (ii).Itis obvious.

(ii) =(iii). Let F be a pre~closed setin Y s.f (X) O F. To prove that, there is a paespen set U in X
st XU andf(U) OF. Sincef (x) OF and F is prexclosed, then by hypothesfs™ (F) is a prea-open

setinXstxOf *(F).LetU=f*(F) = f(U)=f(f*(F)OF.
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(iii) = (ii). Let F be any pre-closed set inY. To prove thatf (F)is a pres-open set in X. Let
xOf *(F) = f(x)JF. By hypothesis there is a paespen set U in X s.tx JU and f(U) OF
= xOU Of ™ (F). Thus by theorem ((2.26),vil) * (F) is a pres-open set in X.

(ii) = (iv) . Let A be any subset of X. Assume that] prea-ker(f(A)), then by lemma ((3.32),i) there
is a pres-closed set Fin Y sty JF and f(A)NF=¢. Thus, we haveAf (F) =@ and pe-
cl(A) N f 7 (F) = ¢. Therefore, we obtain f(pcl(A))(\ F=¢ andy 0 f(p-u-cl(A)). Thus f(pa-cl(A)) [
pre-u-ker(f(A)) for each subset A of X.

(iv) = (V). Let B be any subset of Y. By (iv) and lemma (23,8) we have f(pe-cl(f ™(B)))J pre-
a-ker(f(f ™(B))) L pre-a-ker(B ). Therefore m-cl(f ™(B)) L f ™ ( pre-u-ker(B)) for each subset B of Y.

(v) = (i) . Let V be any pre~open set of Y. Then by (v) and lemma ((3.32)viig, have ®-
c(f (V) O f *(prea-ker(V))=f (V) and pe-cl(f *(V)) =f (V). Hencef (V) is a pres-
closed set in X. Therefoffds contra preaz-irresolute.

However the following theorem holds. The proog#&sy and hence omitted.

Theorem 3.34:

If f:(X,1) > (Y,0) andf : (Y,0) - (Z,n)

are functions. Then:

i) If f is contra pres-continuous and g is continuous, thgr f is contra prex-continuous.

ii) If f is preu-irresolute and g is contra peeeontinuous, theg o f is contra prex-continuous.
iii) If f is pre-u-irresolute and g is contra continuous, tienf is contra prex-continuous.

iv) If f is contra pres-irresolute and g is pre-continuous, theg o f is contra prex continuous.
v) If f is contra pres-irresolute and g is pre-irresolute, theiy o f is contra prax-irresolute.

Definition 3.35:
A topological spac€X, T) is called:
i) prew-space if every pre-closed set is closed.
ii) prewa-locally indiscrete if every pre-open set is closed.

iii) Tpre—a -space if every pre-closed set is prelosed.

Theorem 3.36:
Letf : (X,T) - (Y,0) be a function. Then:

i) If fis pre-u-continuous an{X, T) is prea-locally indiscrete, then f is contra continuous.
ii) If f is prea-irresolute and X, T) is pree-locally indiscrete, then f is contra continuous.
iii) If f is contra pres-continuous and X, T) is pree-space, then f is contra continuous.

iv) If f is contra pre-continuous an@dX,T) is T, - space, then f is contra p#econtinuous.

pre-a

v) If f is contra prea-continuous and X, T) is pres-locally indiscrete, then f is continuous.

Proof:
i) Let U be an open set in Y. Then, by assumpfioh(U) is pree-open set in X. SincéX, T) is pree-locally

indiscrete, therf ™ (U) is closed in X. Hence f is a contra continuousctiam.
i) Let U be an open set in Y. Since every open sptas-open and since f is preirresolute, therf _1(U) is

pre-w-open set in X. Sincé X, T) is pree-locally indiscrete, therf ™ (U) is closed in X. Hence f is a contra
continuous function.

iii) Let U be an open set in Y. Then, by assumpfioh(U) is a prea-closed set in X. SincéX,T) is pree-

space, therf ™ (U) is closed in X. Hence f is a contra continuousfiom.
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iv) Let U be an open set in Y. Then, by assumpfiofi(U) is pre-closed set in X. SindeX,T)is T

pre—a -
space, therf ™ (U) is pree-closed in X. Hence f s a contra presontinuous function.
v) Let U be a closed set in Y. Since f is contra gntinuous, therf _1(U) is a pres-open set in X. Since

(X, 1) is pree-locally indiscrete, theff ~*(U) is closed in X. Hence f is a continuous function.
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