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INTRODUCTION

Dynamical systems represented by ordinary difféaéeiquations are extensively studied in thterature.
Many mathematical prdbéms in science and eineering are represented by fractional differen¢igliations
thus these kinds of equations have increasinghaatid the attention of many researc(Ahmeda, E., A.
Elgazzar, 2007; Luchko, Y., 200in fact a fractional differential equatiois considered i an alternative
model to a nonlinear differential equats (Bonilla, B., 2007) Theory of fractional differential equations
been extensively studied by many auth(Balachandran, K., J. Trujillo, 201&ilbas, A. 2006). One of the
basic qualitative behaviours of a dynamical systerstability. Thi: problem has been discussed fractional
differential equations inBonnet, C., J. Partington, 2(). Besides the stability pbtem, another most importa
qualitative behaviour of dynaoal system is controllability. This means thatsitpossible to steer a initial
state of the system to any final state in soméfitime using an admissible cont

The concept of controllability for linear or nondiar systems which are represented by ordinaryrdiffal
equations or partial differential equations hasnbstidied in(Klamka, J., 1993Balachandran, K., J. Daut
1987). So it is natural to studyetlconcept of controllability for dynamic systemgnesented by fraction
differential equations. Contralbility of fractional dynamic systes in finite dimensional space is discusse:
(Chen, Y., 2006; Monje, C., 2010).

The aim of this paper is to styithe controllability of nonlinear fractional dymé& systems in general fro
by using the Schauder fixed point theorem. The oéghis paper is organized as follows. In Secttynve
present some necessary definitions and prelimiresylts that wilbe used to prove our main result. The pi
of our main result is given in Section 3. Finaly, example included in Sections 4.

1. Preliminaries:

In this section, some well known fractional operstapecial function, definitions and theorems thidltbe
used in this paper have been prese(Kilbas, A., 2006; Chen, Y., 2006; Samko, 8993 Kreyszig, E., 1978;
Balachandran, K., 2012).
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Let p,g> 0, withn-l<p<n,nl<qg<n, andn€ N, [ap] c R, D the usual differential operator, and
let h be a suitable real function (for example, in gahet is sufficient to havér € L,(a,b)). LetR™ be the m-
dimensional Euclidean space.
The following definitions and properties are weallokvn, forp, g > 0 andh as a suitable function:
(a) Riemann-Liouville fractional operators (RLFO):

(i) The left RLFO:
(I MK =505 fa G =0 h dt - (> a) ()
(D7 )X =D (P h)W . &> a)

(i) The right RLFO:
12 h)M =— [t —x)" h{)dt (x<b) )

r(p)

(D,_h)¥)=D" (1, h)¥), &<b).
(b) The Caputo fractional derivative :
(‘Dgy h)®) = (Ig:" D"h)(®), &> a), 3)
and in particulail, °D, h(t) =h(t) —h(0) (0<p<1).

The following relation is well known:

W .

(D2, 1)0) = (DE, N +E)=g e (x = )P

Thus, we get that

_(x-a)P

14 — p
(*D,, 1) =0, and D, 1)—r(1_p) .

The following properties of the above operators:

(°DZ, 1)=0.
p _(x-a)7P
(Day 1) =T

I+ () +9(0) =15, h(t) + 15, o(t).
low Lo, h(®) =127 h() =1, 17, h(t).
D, 15, h(t) = h(t).
1-p

12, DP, h(t) =h(t) —(I‘”r(% (x—a)P! (0<p<l).
1P, °DY h(t) =h(t) — h(@), O<p<1l.
In general, DY, DI, h(t) # DY1? h(t), and DY, D, h(t) # DI, D, h(b).
From all the above we see that, in general, dwhRiemann-Liouville and the Caputo fractional apers
possess neither semigroup nor commutative, whiehirdrerent to the derivatives to integer order. Eaay,
with some restrictions, for example <Op < 1 and ifh is a continuous function in [a,b], both propertiesd
true for both of the aforementioned operators.

The Caputo fractional derivative is more oftenduseapplied research. For brevity of notationusttake
15, asI? and°Df, asDP.

Here consider the well known Mittag-Leffler furanmi

k
Epa(@) = Zizorgera; » OrP. >0 @
Forg=1,
» Akzkp

Epll(ﬂZp) :Ep(ﬂZp) :Zk=0m ,A, ZE @

has the interesting properfpy, E,(AtP) = A E,(ALP).

Now, consider the linear dynamical system represkhy a fractional differential equation of therfo
DPx(t) = Ax(t) + Bu(t), t € I=[0],
X(0) =Xo, (5)
withO<p<1,x€ R", u€e R™, Ais annxn matrix andB is annxm matrix.
The solution of the syste(b) given by the following expression (6):

©ON o g Db

xX(t) = Ep(AtP)xo + [1(t — $)P"1 E, ,(A(t — 5)P)Bu(9)ds (6)
whereE, (AtP) is the matrix extension of the aforementioned agjtteffler function with the following
representation:
Aktkp

E,(AtP) = Y%= T
with the property°Dy, E,(At?) = A E,(At?).
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In particular the solutioif6) satisfies the fractional differential equati¢®). Throughout this paper, the
fractional derivative is taken in the Caputo sense.

Definition 1 (Chen, Y., 2006):

The systen{b) is said to becontrollable on J if for everyx, x; € R™ there exists a contred(t)such that
the solutionx(t)of such a system satisfies the conditiefg) = x, andx(b) = x;.

Define thecontrollability Grammian matrix W as:

w = fob(b —5)P"[Ep, (A(b — 5)PB] [E, ,(A(b — s)P)B]"ds. @)
Herex denotes the matrix transpose.

Theorem 1.
The linear control systeif®) is controllable on [0p] if and only if thecontrollability Grammian matrix (7)
is positive definite, for some> 0.

Definition 2:

A subset of C([a,b]) is said to bequicontinuous, if for eache > 0 there is ad > 0, depending only o,
such that for alf € E and allx, y €[a,b] satisfying| x — y| < & then| f(x) — f(»)| < e. Note thats does not
depend ofi.

Theorem 2:
(Schauder Theorem) Every continuous operatorrttagis a closed convex subset of a Banach spaca into
compact subset of itself has at least one fixedtpoi

2. Main Result:
In this section we prove the main result that slegith the controllability of nonlinear fractionabntrol
system.
Consider the nonlinear fractional dynamic systepresented by a fractional differential equatiorthaf
form
DPx(t) = Ax(t) + Bu(t) + Q(t, F(t,x(t))),t € ] = [0, b],
x(0) = xo, (8)
where O<p < 1,x € R™, u € R™, A is annxn matrix andB is annxm matrix. The nonlinear operators
F € C(JxR™ R™),Q € C(JxR™, R™) are all uniformly bounded continuous operators.
Let C,,(J) be a Banach space of continuok® valued functions defined on the intervalwith the
supremum norm (i.e., fore R™, ||x| = sup {|x(t)|:t € J}).
For eactx € C,(J), consider the linear fractional dynamic system
DPx(t) = Ax(t) + Bu(t) + Q(t, F(t, z(1))),
x(0) = xo,
Then the solution is given by the form
xX(t) = Ep(AtP)xo + [1(t — $)P"1 E, ,(A(t — 5)P)Bu()ds

+ [t = P Epp(ACE = $)P) Q(s, (s, 2(5)))ds. )
So according to the solution () the following definition has been presented.

Definition 3:

The systen(8) is said to beontrollable onJ if for everyx,, x; € C,(J) there exists a contral(t) such that
the solutionx(t) in (9) satisfies the conditions(0) = x, andx(b) = x;.

Now, let ¢; = sup || E, (A — )P ||, ¢, = sup || E,(AtP)x, ||, and assume the following condition:

() F:JxR™ — R™ and Q : JxR™ — R™ are uniformly continuous and there exists a pasitonstant
c3 > 0 such that | Q(t, F(t,z(0)) || < cs forallt €],z € C,()).

Theorem 3:
If the linear systen®) is controllable and the hypothesik holds, then the syste(8) is controllable on.

Proof :
Define the operatoO : C,(J) — C,(J) by

0(2)(t) = E,(At?)x, + [, (t — 5)P~* E,,, (At — 5)P)Bu(s)ds +

+ [t = )P Ep p (At = $)) Q(s, F s, 2(s))ds, (10)
where the contrak(t) is defined as follows
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u(t) = B*E,, (A" (b — t)P)W ' [x; — E,(AbP)x, —

- fob(b = $)PTLE, »(A(b — 5)P) Q(s, F (s, 2(5)))ds]. (11)
Now, by using the Schauder fixed point theoreme@rem 2) we want to prove that the oper&an (10)
has a fixed point.
Therefore, define a closed convex subset

Y(r) = {z € C,()): || z|| <7},

wherer is a positive constant given by
r=c, + c1bP||B||k + ¢1bPc3

2 p p '
And
k= cyllBAIW [l ] + ez +

Then by taken the norm of both sideqXf) we get that
lw | < 1B [ 1A = ) | | W [ [l | + || Ep (AP | +
+ 1) (b= )| Epp(Ah = M) || | QCs, F (s, 2())) [ ds]
< B IIW T | + ¢ + 22 = k.

Now, if we define the operato® : C,(J) — Y(r) as in equatiorf10) and taking the norm of both sides
we obtain that
lo@®I < IE,AP)xo || + J,(t = )P~ || Epp(att =PI B]| us) | ds +
+ [t =P | (At = )P [ | @ (s, F (s, 2())) || ds
<, + c1bP||B| Kk n c1bPcs —
- p

SinceF andQ are continuous and||0(2)(¢) || < r, it follows that the operato® is also continuous and
mapsY(r) into itself.

Here, let us taket;, t, €] with t; <t,, and for allz € Y(r) we have to show thadD[Y(r)] is
equicontinuous for ait > 0 :
| u(t) —u(t) || < |B°E,p(A7(b — t,)P) — B°E, ,(A"(b — t,)P) || [W ||

Bl xa [| + 1By (AbP)xo]| + f (b = )P~ || Epp(4° (b — 5)P) |
ko (s, F (s, 2()) || ds] (12)

c1bPcs

Also we have
||x(t1) —x(tz) ” = ” Ep(Atf)xO - Ep(Atf)xo + fotl(t1 ) L Ep,p(A(tl —s)P)
Bu(9)ds- [[*(t, — )P~ E, ,(A(t, — s)P)Bu(s)ds + [.*(t; — )P~
X Epp(Alts = $)P) Qds — [[*(t = )7 Ep p (At — 5)P) Qs |
| Ep(Ae)xo = Ep(At)xo || + [7(t2 = )P~ || Bpp (A2 — 5)P) |
IB] uts) llds + [t = )77 | B (Al = )7) |
~(t = )P | Epp(Altz = )] [|B]| lucs) [l ds + f,* [t = )P~
X " Ep,p(A(tl - S)p) " - (fz - S)p_l " Ep,p(A(tZ - S)p)]

t —
x[[Qllds + .7 (ta = )7 || Epp(Altz — )M || @] ds (13)
Thus the right-hand side of equati¢h2) and(13) is independent of € Y(r) and tends to zero as — t,.

HenceO[Y(r)] is equicontinuous for alt > 0 and, by the regularity assumption BnandQ, the operator is
continuous, and hence it is completely continuguthk application of the Arzela-Ascoli theorem (ifseig, E.,
1978).

SinceY(r) is closed, bounded and convex, then the Schauxied point theorem guarantees that the

operator0 has a fixed pointz € Y(r) such tha0(z) = z = x (whenx(t) be as in(9)).
By substituting11) into (10) one can easily see thath) = x;. Hence the systef8) is controllable ord.

IA

x

3. Example:

In this section we shall apply the resultabished in Theorem 3, for the following fractibreontrol
system. For a fractional differential equationshwiit control variables and their explicit solutipnse can see
(Kilbas, A., 2006).

Now, consider the following fractional intedifferential system:
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DPx(t) = Ax(t) + Bu(t) + Q(t,x(t),f h(t, s,x(s))ds),
0

X(O) = x0: (14)

/0 1\ ,_ (0 .
whereA = (_1 0), B = (1) 0<p<1,te€[0,b]andq is taken as follows

0
Q(t,x(t),foth(t, s,x(s))ds) :< Jg e 1®as ) )
1+x2(t)+x2(t)
Here the nonlinear function includes an integeait which has an interesting physical meaning in
viscoelasticity (Renardy, M., W. Hrusa ., J. NoH&I87).
Solution.

Herex(t) = (x,(£), x,(£))° With x,(¢) = x(t), D2x, (t) = x,(t).

The Mittag-Leffler matrix function is given by
w (-DJt2p (-1)J t@+Dp

B (AtP) = J=0 r2jp+1) Li=0 vy e
p( t )_ —Zoo (_l)jt(2f+1)p . (—l)jtsz
J=0T((2j+1)p+1) J=0 r2jp+1)
And
o (D) (b=9)*P oo GO CED ISRl
J=0 T ((2j+1)p) J=0 r@ep(i+1)
— ¢\P) =
Epp(A(b = 5)P) w (1)) (b-s)@I*VP g0 1) (b-5)2IP
J=0" T(p(+1) J=0T(2j+1p)
Suppose that
_ yo D 0-9)PP _ yo D pos@HUP
91= L0 @m0 927 LiF0 i)

By simple matrix calculation one can see thatciatrollability matrix

b
W = fo (b —s)P7YE, ,(A(b — s)P)B][E,,(A(b — s)P)B]"ds

b 2
— f (b _ S)p—l( gZ 915272) dS
0 9192 91
is positive defined for aniy > 0.
Then by Theorem 1, we get that the linear corslystem(5) is controllable on [@®].

LetF(t,z(t)) = foth(t, s,z(s))ds, then obviously tha@ satisfies the hypothesis (1).
Therefore, by Theorem 3 the system (14) is colatote on [0b].
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