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INTRODUCTION

Hasslerwhitney is one of the scientist who accosigldl Whitney theorem in approximation theory, \ut
provides the following : (forf g L,[ab],0< p<o, then there existg), _, an k-1 -a polynomial of degre
< Kk =1 such that
|f =0l oy SCar(f.b-a[ab]),

Many reasercher proved this theorem, BL(1952) when k=2 p=o),
Whitney(Burkill(1952),Whitney(1959) when (p = o), Brudnyi(1964) wheni< p < « ),Storozhenko(1978)

when (0< p<1), and K.A.kopotun proved the Whitney theoremtype }-monotone functions

In(2003) E.S. Bhaya(200®yoved in theorem (A) the Whitney theory of intdiiors type for -monotone
functions for K.A.kopotun

Theorem A:

for mkON,m<k and f OA NW."(I).Then for any,n> k-1, there exists a polynomi
p, UMM, suchthat:
£ = p] s ctplat (7.0, for j=1...m.

The classical Whitney theorem establishes equivalence between the modulus of smoott
w, (f ,|| |, ) , and the error of best approximaticE,(f),,0f a function f : 1 — R by algebraic polynomial

of degreecs —1 in L, 1< p<oo
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Proposition(B) (Kassim, N.M.,):
Let Q be an arbitrary polynomials and B} _,(Q) be a polynomial of degreem — 1 interpolatingQ atm
points insiddga, b] , then for every) < p < «

”Pm—l(Q)”p[a,b] = C”Q( )”p[a,b]

Lemma (C) (Anton , H.,2002):

Let f be a continuous function dr= [a, b], then
b+Cq b-Cq

f)dx = f(x—=Cydxor | f(x)dx = flx+Cpdx
freom- | froom- |
C1 is absolute

2-u —Best Approximation:
The spacd., ,(I) of all u —measurable function , where<p <o, I SR, I = [a,b], b is a positive
integer angi: I — R* U {a, b} is a measurable function can be defined as

p

Lyu(D) =1f.f:[a,b] SR — R: flf(t)lpdu(x) <w
1

wherel <p <o
And the (quasi) norrﬂflle uny < ®

10y = (J; If(t)l’”du(t)) tel (2.1)

For a functionf in the spacel,,(I),1 <p <o and the measurable positive functipnwe have
f(©)du(t) = 0 for everyf(t) = 0 andt € I

The polynomials used in our work differ in the rforand according to the degree of what we want to
achieve in the proof . far > 0 and let/, = {j;}/_; be the collection of point , so thatg, < J; < <j, <
Jre1 = b, we sett,(t) = [Ti=.(t — j;) . and we let = A°(J,) be the set of functiorfs which change their sign
exactly at the point; € J,.and we will writef € A°. This assumption is equivalentf6t) [1(t,/,) = 0
ast<b.

3- Modulus of Smoothness:

The moduli of smoothness are intended for mathieraas working in approximation theory, numerical
analysis and real analysis. Measuring the smoathoéa function by differentiability is too cruderfmany
purposes in approximation theory. More subtle mesmant are provided by modulus of smoothness. We wi
use modulus of smoothness which are connecteddiffdrence of higher orders.

The k-th symmetric difference of the functiti®endov, B. and opove, V. A., 1983)is defined by
A;Cl(fﬁ t' I)y

k
. kh
k—i o P kh
AL, 0), = Z D f(t 2 +‘h).t¢7€1
i=0
0 , otherwise
Where

(%) =- s the binomial coefficient
il(k=i)!

The k-th local module of smoothness (Abdul NahyEZ 2008) of a functigh€ L, ,, (1, is defined by

Wi (f, 8, Dpyy = sup ”Ah(f )” 6 >0 (3.1)

0<h=s Ho

k kh
k —i .

.8, D= sup |13 (5) 0 (e- 5+ in)

0<hsé ||i=0

Lp.uc

The so calledT —modulus (or sendov-popov modulus) (Ditzian, Z. ahdTotik, 1987), an averaged
modulus of smoothness, defined for bounded mealsufaction f on an intervall by.
(28, Dpp = ||a)k(f,.,5)||pr) Where
wi (f,6,8), = sup{|AK(f, |y FL e[t -2t + ] nI} is the k-th local modulus of smoothness of
f(Sendov, Bl. and opove, V. A, 1988) From themigéin one can easily see
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Te(f1 8, Do = @
A new way of measuring smoothness was introducgdlizian—Totik (Ditzian, Z. and V. Totik,
1987).The Ditzian - Totik modulus of smoothness foE L 1 < p <« which is define for such afi as
foIIows
g (f6,Dp = sup 85,0l 1= 1@ b] (3:2)
<6

p.u(l)!

4- Chebyshev Partition:
We have used in this paper the following notatiand facts also the partition of periéd, therefore we
found Chebyshev patrtition, which takes the form:

X, = acosﬂ , @ =positive integer such thdi< a<o, 0< j <n,
n

to an intervall . Now we denote
_[XJ+1lXj]
h]- is a length ofl; that is -—|I-| =X;— X1 0<j<n

t
and A, (1) = ¢( ) +n— and C1An(t) < hj < CzAn(t) for t01; andC,,C, are constant.

Let J, ={ji, erjrt jo=a<j, <. <j.<b=j.,..} we denote byA’(J,.) the set of all functions
fEXNY has0 < r <o change signk — times inj,(Leviatan, D., 1996),in particular if = 0, thenA%=
A°(J,) denotes the set of all nonnegative functiongai].

For
§ = minljiy, — ji|l whergy = aandj,, = b .

If ji € Xj@y+1, Xj))i = 1,....,r then it is convenient to denojéz) < Xiji)+1 and] D> Xjqy k>1

such that

Ji<ji <<V thatisiie P15z =12,k —2
(@) (k=1)
. (k— it i ,_+
t; = []i(Z)']i 1)] and/; = [] kil . li 1 ]
then

Clhj < ‘fi‘ = (k —1)‘Ji‘ < Czhj , whereC,,i =12,.....r positive number.

and therefore , we get the following facts whieh used to prove many results

‘E ""‘J "” =A,(t) aso n‘f ‘ NA (1) =d(t) force, (4.1)

We would Ilke to point out that the symbé] z=1,..,k —1 not represent a derivatives but a symbols
of a set of points that exist betwekp;, andX;.,,meaning within an period, , and/ = U}, ¢;, we proved
many results andtheories on the perigdand the fact that the periofls,i = 1, ..., isomorphic and have the
same properties .So is the proof of these resuttsié on the aggregate peribd

In (Bhaya, E.S., 2003), recall that for any comtins functionf on [a,b] there exist an algebraic
polynomial p,_, of degree< k — 1 interpolatingf inside[a, b] ,such that

If = Pr-1lli,fap) < c@)wi(f,b —a,la, b)), (4.2)

5-Auxiliary Results:
We need the following lemmas to prove the mainltes

Lemma (5.1):
Let f € Lp ,(I)be unbounded functiod, < P <o, lef = [a;,b;] € 1

Definel, = [ay, b; + h], whereh € [ D1z al)letk =1,2,..f I, cIthen
”f(-)”P,Il,p. < Cawy(f,h, 11)13,;4 + C”f(-)“P,],u (5.1.1)

Proof:

Since AKf(x) = Z (I:> (—=D*if (x + ih)
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BifG) = fa+k) + Y D (K re+in

0<isk-1

facti) =8 - > R () e+
0<i<k-1
If we take the absolute value for two sides ofatigun, we get

Gkl = (80— > DR (5) reim

0<isk-1

spgrel+| Y () ra+m

0<isk-1
Integrate of both sides of equation, we get
b1—(k-1)h % by—(k-1h % by—(k-1)h %
[ rermrac) < [ lsr@lac ) <[ [ e+ dieo
bi—kh bi—kh by—kh  Osisk-1
Since[b; — kh, b, — (k — 1)h] c I;, then
- by-(k—-Dh 5
P ,
[lagrel aneo | + D [ e+ i dueo
Iy

Os<isk-1 p,-kh

[

by—(k-1)h P

sc( [l awe ) ve[ Y [ irermrau

ol

1 Osisk-1 p,-kh
UsingLemma (C), we get

b1—(k—-1)h+kh % % by—(k—-1)h 1%
P
Fe due | <cl [treol"duw ) +cl D [ 1rr dueo
bi—kh+kh Iy Os<isk-1 p,-kh
bi+h % % by —(k—1)h+ih %
f Felduo | <cl [lreol"duw ) +cl D [ 1relr due
I1 Os<isk-1 p;—(k—i)h

S|nce[b1,b1 + h] c I, and[b; — (k — i)h, b, — (k — 1)h + ih] c ] then

HfOMp e < Cor(fihI)py, + CllfOllpu
In the same way we get the same result when teevall; = [a, — h, b4]

Coroallary (5.2):
Letf € Lp,(I),1<P <wm,letf =[cd] ]
Letl, c I be such that c I; then

If Ml < Cor(f, 1] I)pu + CUF (Ol (5.2.1)
WhereC depends on the ratid, |/|/].

Lemma 5.3:

Let J; be subset of; and € L, ,({;) NA°(¢), 1 <p <« ,and there exists a polynomig}_,(f) €
[Tk-1N A°(¢,) interpolatef at the poink — 1 inside J;
Then for any constand > 0, we have two cases.

(k=
Case(1) Forg, = 2& ]l +d|]L| <,
1PosOI 0 <c@AIfl @
pul =611 Lp,ul* k_‘i 1]
11 ]( (z)
Case (2): For 8, = ———d|J;| > j;
P e SC@AIA 0

Lpulb2—— Lp,ulb2—
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Proof cases (1):
Forj; € ¢; , and letP,_, (f) = Xio1 fU) [liza(t; — ), 0<j <n
be a linear polynomial of degr@k — 1 interpolatingf inside J; and belong ta°(#¢;) Since f(j;) =0
V;=1,..,r ,and tha®,_, (f) is nondecreasing fgf > t;, and henc®,_, () = 0 for j; > t; [sincef (j;) = 0]
Thus f — pr_1(f) = 0 changes sign in sidg.
In particularf —p,_.(f) =0

for
(k-1) Jit ]l( -
i > —"—— hencep,_,(f) < f
-1 (e=1)
JitJ Jith; (k-1)
for pErE N —— +dlJ;| <}j; ,
then for any constamt > 0 such that :
jl+](k B .(k—1) i
0 =——7—+ alj;l <j; , and fromproposition (B) ,we get
1
1 Pe—1 (NI

Lp,ul™

14
k-1) = f (k-1) |Pk—1(f)|pdp-(x)>
Tt )] (["“i 61]
1

< c(p,d) ( f[ ot ]| v du(x)>

k1

=c( DN

Lp,ul k—1 61l

k-1)
Jiti;
ke
1

(f,-.+,.gz> IPk_l(f)I’”du(x)) SC(p.d)U,.H@ Iflpdu(x)>
=011 [Fri—64]

Since|J;| and

are equivalence then we get

k-1 71
Hence
1P () @ S c DI e (5.4)
pul =01l Lp ul==1—01l
Case (2):
By the same method in case (1) and in particular
f = Dr- 1({ )=0 -
for j© < j‘ ]l , hencep,_,(f) < f forj¥ < ]‘Hl +d|J;| < ]‘Hl ,then for any constamt > 0,such
that
(2)
6, = -~ dlJi| > j{* e get

S

1P (O i@ = <f ji+/® [P ()IP du(x))
Lp,ul627= (62—

< c(p,d) (f i 1P du(x)> =, d)If|

2o |
(2)
Jit;

(f ot e 1(f)l”du(X)> Sc(p,cw(f ji+j(k—1>|f|pdu(x)>
—e— (62—t 1

(62 k—1
Hence
PO en Sc@AI e (5.5)
Lp,ul62 k 1 Lpul02——71
Fromlemma (5.3)and sincd, super in the interpolate set gfand by case (1) and case (2) we get
”Pk—l(f)"Lp'u(]A) < C(p: d)”f”l’p,,u(]A)

jiti?
Lp,pl02—==]

SincelJ;| and are equivalence then we get

Lemma 5.6:
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Forf € L, ,(£;) N A°(¥,), then there existg_,(f) € [1,-1NA°(#;) interpolatef atk — 1 points inside
£;, such that
If = Peca (DI, ucep < C ) KYw? (f, 1€il,€:)p,u(5.7)

Proof:

For an intervalj; , such that
.(2) (k—1) (k1) _ (Z)
) Jitl JitJ ) Ji Ji
Ji= [k 1’ k-1 ] we havé/;| = k-1 '

(k=1)
We define #,/]; = ([ () h j‘ ) (h ]l ,]L(k 2 )

Since ¢; = (k — 1)J; , that |s£’i consists ok — lintervalj; with (k — D|J;| = [£;], k = 4, let
+i@ G
Uil = [ 0,1 ) (% i 1)] (5.8)
From(4.1)suppose that c (k — 1)), =4,k = 4
Sincef € L, ,(¢;) N A°(¢,), then bylemma (5.3)there exists,_,(f)interpolatef atk points insidg;,
hence from

1P (Dl 0 < €@ DIf Ny,
And since(5.8) are satisfy then we get, where

(2) .(k-1)
Ji = []l(z)‘h Ji >and] _ (h Ji ‘]L(k 1)

and|/;| =

, that

”Pk—l(f)”[,p’u(]i’) = (f’ |Pe—1(FIP dH(X)>p
i

Suppose tha® € [[,_; ,Q interpolatey’ atk — 1 points insidg

ThenP,_;(f) = P,_1(Q)
We take the integral for both sided, we get
1

”Pk_l(f)”l‘p,u(]i’) = (f’ |Pe—1 (I du(x)>p
Ji

=(f; 1P @I dn())
By Proposition (B) we get

1 1

(f | P 1(f)|pdu(x)> <C(p,d)<f IQ(X)I”du(x)>
SinceQ = Q(x) — f(x)+f(x) then

1

Cm.d) ( [ 10 -re+ reor du(x)>p
Ji

+ o[ 1P )
i

1

1
P

INA

Cp.d) ( [, 10w - reor du(x)>
Ji

IA

¢ N = FOllpy + o) ( [ reor du(x))p
Ji

By B.1)wi (f, x, Dp, = sup”Aﬁ(f,.,I)”p# ,D € [1,0) we get
1

( ,|Pk_1(f)|pdu(x>>ps C, Do (f, Vil JDp + C(p,d)< ,|f(x)|Pdu(x)>p
Ji Ji
by using(5.1.1)we get

1Pe-1 (DI, .oy < C@. DS, ) »and also

”Pk 1(f)”L (] ) = C(p' d)”f”L H(]”)
(k-1)
And from the fact?;/J; = ([ (Z),]M‘ )U (hzl - ,]L(k D]) we have

WPie-1 (Ol uceirsny < C@ DSy, uceirre)
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Now applied the same relation(#.2) for an interval;, we get
1

If = Peca (Ol 000 = ( If = Peca(HIP du(x))
Ji

=(J, If = 9"+ 9" = Pecs (NP du() )’

P P
< ( ! lf —g°IP du(x)> +< ! lg" = Pe—a (DIP du(x))
p

< ! If —g*IPdu(x) | + C(p)< ! |Pe-1(g" = DI du(X))
<Nf = 9"l 00 + CONI" = Fllu, 00
=C(p)wi(f, Uilr]i)p,p

Hence we get
If = Pe-1(Dley, 00 < C@@ (5 Uil T pu

Since|J;| — 0, then we get

If = Pea(Ollz, ug0 < COIOL Fo Uil TDp
Sincef; c (k — 1)]; = £;then we get
Ilf = Pk—l(f)”Lp_u({’i) < C, k)Wl (f 18l ) p

Lemma 5.9:
Forfe€L,,(£)NnA°#;), 1 <p <o, then there existg_1(f) € [[,-1NA°(¢;) interpolatef atk —1
points inside?;, such that
If = qk-1(OIey, ueny < CO )T 1] €D p 0

Proof:
FromLemma (5.6),there exist a polynomigl,_, of degree< k — 1 copositive withfin £; and interpolate
fat the points insidé;, hence fronbemma (5.6)we get

If = qk-1(Oley, 4o < Cs K (f,1€:], ) pu
1
P
If = q-11 < C(p) If = qie—11P du(x)
4
=CIf - qk—l(f)”Lp”u_(t’i)
Then we get
|f - qk—ll < C(p' k)(i);f(f, |'€i|i'€i)p,u
Now by taking the., , (¢;) -norm for both sides we get
If = ks Dl e < COONf LN, o
By t -modulus (or Sendove Popov modulus) with meagurtor f on#;, we get
If = qk-1(PIey, ueny < COIT (S 1], €D p 0

6-Main Results:
Theorem 6.1:
Forf € Ly, () N A°(J,),1 < p < « and letg,_;(f) € [1x-1N A°(J,), k > 1 interpolatef atk — 1 points
in sideJ, whereJ, =[a+d|I|,b—d|I|], then
1f = Gk Dy ity < C@IOOL SN D

Proof:

Let d > 0 be a fixed and le¥;,i =1,...,r be an interval of length |¢;] =ji(k_1) —ji(z) Jk>1, z=
1,..,k — 2 in the center of] = [a, b], that is dis(¥;,a) = dis(#;,b) then byLemma(5.6) there exist linear
apolynomiadi;_, (f) € [1x,—, of best approximation, copositive and interpolatat k points in side; nJ, ,
hence we get
I f = qialle, o0y < C@ DL D 6.2)
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Also bylemma (5.6)there exist a linear polynomidl,_; = hy_1(f) € [1x-1 of best approximation,
copositive and interpolatgatk points in sidgy =[b —d|I|,b - %dlll] da < % and b — %dlll < bhence

1

If = hees (D ) = ( f If = hieea (DIP du(x))

1

= (f If = Gie-1 + Q1 = aa (HIP du(x)>p

<) ( f If = gial? du(x)>

1

+C(p)<f1 | |q;;_1—hk_1(f)Pdu(x))

S
P

<o) < f If = gy lP du(x)>
1

+C(p) ( f, s (f = G IP du(x))

< C(p) < f If — gial? du(x)>
1

+C() ( [ e =gl du(x)>p
Jc

Where/, = [b — d|I|, b] and|/g| = |/
since we have from an intervigl andJ, thatb — d|I| < b — 2d|I| hence
1

1
p

1

( [ 1 =hear du(x)>p <c) ( [ r-aiar du(x)>
+C
®) ( f]

P
[Pye—1 (f = qre-)IP du(x))
Then bylemma (5.3)we get

B

1
1 =

(J- If = he—a (DIP du(x))p <) (f If = qx-al” du(x)>
1 1

1

+C(p)< | f— q-al? du(x))
JB

That is
If = hees (Ol iy < CONF = @ialli, o + COINF = Gealley )

Then bylemma (5.9)and inequality(6.2) we get

1

(f If = he—t (O)IP du(x)> < Clp, K)wy (f, 11, Dy
1
Therefore

If = hies (D], < C R (111, Dy (6.3)

Also there exist a linear polynomig),_; (f) € [[,-1 .copositive and interpolaie atk points in sidej,
wherea + d|I| = a,
alsob — d|I| < b hence

Nf = g-1lle, .y = If = Pie—a (F) + hima (F)=Gie-1 () N,y )
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Hence
1
p

IIf— gk—l“Lp_,,_(I) = (fl lf = gr-1(HIP du(x)) = (fz If = he—1(f) + hye—1 () —gr—1(OIP du(x))

< C(p) (f |f =hie-a [P du(X)> +C(p) (f |gr-1=he-1(F) |7 du(x)>
< C() (f |f =hie-a [P du(x)> +C(p) (f |gi-1 (f =he-) I du(x)>

<c® (f |f =hi-11P du(x)> +C(p)< |gk-1 (F =hie-1) IP du(x)>
1

Jk

Where J, = [a + d]I|,b] , and|],| = [J,|, since we have from an intervgl andJ, thata +d|I| < b —
d|I| , hence

( f If = Geea (DIP du(x)>

<) ( f f—hesl? du(x)> +c<p)<
1

P

1
p

Ja

|gk-1 (F =hie-1) IP du(x)>

Then bylemma (5.3) we get
1

( f If = Geea (DIP du(x)>

< C(p) ( f |f—hk_llpdu(x)> +C(p)<

|f =hi-[? du(x)>

Ja
Then bylemma (5.9)and inequality(6.3) we get

1

14
(f If — gk-1l? du(x)> < C(p, K)wy (f, 11, Dy
1
Therefore

If = ks (F) ey < Co KD (F 11, Dy (6.4)
(6.4) means there exist a polynomial copositive andpaiatef in an interval, , such thata + d|I| < b
will satisfy the Whitney theorem .
And by the same method in the above we can getaime result for an intervg] such thatt < b —d|I] .
Hence the result is true forlf d = 0 then the inequalit{6.4) is not true.

Theorem 6.5:
Forf € L, ,(I) N A°(J,),1 < p < oothen there exist a polynomigl, (f) € [1x-1NA°(J,), k > 1, such
that

“f - pk—l”Lp”u(I) = C(p: k)Tk(f' |I|' I)p,p

Proof:

By lemma (5.6)there exists polynomigl* € [T,_,n A°(J,.) of degree< k — 1 and g*best approximation
tof onl =[a,b]
Ilf— pk—l(f)”Lp”u(I) =lf-g"+9 - pk—l(f)”Lp,u(I)

Hence
1

If = PecsDlipr= (J, 1/~ 9+ " = s () 1P dnGo )’
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f If - g'Pdu( | + f 19" = Prs () P dpx)

IA

f If = g'P du | +C@) f Der(g” — F) IP dux)
1 1

IA

=|If - 9*||Lp,u(1j
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