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ARTICLE INFO ABSTRACT
Article history: The solution of nonlineapartial differential equation is current researohApplied
Received 12 February 2016 ScienceHere, we introduce new exact solutions for somainear partial differentic
Accepted 18 March 2016 equations which obtained by using tanh (or tanggperbolic) method. This methi
Available online 20 April 2016 depending on the traveilij wave solutions and does not use any conditieslte any

system of partial differential equations. The tanbthod gives more general ex
Keywords: solutions and does not require any extra effort iavebrthwhile to mention that tk
Tanh method, travelling wave proposed method can bpplied to establish more entirely new exact sohgifor othel
solutions, the coupled Drinfeld- kinds of nonlinear partial differential equations.
Sokolov-Satsuma-Hirota system, the
\Whitham-Broer Kaup equation.

INTRODUCTION

It can be said that theartial differential equations occupiean important placein allbranches of
engineering and the physical sciences, where mbsheo relations and the ruling laws between phys
problems or engineering appear in the form of d#fiftial equation<To understand this problems, we m
solve this partial differdral equation, or at least to know many of the gmbigs of this solution and that he
get it and process of getting a solution to problemis not always easy, but that many of the diffew
equationgloes not get exact soluti. The researchers interested differential equatignstidying the existenc
of the solution or through its properties and ratur to get through iVarious methods have been usec
explore different kinds of solutions of physicabplems describedy nonlinear PDEsuch as: the first integr
method (Al-Saif and AbduHussier 2012), (Al-Saif and Abdul-Hussien, 2012), sit@sinemethod (Hosseini
et al, 2011) the extended tanh functimethod (Dahmargt al, 2009)and the Jacobi elliptic function pansion
method (Gui-Qiong andZHin, 2005, and so on. Most of exact solutions have beenirddaby thes:
methods, including the solitary wave solutions, ckhavave solutions, periodic wave solutions, and
like.Thetanh method is a powerful solution method for tlemputation of exact traveling wave solutic
(Malfliet, 1992) andbased on the fact that in many cases trav-wave solutions canbe written in terms ¢
hyperbolic tangents. His method is very suital for an easier and more effective handling of thritsm
process of nonlinear equations.

In this paperto illustrate the effectiveness and convenienctheftanh method, we solvwo systems of
nonlinear partial differential equations: theseteys ire coupled Drinfeld-Sokolo@atsum-Hirota system,
WhithamBroerKaup equation. This will kuseful in numerical studies.
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2- Outline of the tanh method:

The tanh method will be introduced as presentedviayfliet(Malfliet, 1992),(Malfliet, 2004) and by
Wazwaz(Wazwaz,2006), (Wazwaz,2006), (Wazwaz,2006¢ tanh method is based on a priori assumption
that the traveling wave solutions can be expressermsof the tanh function to solve the coupledvK
equations. The tanh method is developed by Mdlfietfliet, 1992). This method applied to find outaet
solutions of a coupled system of nonlinear difféigdrequations with two unknowns.

Consider the system of nonlinear partial differential equations:

Fi (U, v, Ug, Vg, U, Usey Uy Vsey w22 ) = 0

Fo (W, v, U, Vg, U, Usgy Uy Usey -2 ) = 0 (1)
Where F;, and F, are polynomials of the variablag v and their derivatives. Let(x,t) = U(¢) and

v(x, t) = V(&)whereé = k(x — At). Herek and A represent the wave number and velocity of theetmag

wave.Both are undetermined parameters but we asthake> 0. We use the following changes:

a d a d 9?2 d? 83 a3

az—kﬂd—f, azkd—f,ﬁz ZE , ﬁz 3d_§3"" (2)

Then(1)become ordinary differential equations:

Q,u,uuu”, . Vv VIV L) =0

Qw,uu’u”, .V, VL VLV ) =0 ()
with@,, Q, being another polynomials form of their argumesliich will be called the reducedordinary

differential equationg3).Integrating3), as long as all terms contain derivatives, thegrdtion constants are

considered to be zeros in view of the localizedutsohs. However, the nonzero constants can be asdd

handled as well (Wazwaz, 2006). Now finding thevétang wave solution to equatiofl) is equivalent to

obtaining the solution to the reduced ordinaryediéhtial equatiof8). For the tanh method, we introduce the

new independent variable:

Y(x,t) = tanh(¢) 4)
that leads to a change of variables in the deviest

d -1 d
N dy’

ds

@ o va-vn Loyl

gz dy dy?

L 20 -¥Y)EYI - DL —er(1 - v22 4 (1 —v23 L (5)
agd ar d? ar?

Where the other derivatives can be derived inrdlai way.The next crucial step is that the soltiee are
looking for is expressed in the form:
m

w0 = U = ) aY'
i=0

v(x,t) = V() = Ty b,Y! (6)

where the parametar andncan be found by balancing the highest-order lineamn with the nonlinear
terms in equatior{1), andk, 4, ay, a4, ..., @, by, by, ..., byare to be determined. Substitutiog) into (3) will
yield a set of algebraic equations foRl, ay, a;, ..., ay, by, by, ..., bybecause all coefficients &f have to vanish
for i = 0,1,2,3 ....Having determinedthese parameters, knowing#thandnare positive integers in most cases,
and using(6), weobtain the expressions fafx,t) and v(x,t) in a closed form (Wazwaz,2009). The tanh
method seems to be apowerful tool in dealing withpted nonlinearphysical models.

3- Applications:
To illustrate the tanh technique and the possibdliit offers, we now investigate some well-known
examples of nonlinear PDEs in detalil.

Example 1.
Let us first consider the coupled Drinfeld-Soke®atsuma-Hirota (DSSH) system(Adem and Khalique,
2014)which reads:
Up — OUUY + Uy — 6V, = 0
Vp — 2Upyy + 66UV, =0 (7
This system was introduced independently by Dhihéend Sokolov(Drinfeld and Sokolov, 1981), and by
Satsuma and Hirota(Satsuma and Hirota, 1982). daeled DSSH system (Drinfeld and Sokolov, 1981)was
given as one of numerous examples of nonlineartmmsapossessing Lax pairs of a special form. Atee,
coupled DSSH system (Satsuma and Hirota, 1982)fowasl as a special case of the four-reduction efkR
hierarchy, and its explicit one-soliton solution sveonstructed.Wazwaz(Wazwaz, 2009) used threendisti
methods, namely the Cole-Hopf transformation, Hiotbilinear and the exp-function methods and oleihi
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solitons, multiple soliton solutions, multiple sirgr soliton solutions, and plane periodic solusio@heng
(Zheng, 2011) used tH& /G)-expansion method and obtained traveling wave isoisitof (7).

Using the traveling wave transformations:
m

u(x, ) = UE) = Z a,Y

i=0

v(x,t) = V(§) = Sy b’ (8)

WhereY = tanh(¢§) andé = k(x — At) (9)
The nonlinear system of partial differential edorad(7) is carried to a system of ordinary differential

equations:

—kAU — 6kUU + K*U"—6kV =0

—kAV = 2k3V" +6kUV =0 (10)

By postulating tanh series, and using the transétions given by9), the first equation if10) reduces to
du dUu
(1 -y =2 _ _y2y 2
AM1-Y )dY 6U(1—Y )dY
+k2|2(1 -Y2)(3Y2 -1) i 6Y (1 —Y?)2 U +(1-Y?)3 U
dy dy? dys3
—6 (1Y) =0 (11)
while the second equation {i0) reduces to
_ _v\4&V _ 512 _y2 2 _ & _ _y22 4V _y2y3 2%V _y &V _
21 -v) L -2k [2(1 Y)EY? - 1T -6r(1- Y220+ (1-1?) dYS] +6U (1-v?)2 =
0 (12)
Now, to determine the parameteandn, we balance the linear term of highest-order withhighest order
nonlinear terms. So, if11) we balancd/” with V' ,to obtaik + m—1=n+1=n=m+ 2.

While, in (12) we balanc& ” with UV’ , to obtain
n+3=m+n+1,thenm=2andn =4

The tanh method admits the use of the finite expansion for both:
ulx,t) =UY) =ag+ a;Y +a,Y? ,a, #0 (13)
v(x,t) = V() = by + byY + b, Y2 + bY3 + b, Y* b, # 0 (14)
SubstitutingJ, U', U",U", V'from equatioi13)and(14)into equationél 1), then equating the coefficient of
Yi,i= 0,1,2,3,4,5leads to the following nonlinear system of algebesjuations:
Y%: — Aa, — 6aya; — 2k*a; —6b, =0
Yl: — 21a, — 12a4a, — 6a? — 16a,k* — 12b, =0
Y% da, + 6aya, — 18a,a, + 8a,k* — 18b; + 6b; = 0
Y3: 2a, + 12aya, + 6a? — 12a2 + 40a,k? — 24b, + 12b, = 0 (15)
Y*:18a,a, — 6a;k* + 18b; = 0
Y5:12a2 — 24a,k? + 24b, = 0
SubstitutingJ, V', V', V"from equatioii13)and (14)into equation€l2), then equating the coefficient of
Yi,i= 0,1,2,3,4,5,6,7leads to the following nonlinear system of algebejuations:
YO: — Aby + 4k?b, — 12k2bs + 6agh, = 0
Y': —2b, + 32b,k? — 48k?b, + 12a,b, + 6a,b; = 0
Y2: — 31by + Ab, — 16b,k? + 120k?bs — 6agh, + 12a;b, + 6ayb,

+18aghs = 0
Y3: — 42b, + 2Aby — 72k%b, + 304b,k? — 12b,a, + 18a,bs — 6a,b;

+12a,b, + 24a,b, =0 (16)
Y*:3Ab; — 228b3k? + 12b,k? — 18ayb; + 24a,b, — 12a,b, + 18a,b;
—6a,b, =0

Y®: 4Ab, — 496k?b, + 48k*b, — 24a,b, — 18a,b; + 24b,a, — 12a,b, = 0
Y®:120b;k? — 24bsa, — 18bga, = 0
Y7:240b,k? — 24b,a, = 0

Solving the nonlinear systems of equati¢hs) and(16) we get two solution sets

19
a0=_?k2, a1=0 » a2=10k2 ’ l=14k2

by=bhy, by =0, by=2k* by =0, b, = —40k* 17)

and



117 AmmarAl-Salih, 2016
Australian Journal of Basic and Applied Sciences,d(8) April 2016, Pages: 114-118

ag = _7k2 , a1 = O » a, = 10k2 ’ l = _14’k2
bo = bo » bl = O » b2 = 80k4, b3 = 0 ’ b4_ = _40k4 (18)
From(17) we get the following solution of the systér:

19
u(x, t) = —?kz + 10k?tanh? (kx — 14k3t),

v(x,t) = by + 83—0k4tanh2 (kx — 14k3t) — 40k*tanh*(kx — 14k3t) (19)
and from(18) we get the following solution of the systény:

u(x,t) = —7k? + 10k?*tanh? (kx + 14k3t),

v(x,t) = by + 80k*tanh?(kx + 14k3t) — 40k*tanh*(kx + 14k3t) (20)

Example 2:
Consider the Whitham-BroerKaup equation (Kademuarhitru, 2011):

u; + uu, + v, + buy,, =0

Ve + (UV)y + QUyyy — DU, =0 (22)
wheret = u(x, t)is the horizontal velocityy = v(x, t)is the height that deviatesfrom equilibrium positio

of the liquid, and and b are constants which arerepresentedin differerffugidn powers. This system

introduced by Whitham(Whitham, 1967), Broer(BrodrQ75), and Kaup(Kaup, 1975)and describe the

propagation of shallow water waves (Rasttidl, 2008), with different dispersion relations.

Fora = b = 1, equation(21) becomes:

Up +UU + Ve Uy =0

Ve + (UV)y + Uy — Vi = 0 (22)
Using the traveling wave transformationé® and(9), the nonlinear system of partialdifferential egoas

(22) is carried to a system of ordinary differentialiations:

—kAU' + kUU' + kV' + k*U" =0

—kAV' + VU + KUV’ + K3U" — k?V" =0 (23)
By postulating tanh series, and using the transftions given by9), the first equation i1§23) reduces to

A1 —Y?) i +U(1-Y?) i +(1-Y% v
dy dy dy
282 d2U 2y AU
+k(1-Y%) m—ZkY(l—Y)E—O (24)
while the second equation {@3) reduces to

A1 -Y?) W, V(1-Y?) aw ., U(l-v?) @, 2k2(3Y%2 — 1)(1 - Y?) i
dy dy dy dy

d2U d3U d2v

—6k2Y(1— Y22 —— + k2(1 - Y2 — — k(1 —Y?)?—

( ) gz TR )y oys Kk ) ove
+2ky(1-Y) 2 =0 (25)

Now, to determine the parameteandn, we findr = 2, m = 1.
The tanh method admits the use of the finite egjoenfor both:
uC,t)=UY)=ay+a,Y ,a;, # 0 (26)
v(x,t) = V() = by + b)Y + bY? ,b, #0 (27)
SubstitutingJ, U, U",V'from equatioii26)and (27)into equation&24), then equating the coefficient of
Yi,i = 0,1,2,3leads to the following nonlinear system of algebejuations:
Y% —Aa; +aga; +b; =0
Y':a? — 2a,k + 2b, = 0
Y2:da; —aga; —b; =0 (28)
Y3:a?—2a;k+2b,=0
SubstitutingJ, U’, U",U",V, V', V'from equatioi26)and (27)into equation&5), then equating the
coefficient ofY?,i = 0,1, 2, 3,4leads to the following nonlinear system of algebesguations:
Y%: — Ab; + a;by + agb, — 2k?*a, — 2kb, = 0
Y1:—21b, + 2a,b; + 2aob, + 2kb; =0
YZ%: Ab; + 3a,b, — a;by — agb, + 8k*a, + 8kb, = 0
Y3:24b, — 2a;b; — 2agb, — 2kb; = 0 (29)
Y*:—3a,b, — 6k?a, — 6kb, = 0
Solving the nonlinear systems of equati¢28) and(29) we get two solution sets
ap =41 , a, =8k
by = 4k? —\/8k? , b; =0 , b, = \/8k? — 4k? (30)
and
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ag =41 , a, = —V8k

by = 4k* +\8k? , b, =0 , b, = —/8k? — 4k? 31
From(30) we get the following solution of the systézR):

u(x, t) = A + V8ktanh(kx — kAt),

v(x, t) = (4k? — \8k?)sech?(kx — kAt) (32)
And from (31) we get the following solution of the systé2i):

u(x, t) = A — V8ktanh(kx — kAt),

v(x,t) = (4k? + V/8k?)sech?(kx — kAt) (33)

4-Conclusion:

In this study, we applied tanh method for obtainthe anyltical solutionsof coupled Drinfeld-Sokelo
Satsuma-Hirota system andWhitham-BroerKaup equafiberesults show that this method is a powerfd an
effective mathematical tool for solving nonlinearokition equations in science and engineering. Tiyeied
methods will be used in further works to establisbre entirely new solutions for other kinds of rioeér
equations.
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