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INTRODUCTION

At last time,the classical polylogarithm function
was invented in 1696,by Leibniz and Bernoulli see
(Alhindi, K.R. and M. Darus, 2005), as mentioned in
(EL- Ashwah, R.M., 2012).For |z|<1 and c a natural
number with ¢ > 2 ,the polylogarithm function
(which is also known as Jonquiere's function)is
defined by the absolutely convergent series:

. Zn
Li,(z) = Z vl
n=1

Later on, many mathematicians studied the
polylogarithm function such as Euler, Spence,
Able,Lobachevsky,Rogers,Ramanujun,and many
others (Gorchakov, A.B., 1994)where they
discovered many functional identities by using
polylogarithm  function .However, the work
employing polylogari-thm has been stopped many
decades, later. During the past four decades, the work
using polygarithm has again been in intensified
vividly due to its importance in many fields of
mathematic, such as complex analytic, algebra,
geometry,topology and mathematical physics
(quantum field theory)(( Gorchakov, A.B., 1994; Oi,
S., 2009; Ponnusamy, S. and S. Sabapathy, 1996)in
1996,Ponnusamy and Sabapathy discussed the geo-
metric mapping properties of the generalized
polylogarithm.  Recently,Al-Shagsi and  Darus
(AlShagsi, K. and M. Darus, 2008) generalized
Ruscheweyh and salagean operators ,using
polylogarithm function on class D of analytic
functions in the open unit disk A= {z € C: |z|<1} .

By making use of the generalizedoperator they
introduced related properties.

A year later, same authors again employed the n
th order .Polylogarithm function to define a
multiplier transformation on the class D in A (Al-
Shagsi, K. and M. Darus, 2009).

Re call the polylogarithm function to be on
meromorphic p-valent type,letzdenote the class of
normalized meromorphic p-valent functions of the
form

1 0
f@ =+ a2, ()
n=p

which are meromorphicand p-valent in the
punctured unit diskA* = {z € C: 0 < |z| < 1}.
Afunctionf € X is meromorphicstarlike of order

e o (2 @) .
p, (0 < p < 1)iff ‘.R(f(z))>p (z € A=
Ao
The class of all such functions is denoted by
2 (p).

A function f € X is
meromorphic convix of order p,(0 < p <
Iiff-R1+2/"2/ z>p,zeA »=A | 0.The class of all

such functions is denoted by =¥ (p).

Let X, be the class of functions f € Xof the form
f(2) =%+ ay 2", a, 2 0.(2)

The subclass of X, consisting of starlike
functions of order pis denoted by X, (p), andthe
subclass of X, consisting of convix functions of
order pis denoted by =¥ (p).
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For functions f(z) given by (1) and g(z) = Zip +
Yn=p by, z"we define the Hadamard product or
convolution of f and gby

1 0 n —
F*9)(2) = pry + Zn:p a,b,z" = (g * f)(2).
@)

see (Raina, R.K. and H.M. Srivastava, 2006),
which are analytic and univalent in A*.

Liu and Srivastava (Liu, J.L. and H.M.
Srivastava, 2000) defined a function

(@1 e @g; Py won e Bs 5 )by multiplying the
well-known generalized hyprogometric function gF,
with z7? as follows:

O f(2) =¥ (2) * f(2)

_1+Z 1 n
S ozp m—p+2)e "
n=p

hp(al g Qgs By e e Bs ;z)
=z7? qu(al g Qg By e e Bs ;Z),
where ay , .....aq; By, .. ... fs are complex

parameters and g < s + 1.p € N.Analogous to Liu
and Srivastava work (Liu, J. and H.M. Srivastava,

2004) and corresponding function ¥ _(z) given by

Y .(2) = z7%Li (2) =
1

zP )

0 n
S o 4)
We consider liner operator ®.f(2):Z, — X,
which is defined the following Hadmard product (or

convolution):

Now, we define the linear operator A, f(z): £, — X, wasstudied byK. R. Alhindi and M. Darus [1],
asfollows:

1
AS @) = {0 f ) ~ 50,27}
N o S
CozP m—p+2)c™""
n=p+1
Now, by making use of the operator A, f (z)we define the cIassNCp (a, B, y)of functions in X, as follows.

Definition 1:
A function f(z) of the form (2) is said to be in the classV', p(a,ﬁ,y)if it satisfies the follow- ing inequality:

(
where 0 S @ <p,0<f<1;<y<lLpeN;z€A"
The following are special classes of the classiV cp (a,B8,7)
W, (2,11) = {f € 5, m{—zp“(cﬂcf(z))} >a,0<a<pp€Nzenlseels]
@, , (@ 1,1) = {f €2,:R{—2z""f'(2)} > a,0 < a < p,p € N;z € A"}, see[4].
BN, (@B,
Examples: Also we note somespecial classes of the classV e (a, B,v) as the following:
(DN,
(2

Meromorphically multivalent functions have
been extensively studied (for example)by many
others such as Raina and Srivastava (Raina, R.K.
and H.M. Srivastava, 2006), Yang, EL- Ashwah, Saif
andKilicman, Mostafa and others.In the present
paper, we obtaincoefficient inequality, growth and
distortion theorems, closure heorems,
Hadamardproduct, radii ofmeromorphically p-
valentstarlikeness, convexity andweighted mean and
arithmetic mean for these functionsfor the

classiv ep (a,B,7).

2. Coefficient Inequality:
We now give a necessary and sufficient
conditionfor a functionf tobein the

classivv cp (a, B, 7).

Theorem 1:
Let f € X, given by (2). Then f €

]\fc'p (a, B,y),if and only if
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where 0 <@ < p,0<f<1:<y<LpeEN;z€A"
Proof.Suppose that (7) is holds. Then

For |z| = r <1 the left hand side of (8) is bounded above by

Thus f € Nc,p (a,B,y).
Conversely, supposef € NV cp (a, B,y)- Then by (6),

Since|R(z)| < |z| for all z, then

Now choosing the values of z on the real axis so that the functionz?’“(cﬂcf(z)),is real. By clearing the
denominator in (9) and letting z —» 1~through positive values, we get:

Hence the proof is complete. m

Corollary 1:
Let the function f(z) defined by (1) be in the class N, (a,B,v). Then

The result is sharp for the function:

3. Growth and Distortion Theorems: Theorem 2:
A growth and distortion property for the Let the function f(z) defined by (1) be in the class
functionfto be in the class Ncp(a,ﬁ,y)is given as Ncp(a,ﬁ,y). Then for 0 < |z] =r < 1, we have

follows:

zPT1| —p:
N

4

n

Zp

2y — Dzp
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1 2By(p —a) 1 2By(p —a)
—— P <|f(2)| <=+ P, (11)
™ p(l+ 28y - ) ™ p(L+ 28y - )
and
p__26vp-a) ., Bye-a) 4
et (1+2[>’V—ﬁ)— =lrels ’”pH (1+237/—3)21_cr 42
with equality for
1 2 -
o) =+ D ez
27 p(1+2By - 5)27
Proof.By Theorem 1, we have
p(L+ 28y~ B) 5 Z ay < Z N1+ 26y = B) g e e S 267 (0 — ),
n=p+1 n=p+1
Then
Z o < 2By(p —a) :
w1 p(1+2By =B %

foro<|z|=r<1,

1 o0
If (2] Sr_l’+ z a,r",

n=p+1

1 0
< ;;—+—rp :E: a,
n=p+1
1 2 -
1, 2@-a

S5 TP
p(1+ 2By — B) =

and

1 0
= ;;'—‘Tp :E: a,
n=p+1
1 2 -
N CEL N

= 1 )
™ p(1+2By —B) 5
which, together, yield (11). Furthermore, it follows from Theorem 1 that

0

z 2By(p —a)
na, £ —— 1~
nty (1 +2By =B

Hence

If' (2| < | erl| + z na, z"71,

n=p+1
If ()| < p + Pt Z na
— zptl n
n=p+1
4 Bye-0
T2 428y - B) o

and

0

|f (z)| > |Zerl Z na, z" 71,

n=p+1

o0

|f’(z)|zzf+1—rp—1 Z na,

n=p+1
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P 2py(p-a)
T2 Q4 2py - P
which, together, yield (12).1t is clear that the function given by (13) is extremal function.
Hence the proof is complete. m

-1
P4,

4. Closure Theorems:
We now prove the closure theorems as follws.

Theorem 3:
Let
_ 1
]%(Z) _'E;l
and
1 2 —a
fi=—+ Frp —a) " (n=p+1pEN).

7+ 28y = B oo
Then f(z) is in the class V', p(a, B,v) if and only if it can be expressed in the form

f@ =) mfi,
n=p
where p, = 0 and ¥7_, p, = 1.

Proof.First suppose that f(z) can be expressed of the form

[ =) nh@,
n=p

1 N Z 2py(p — )y "~

1

zP nStin(1+ 28y — ) T
Then
w 1
Z n(+2py - Bo . 28v(p— o,
2 —a — !
W Brp —a) n(1+28y = B) o o
:E: HUn =1 _'Mp:S 1.
n=p+1
which shows, thatf € ]\fc‘p (a,B,7).
Conversely, suppose f € NV cp (a,B,y),then
2 —-a
a, < Prip — @) — ., (n=p+1,p€EN)
n(+ 28y = B) oo
Setting
1
n(L+ 28y —B) oo
= a
Hin 2By(p — @) "
Uy =1- :E: Hn»
n=p+1
we get

HOEDWHAG)
n=p
Hence the proof is complete. m

Theorem 4:
. 1 - , .
Let the function f;(z) = s Yn=p+1@ni 2", 1 = 1,2,..., k be in the class Nep (a,8,7).
Then the function
F(z) = X5, u;f.(z), where ¥¥ , u; = 1, is also in the class N, @B,y
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Proof.From Theorem 1, we have

o0

1
Z n(1+ 2By — ﬁ)man <2py(p — .

n=p+1
Since
© k
1 n
F(z) =2 Z HiGn i |27,
n=p+1 \i=1
Then
) 1 k
Z n(l+ 2By — B)m<z #ian,i>
n=p+1 i=1
k © 1 k
Zﬂi Z n(1+ 28y — ﬁ)mam <2By(p—a) Zﬂi
i=1 n=p+1 p i=1
=2By(p — a).

This completes the proof of the theorem. m

Theorem 5:
The class Nc,p (a, B,y) is convex.
Proof.In order to proof the theorem it is enough to show that the function h(z) defined by

h(z) = 8f(2) + (1 — 8)g(2), (0 < 8 < 1)
is in the class V', (a, B,7),
where

1 0
f(2) =Z—p+ z a,z",a, =20

n=p+1
0

1
g2 =Z_7’+ z b,z", b, =0,

n=p+1
are in the class Nc,p (a,B,7).
Then

1 o0
h@) =+ Z (6a, + (1 - 8)b,)z".
n=p+1
By using Theorem 1, we get

> na+267-p)

n=p+1

1
m(&ln +(1—=8)b,) <82By(p—a)+ (1 —8)2py(p — a)
=2By(p — ).
Thus h(z) € NC,p (a,B,7).
Hence the proof is complete.m

5. Convolution Properties:
For the functions

1 0
@ =+ D) a2 (a2 0= 12)(14)
n=p+1
,  belonging to the class ]\fc’p (a, B,y), wedenote by (f; * f,)(z) the Hadamard product (or the convolution)

of the functionsf; (z) and f,(z), that is

1 o0
(fi * f2)(2) = pry + Z An1ayz 2" (15)
n=p+1
Theorem 6:
Let the functionsf; (z)(i= 1, 2) defined by (14) be in the cIassNC_p (a, B,y).the
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(fi * f2)(2) €N (w,B,y), where
_ 2py(p-a)?
p(1+ 2By — B) 5
The result is sharp for the functionsfi(z)(i = 1, 2) given by

_\2
fi(z):iJr 2By(p —a)

zP,(i=1,2,p €N).
2 p(1+2By - B

Proof.Since f;(z) € Nc’p (a,B, ) = 1,2).

Then by Theorem 1 we have:
1

Z Tl(l + 2.8)/ - .8) (n—p+2)°
W 2By(p — @)
Thus by the Cauchy- Schwarz inequality, we obtain
2 n(+ 28y~ B) o .
Ja 1,2 < 1. 16
o 2By(p — @) A
To prove the theorem we need to find the largest w such that
. _ 1
Z n(l+2py = B) (o
2py(p — w)

an; <10 = 1,2).

anjlanlz <1.

n=p+1
or we must get:

a, 10,2 an,10n,2
n,1%n, <
p—-—w p—a

(mn=p+1Lp€EN),

which is equivalent to

p—w
Jn1Gn2 < — (n=p+1;p€eEN).
From (16), we have
2By(p —a) bp-o
— =< :
- —a
n(l+28y = B) o
By simplifying it, we get:
2 —a)?
w<p- frp—a) — (m=p+1;p€EN)
n(l+2py —p) Fa—r
Now, defining the functiong (n)by
2By — @)?
pn)=p- o —@m=zp+1).
n( + ﬁy - :8) (n—-p+2)°
This function is an increasing function of n. Thus, we have
2By (p — @)?
w<pp)=p- T
p(1+2By =B
Hence the proof is complete.m
Theorem 7: (14) be in the class J\fc,p (ay, B,v). Then (f; *

Let the functionf; (z) defined by (14) be in the
E N ’ ] ) h
class V', (a1, 8,v) and the function f,(2) defined by )@ €N, W, B,7), where

_2By(p —a)(p — ap)
p(1+2By = pB) zl
The result is sharp for the functions f;(z)(i = 1, 2) given by

1 28y -a)’
h@) = +p(1 25, ‘8)21_0

‘(l}:

zP(p €N),

and
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1. 2k -a)’
fz()—zp (1+Zﬁy—ﬁ)2172 (p EN).

Proof.By using the same technique of Theorem 6 we prove the theorem,hence it is omitted.

Theorem 8 If

fi@) =~ + Ynp1Gn1 2" EN_ (a,B,y) and fo(2) = — + Yn=p+1Gn2 2" EN_ (a,B,y) with |anz| <
Lnzp + Lp € N.Then (f; * fz)(Z) EN,,(@B,y).

Proof.By using Theorem 1 it is enough to show that:

- (L4 28y =B oo pmc
Z Ap1an2 <1,
£ 2py(p — a)
n=p+1
Since
Z n(L+ 28y = B) e ”+2)c|a o]
_ n,1%n,2
WS 2By(p —a)
_ Z n(l+24 ﬁ)(n p+2)f |a |
Y 2/@/ (p _ ﬂ) IZ,l 72,2
n=p+1
< raray ﬁ)(”_’ﬂz)fa <1
" 4 26 (&~ a) e
n=p+1

Thus (/l *fZ)(Z) € Ncip(a’ué)']/)' u

l 0 l o0
Corollary 2.1f fl(Z) = Z_p+27z:p+1an,lzﬂ € N[‘p(a/,,é’,]/) ad fZ(Z) = Z_p+zﬂ:ﬂ+laﬂ,22” €
N['p(cz,,é’,]/) wt h0< |tz,7_2| <lLzn=p+1p eNThen (f,* f)(z) € Nc‘p(cr,ﬁ,;/).

Theorem 9.Let the functions /', (=) (i = 1, 2) defined by (14) be in the cIasch_p (a,f, y)and
1
A +24 —ﬁ)27—4ﬁ7/ (@ —-a)=0,
then the function h(z) defined by
1 0
W) =5+ ) (Bha+ads)z”, an

n=p+1
is also in the cIassN[lp (.0, 7).
Proof.By Theorem 1 we have

i n(l+28 —/f) o p+2)[

<
Zﬁ/(ﬂ_g) gﬂ,l—ll
n=p+1
and
=
28y (v —a) (e
n=p+1
Then
12
z 7z(l+2,57’ ﬁ)(” p+2)f o
26 v - a) =
n=p+1
and

© [narop -pH—|
2 oo

Hence
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2
62'32’1 + 62'”’2) <1

o a[raom - p—]
Z 2 28 (- a) (

n=p+1
To proof the theorem it is sufficient to show that

N ”(1+2’@/ ﬁ) (n p+2)” 2 2
”;H Y A (3:+4°,)<1. (18)
Thus the inequality (18) will be satisfied if, for n> 2
nA+2 ~ Ao 1|12 Do
2ty (v —a) =2 2ty (p —a) ’
orif
72(1+2/6}/ —/67)(”_;7—4_2)[—4,@/ (p —ﬂ) 20,72 :p,(p +1),(p +2),

The left hand side of the above inequality is an increasing function of n, so itsatisfied for all n if

1
(A +28 —ﬁ)27—4ﬁ7/ @ —-a)=0,

which is given by our hypothesis.
This completes the proof of the theorem. &

Theorem 10:
Let the functions /', (2 )(i = 1, 2) defined by (14) be in the classV', » (a,/, 7). Then the function

/2 (z)defined by (17) belongs to the class NW (&, 4, y), where

Ay (v —a)
PA+2 ~P5
The result is sharp for the functions /£, (z)(i = 1, 2) given by

_ 2
fi(2) ——1p 2w - a) —z7,({ =12,p € N).
20 pA+28 -7

Q=p—

Proof.From Theorem 1, we have

zw: n(1+24 ﬁ)(”_’”z)[a <1 =12),

v 26 (v — )
n=p+1
Now
2 2
z (1+2ﬁ/ ﬁ)(” l7+2)[ sz,< Z (l+2ﬁ/ ﬁ)(” p+2)[a ) <1(l:12)
£ 26 v —a) S 26 v — ) S -
n=p+1 n=p+1
for f,(z) € Nc,p(” 2,y =12), we have
2
21 2Q+ 28 - ——=
Z e (3144, <1 (19)
. 2 26 (» —a) N>
n=p
Hence, we have to find the largest Q such that
1 2428 - p)
< (” ”*2) (nzp+1),
P —Q 4ty (p — a)?
or
4 —a)?
Q=p— 4 & ) — (z=zp +1).
228 =B s

We observe that the right hand side of the above inequalityis an increasing function of n,we get
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Y p-a)
PA+2l ~ Py

Which completes the proof of Theorem 10. &

6. Radii of Meromorphically p-ValentStarlikness and Convexity:
Theorem 11:

Let the functionf(z)defined by (2) be in the class Nc‘p (@,/, y). Then f(z) is meromorphically p-
valentstarlike of order (0 < & < p)inthedisk |z| < 7 {, where

1
) n(l+24y ﬁ)(” p+2)[(ﬁ—5)p+”
ngﬁl 26y (v —a)(n —J) '

71 =

The result is sharp.
Proof.From Theorem 1, we have:

D AR ) e S 2 (0= ),

and /(z) is said to be m:r(_)rr;rolrphlcally p-valentstarlike of order (0 < J < p), if

_‘5){<L(Z)) > d‘

f(2) '
or
2/ () +pf(2)
) <p-00<d<p).

Now

2f @O+ ) _
/@)

< Zolg=p+l(p + ”)aﬂ |Z |p+72
TS AR PR
To prove the theorem the above inequality must be less than or equal to  — J, so

Yo—pr1@ + n)a,z”
zl+ Y @, 2"

(” - J) +7
= 5 % 22T < (p = d). (20)
Then by Corollary 1 the inequality (20) will be true if
R e Al
|z |7+ < —~ ,
_ 26y (0 ~a)(n ~ 9)
that is,
lz| < rA+2y - Ay p+2)f @ -
B 2ty (w —a)(n—7) '

The infimum of the above quantity is the radii of starlikeness of the function /(=) in the class
N o (a, F, ) The sharpness follows by choosing the same extremal function (10).
Which completes the proof of theorem. &

Theorem 12:
Let the function f(z)defined by (2) be in the class ]\fw} (a,/, ). Then f(z) is meromorphically p-valent
convex of order ¢ (0 < ¢ < p)inthedisk |z | < 7,, where

22— A+28 —8) P

ro= inf e

wzp+i| 28 w—a)p +n—¢)

The result is sharp .
Proof.It is enough to show that
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—.9?(1+Zf(2))>((0<(<;7 lz| <7, p EN),
/()
or
(Zf,(Z)) +p/(2) _| Yoepi1n@ +n)a,z"
f,(Z) B w4 +Z_p_1+207§:p+lm ”Zn—l

Yipnn@ +n)a,lz|”*”
V4 _Zoz(z):p+lm 2|z 17t
To prove the theorem the above inequality must be less than or equal topy — ¢, or
i n@Rp+n—-4)
r@—9)

<

a,lz|?t™ < L

n=p+1
From Theorem 1,we get

PP -2 =)
2% -y +n-)

|Z|p+7z <

Thus

2= )A+28 —p) a0

(n—p +2)‘

2y w—a)2p+n—4)

lz| < (n=>p+1p€N).

By choosing 7, to be the infimum of the above quantity we get the result. The sharpness follows by choosing
the same extremal function (10).This completes the proof of the theorem. &

7. Weighted Mean and Arithmetic Mean:
Definition 2:

If the functions /'(z) and g (=) defined by (2) are in the classV', » (a@,/, ), then the weighted mean
/ ; (z) of the two functions is defined asfollows

1
£ (2)=51A=0)/(z)+ @A+ 7)g(2)]

Theorem 13:
Let the functions /(z) and g (=) defined by (2) are in the class V', » (a@,/, y). Then their weighted

mean is also in the classV', » (a,.fF,7).
Proof.the weighted mean of /() and g(2) is:

1
2 (2)=5[A=-0)/(2)+ A+ 7)g(2)),

2
=%[(1—1‘)< (z)_ - zla 7 >+(1+1)< (z)_—+ Zlb 7 )l
n=p+ n=p+

0

=Zi” Z (L-2)a,+QA+i)b,)z".

n=p+
By using Theorem 1, it is sufficient to show that
. 1 1 , , i
Z+172(1+ 2/67/ —ﬁ)m[i((l— 4 )[Z” + (1+ 4 )bﬂ)Z ]
n=p

1

_11 ’ S 1+2
—5( -17) Z n(1+24 —ﬁ)mﬂ

n=p+1

iz (1+,) Z n(L+28 —F)

n=p+1

! Y
(7 —p +2)°
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1
<5A-DH @ -a)+5 1+ (2 @ - )
=24y (p — a).
Hence /4, (z) € Nm (a,.0,7)
Which completes the proof of theorem. &
Theorem 14:
If the functions /', (z)(/ = 1,..., &) defined by

1
[ (2) ZZ_”+ Z a,; 2" (@, 20n=2p+1,7 =12,..,d),

n=p+1
belongs to the class V'
b4

(a,/, ), then their arithmetic mean defined by

1 o0
OEEPWAS
7 =1

is also in the class v’
Proof.Since

e @57

/z(z)——p Z

a
1 n
d ay; | Z
—1

n=p+ /

Then by using Theorem 1, we must show that

n=p+1

i n(1+24y —ﬁ)m(iz n,/)

dz Z A+l =B = e p+2)f @ni

[ =1ln=p+1

—wa—a)—z,é’/(p—a)

Hence Z(z) €V, » (a,f, ).
This completes the proof of the theorem. &
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