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INTRODUCTION

The concept of minimal open set was introduced first byNakaoka. AndOda (2001,2003,2003).The concept
of generalized closed set was first introduced by Leving(1970). In this paper we shall introduce , the concept of
regular generalized” minimal-closed sets is to be introduced which lies between generalized regular minimal-
closed sets and regular generalized™ minimal-closed sets, and introduce the generalized™ regular minimal-
closed set and some properties of this sets are studies and the corresponding topological space. Moreover It
can be shown that the relation with regular generalized “minimal-closed set and generalized™ regular minimal-
closed set are independent and some properties and characteristics of these would be given.

2- Preliminaries:
Some important preliminaries required to go further through this paper are cited below.

Definition 2.1:
A subset A of a space X is called a generalized closed set (briefly,g - closed )(Bhattacharya, S.,
Halder,2011) if CIA<U whenever A €U and U is an open set.

Definition 2.2:
A subset A of a space X is called a regular generalized closed (briefly, rg- closed)set(Vadival, A. and
Variya Manickam, K., 2009) if CIAcU whenever A €U and U is a regular open set

Definition 2.3:

A subset A of a space Xis called a generalizedregular closed[ resp. a generalized regular open] set (briefly,
gr- closed)[ respbriefly,gr- open](Bhattacharya, S., Halder,2011) if RCI(A) <U [respU <R Int(A)] whenever A
U [ respU cA], and U is an open [resp. a closed] subset of X

Example 2.4:

Let X = {a, b, c}(Bhattacharya, S., Halder,2011)and the corresponding topological space beT= {¢p, X, {a},
{b,c}}. Let A = {b}. Here A is a generalized regular closed set of X. Though it is not a regular closed subset of
X. Similarly it can be shown that, {b, c} is a generalized regular open subset of X.

Corresponding Author: Tahh H. Jasim, Depa.of Mathematics/college of computer Science and Mathematics.




25 Tahh H. Jasim and Nabila I. Aziz, 2014

Australian Journal of Basic and Applied Sciences, 8(18) December 2014, Pages: 24-36

Definition .2.5:
A proper nonempty open subset U of a topological space X is called to be a minimal open set(Nakaoka, F.
and Oda, N., 2003) if any open set which is contained in U is @ or U.

Definition.2.6:
A proper nonempty open subset U of a topological space X is called to be maximal open set(Nakaoka, F.
and Oda, N., 2003) if any open set which contains U is X or U.

Definition. 2.7:
A proper nonempty closed subset F of a topological space X is called to be a minimal closed set(Nakaoka,
F.and Oda, N., 2003) if any closed set which is contained in F is @ or F.

Definition.2.8:
A proper nonempty closed subset F of a topological space X is called to be maximal closed set(Nakaoka, F.
and Oda, N., 2003) if any closed set which contains F is X or F.

Definition.2.9:

A subset A of X is called to be a generalized” minimal closed [resp. generalized” maximal open ]
set(Bhattacharya, S., Halder,2011) if A is contained [resp. A contains] in at least one minimal open [resp. at
least one maximal closed] subset U of X such that CI(A) 2 U [resp .Int(A) < U]

Example.2.10:
Let X={a,b,c,d}(Bhattacharya, S., Halder,2011) and the topology be 7={d{b,c}.{a}.{a,b,c},X}.Let
A={c}c {b,c}.Then CI(A)={b,c,d} 2 {b,c} = A isa generalized” minimal closed

Definition 2.11:

Let A be a subset of a space X .the closure of A(Lipschutz S. ,1965), denoted by CI(A) is the intersection of
all closed supersets of A .In other words, if {F;:ie I}is the class of all closed subsets of X containing A
thenCI(A)=n;F;.

Definition 2.12:

A subset A of space X is called
1) an pre- open set(Mashhour, A.S., Abd EI-Monsef , M.E. and El-Deeb, S.N., 1982) if A<Int(cl(A)) and a pre
closed set if CI(Int(A))<S A,
2) an a-open set (Njastad,0.,1965) if AcInt(CI(Int(A))) and a-closed set if CI(Int(CI(A)))SA;
3) an regular open set(Palaniappan , N. and Rao, K.C., 1993) if A= Int (CI(A)) and a regular closed set if A =
CI(Int(A)).

Definition 2.13:

Let A be a subset of a space X .the interior of A(Lipschutz S. ,1965), denoted by Int(A) is the union of all
open subsets of X, contained in A In other words ,if {F;:i€ I}is the class of all open subsets of X contained in A
then Int(A)=U; F;

Definition 2.14:

A subset A of a space X is called a generalized regular closed set[resp. generalized regular open set]
(briefly g’r-closed set, .g"r-open set)((Bhattacharya, S., Halder,2011)if RCI(A)2U [resp .U2RInt(A)] whenever
AcU [resp .UcA] and U is a regular open [resp. regular closed] subset of X.

Example2.15:

Let X={a,b,c}((Bhattacharya, S., Halder,2011)and the corresponding topological space be
7={2{a}{a,b} X}
Here the only regular open sets are X and @
Let A={a,c}.Clearly AcXthe regular open set RCI(A)=X ,which is also subset of X. So A is a
generalized*regular closed set.

Definition 2.16:
Let X be a space and A € X an « - open set. Then A is called a minimal a-open set(Mohammed, M. ,
Nokhas, 2013) if ¢ and A are the only a-open subsets of A.
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Theorem.2.17:
A subset A of Xis ageneralized minimal closed(Bhattacharya, S., Halder,2011)iff there exist a minimal
open set U containing A such that CI(A)=CIl(U)

Remark.2.18: X
@ and X are not generalized = minimal closed((Bhattacharya, S., Halder,2011).

Theorem.2.19:
Avrbitrary union of generalized = minimal closed set((Bhattacharya, S., Halder,2011) is a generalized
minimal closed set if it is contained in a minimal open set

Remark.2.20:

Finite intersection of generalized © minimal closed set((Bhattacharya, S., Halder,2011)need not be a
generalized” minimal closed set which follows example

Let X={a ,b ,c} and the corresponding topological space be 7={@,{a,b},{c},X}.Let A={c} be a subset of X
.Obviously A is a generalized © minimal closed set. Let B={a} be another subset of X. B is also a generalized *
minimal closed set of X .But ANB=@ is not a generalized = minimal closed set of X.

Theorem 2.21:
Non-null intersection of a generalized  minimal closed set(Bhattacharya, S., Halder,2011) and a closed
is a generalized minimal closed set.

Theorem 2.22:
Let A be a generalized = minimal closed set(Bhattacharya, S., Halder,2011) and B be a subset of X
contained in the same minimal open set if ASB < CI(A),then B is also a generalized minimal closed set.

Theorem 2.23:
A proper nonempty subset F of X(Bhattacharya, S., Halder,2011) is maximal gpr-closed set iff (X-F) is a
minimal gpr-open set.

3- On generalized minimal-open set and some properties:
Now we introduced a new concepts in a topological space and some of their properties with many examples

Definition 3.1:
Let X be a space and A < X an regular open set then A is called a minimal regular open set if @ and A are
only regular open subsets of A. The family of all minimal regular open set is denoted by m;_go x,

Example 3.2:
Let X ={a ,b ,c} and the topology beT={ @{a}{a,b},{b}, X}, Ro(X)={d,{a}{b} X}, A={a} is
M;_g_gpen SEL= A is minimal regular open set.

Definition 3.3:
Let X be a space and A < X an regular closed set then A is called a maximal regular closed set if @ and A
are only regular closed subsets of A. The family of all maximal regular closed set is denoted by m, _g.(x)
Recall Example 3.2.
A:{bv C} isma—R—closed set

Definition 3.4:

Let X be a space and A € X an pre regular open set then A is called a minimal pre regular open set if @ and
A are only pre regular open subsets of A. The family of all minimal pre regular open set is denoted
bym; _pro x)
Recall Example 3.2.

Example 3.5:

PRo(X)={@ {a},{b}.{a b}, X}
PRc(X)={X,{b ,c}{a ,c},{c}, O}
A={b} is m;_pg _gpen SEL
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Definition 3.6:

Let X be a space and A < X an pre regular closed set then A is called a maximal pre regular closed set if @
and A are only pre regular closed subsets of A. The family of all maximal pre regular closed set is denoted
bym;_,re x)

Recall example 3.5
A:{C} is ma—pR —closed set
Now we introduce some relations among these definitions as

Proposition 3.7:
Every minimal regular open set is minimal pre regular open set.
but the converse is not true.

Proof:
Let A is a minimal regular open set.To prove A is a minimal pre regular open set.
Since A is regular open set and every regular open set is pre regular open set.
Then minimal regular open set is minimal pre regular open set.
Therefore A is a minimal pre regular open set m

Example 3.8:
Let X={a b, c}and the topology be 7={@{a},{c}.{a.c}.{b,c}, X}
PRo(X)={ 2 {a}.{b}{c}{a b} {a .c}.{b.c} X},

A={c} iIs m;_,r_gpen S€L DUt NOt M;__¢pep, SEL

Proposition 3.9:
Every minimal o —open set is minimal pre regular open set. but the converse is not true.

Proof:

Let A is a minimal « —open set.To prove A is minimal pre regular open set.
Since Ais mM;_y_gpen  S€L
Since every a-open set is Pre-open set And every a-open setis PR-open set
Then m;_y_gpen  S€L IS My_yp_open SEL
Therefore Ais a minimal pre regular open set =

Example 3.10:
Let X={a, b ,c ,d} and the topology be 7={ @, {a}, {c,d}, {a,c, d}, x}
PRo(X)={ @,{a},{c}{d}{c ,d}{a, c},{a ,d}{a, b, c},{a ,b ,d}, X}
oo(X)={ O,{a},{c ,d} {a ,c.,d} X}
A={a, b} is m;_,r_gpen S€t DUt NOt M;_y_gpen SEL.

Proposition 3.11:
Every minimal regular open set minimal « —open set. but the converse is not true.

Proof:

Let A is a minimal regular open set.To prove A is a minimal a —open set
Since A is regular open set and every regular open set is « —open set]
Therefore Alis m;_y_gpen Set ®

Example 3.12:
Let X={a ,b ,c ,d} and the topology beT={ @ {ad}{b,c}{d}, {b,c,d}, X}, Ro(X)={ 9,{a, d}{b
chXhao(X)={ 9,{a ,d},{b ,c}{d}, {b,c ,d}X},A={b, c}is m;_y_gpen setbutnot m;_p_g,e, Set

Proposition 3.13:
Every minimal open set is minimal pre regular open set. but the converse is not true.

Proof:
Let A is a minimal open set. To prove A is a minimal pre regular open set.
Since A is open set and every open set is pre regular open set
Then minimal open set is minimal pre regular open set
Therefore Aisa minimal pre regular open set m
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Example 3.14:
Let X ={a, b, ¢, d} and the topology be 7={ @,{b,c}{a}, {a,b,c}. X}
PRo(X)={@,{a}.{b}{c}.{a, b}.{a ,c}.{b ,c}.{a b, c}{a b ,d},X}

A={b}ism;_,r _gpen setbut notm;_g,., set

Proposition 3.15:
Every minimal regular open set is minimal open set. . but the converse is not true.

Proof:
Let A is a minimal regular open set. To prove A is a minimal open set .
Since A is regular open set and every regular open set is open set
Then minimal regular open set is minimal open set
Therefore A is minimal open set m

Example 3.16:
Let X={a ,b ,c, d} and the topology be T ={d@,{a}{a,c,d}.{b}.{a,b}, X}
Ro(X)={@{a, ¢ ,d},{b}, X}
A={a} is m;_gp, set butnot m;_p_gp., set
Now we introduce the diagram which is explain the relation among these concepts and prove it as a
propositions

Diagram 3.1.A

Mi_pox) — > Mioxy ———> M;_pro(x)

—

T~ Mi—go(x)

Definition 3.17:

A subset A of a space X is called to be generalized regular minimal closed[resp. generalized regular
maximal open] set (briefly, g*r—mi_c(x) L qgr- Mg_o(xy ) if U S RCI (A) [resp.RInt (A) < U] whenever AC U
[resp.U cA] and U is minimal regular open [resp. maximal regular closed] subset of X.

Example 3.18:

Let X ={a ,b ,c, d} and the topology be 7={ @,{b,c},{a},.{a,b,c}, X}
RO(X)Z{ Q,{b !C}l{a}!x}!mi—RO(X)f{{blc}!{a}}!Az{b} ,Uz{b,C}
RCI{b}={b,c,d},USRCI(A)=A is g r-m;_cjpsea S€t
ACis, g'r-m,_open  Set because A°={a,c,d} ,U¢ = {a,d}

RiInt {a,c,d}={a}=RlInt (A°) € U°¢

Definition 3.19:

A subset A of a space X is called to be regular generalized minimal closed [resp. regular
generalized 'maximal open]set (briefly, rg*-mi_c(x) , rg’- Mg_oxy ) if USCI (A) [resp.Int(A)SU] whenever
A cU [resp. U € A] and U is minimal regular open [resp. maximal regular closed] subset of X.

Recall Example 3..18

Example 3.20:

Let X ={a ,b ,c ,d} and the topology be T={ @,{b,c},{a},.{a,b,c},X}
Ro(X)={ @,{b, c}.{a},X},A={b} ,U={b, c}, Ci{b}={b ,c ,d}
UCCI(A)=Ais 19 -m;_gpseq SEL.

ACis 1g"- My_open Set because A°={a,c,d} ,U¢ = {a,d}
Int {a, c, d}={a}=>Int(4A°) c U°

Definition 3.21:

A subset A of a space X is called to be a regular generalized™ minimal closed [resp. regular generalized”™
maximal open] set (briefly, rg”-m;_.xy , 19 - Mu_pqxy ) if USCI (A) [resp.Int(A) U] whenever AcU
[resp.U cA] and U is minimal pre regular open [resp. maximal pre regular closed] subset of X.
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Recall Example 3.2

Example 3.22:
PRo(X)={ @,{a}{b}{a,b}, X} A= {a}, U={a}
Cl{a}= {a c}= UCCI(A)=2A is rg™-m;_psea S€t
Afisrg’ -Mg_open  Set because A°={b,c} ,U¢ ={b,c} Int{b,c}={b}=>Int(A°) c U®

Definition 3.23:

A subset A of a space X is called to be a generalized™ regular minimal closed [resp. generalized™ regular
maximal open] set (briefly, g r-m;_.xy ,g" I~ My_oxy ) if USRCI (A) [resp. RInt(A) € U] whenever AcU
[resp. U €A] and U is minimal pre regular open [resp. maximal pre regular closed] subset of X.

Example 3.24:

Let X ={a,b,c} and the topology be 7={ @ ,{a}{b,c} X}
PRo(X)={ @,{a}.{b}.{c}.{a, b} {a .c},{b, c},X},A={b} , U={b}
RCI{b} {b,c}=> UC RCI(A)=Ais 9 r-m;_gpseq SEL
ACisg r-m,_ —open Set because A°={a} ,U° ={a}
Rint{a}={a}= RInt(A°) < U®
Now we introduce the explain the relation among them

Proposition 3.25:
Every generalized regular minimal closed set is regular generalized minimal closed set but the converse is
not true.

Proof:

Let Ais g r-m;_.xy .TO prove Ais rg"-m;_.(xy .
Since Ais g'r-m;_.xy = US RCI(A)
Since RCI(A) SCI(A) = UCS RCI(A) € CI(A) = USCI(A)
Then Ais rg™-m;_.x, m

Example 3.26:
Let X ={a,b,c,d} and the topology be 7={ @,{a}{a,b}{b,c,d},{b},X}
Ro(X)={@ {a}{b,c,d}. X}, A={b} ,U={b},C{b}={b},UCCI(A)=A is rg -m;_.osa Setbut A is not g'r-
M;_c0sed  SE DECAUSE
RCI{b}={b,c,d}= RCH{b}#{b}=A isnot g r-m;_.pseq S€t.

Proposition 3.27:
Every regular generalized minimal closed set is generalized minimal closed setbut the converse is not
true.

Proof:
Let Aisrg™-m;_.xy .Toprove Ais g™-m;_.x) -
Since Ais rg™-m;_.xy = USCI(A)
Since every minimal regular open set is minimal open set
Then U is minimal open set
Therefore Ais g"-m;_.xy

Example 3.28:

Let X ={a ,b ,c, d} and the topology be 7= { @ ,{d},{a,b},{a,b,c},{a,b,d},X},Ro(X)= {@ {a,b,c},{d}, X} A={a},
U={a,b},Cl{a}={a,b,c},UcCI(A)=A is O -M;_cpseq SEtBUt A IS NOt g -m;_.pseq Set because,
Cl{a}={a,b,c},U=CI(A) but U is not m;_g_ppen et .

Proposition 3.29:
Every generalized” minimal closed set is regular generalized minimal closed setbut the converse is not
true.

Proof:
LetAisg -m;_.xy .Toprove Ais rg -m;_.x .
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Since Aisg-m;_xy = USCI(A)
Since every minimal open set is minimal pre regular open set
Therefore Aisrg”-m;_x) m

Example 3.30:

Let X ={a ,b ,c} and the topology be T={@ {a},{a,b},X},PRo(X)= {Q {a}.{b},{c}{a,b}{a,c}{b,c}, X} A={c}
U={c},Cl{c}={c}= UCSCI(A)=A isrg”-m;_psea Setbut A is not g-m;_.,seqa Set because ,CHc}={c}=
UCCI(A) but U is not m;_g,,, set

Proposition 3.31:
Every generalized  regular minimal closed set is regular generalized = minimal closed setbut the converse
is not true.

Proof:

Let Ais g r-m;_.x) .Toprove Ais rg”-m;_.x, .Since Aisg r-m;,_.xy = U< RCI(A)
Since RCI(A) < CI(A) = U< RCI(A) < CI(A) = U< CI(A)Therefore Ais rg”-m;_.x, m
Recall Example 3..30

Example 3.32:

Let X ={a,b,c} and the topology be 7={d,{a},{a,b} X},A= {a} U={a}
CHa}=X= UCCI(A)=>A iS 1g”-M;_iosea S€tBUt Ais not g r-m;_.pseq Set because ,RCH{a}=X = RCI(A)#
(A) =Ais not 9 r-M;_jpseq SEL

Proposition 3.33:

The relations between regular generalized” minimal closed set with generalized™ regular minimal closed
set are independent
Recall Example 3..32

Example 3.34:

m;_roxy={{a}{b.c}}m;_,ro xy={{a}.{b}.{c}}A={b} , U={b,c} N
Cl{b}={b,c} = U < CI(A )=and U is m;_g_gpen Set = AiSTg*-M;_p5eq Set,bUt Alisnotg r-m;_goeq Set
because ,RCKb}={b,c}= U< RCI(A),but U is N0t m; .z _gpen S€t A ISNOL Y I _cjp5eq SEL
B={c} ,U={c},RCHc}={b,c}= US RCI(B), and U is m;_,g_ppen SELAiS G -M;_(jp5ea Set,but B is not rg'-
M;_c0sea -0ECAUSE ,CHc}={b,c}= USCI(B),but U is not m;_g_qp., Set =B is not g -m;_iosed S€t.

Proposition 3.35:

The relations between generalized” minimal closed set with generalized™ regular minimal closed set are
independent
Recall Example 3.18

Example 3.36: X

A= {b} ,U={b,c},CIi{b}={b,c,d}=> USCI(A)= and U is m;_gp., Set A IS g -m;_,5eq Set,but A is not
9 T-My_sea Set because ,RCKb}={b,c,d}= US RCI(A)but U is not m;_,z_open Set =A is not g~ r-
Mi—ciosea SeLB={c} U={c}RCKc}={b,c.d}=> UCSRCIB), and U is m_pz_gpenSet =B is g r-
Mi_closed S€L,OUL B is Ot is §™-m;_.0seq  Set,because ,Cl{c}={b,c,d}= USCI(B),but U is not M;_gpen S€t =B
iSnot g™-m;_.jpseq Set.

Now we introduce the diagram which is explain the relation among these concepts and prove it as a
propositions

Diagram 3..B
g:f"mi—c(xj SR E— ﬁ*‘mi—c(xj _— . g*_mi—c(X]
H— . %’—-/ - /‘7 \
' é:'/-/--
g FMy_qxy
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Theorem 3.37:
A subset A of X is a regular generalized minimal closed set iff3 aminimal regular open set U containing A
such that CI(A)= CI(U)

Proof:
LetAbearg -m;_.x, .To prove CI(A)= CI(U).
From definition ,AcU ,U is minimal regular open set = U< CI(A)

Then CI(U) € CICI (A) = CI(U) € CI (A) -+ D
But, AcU = CI(A) € CI(U) - -+ - (2)

From (1) and (2) we have

CI(A)= CI(U)

Conversely:

Since AcU, CI(A)= CI(U) 2U
Then Ais rg"-m;_.x, ®

Remark 3.38:
@ and X are not regular generalized minimal closed[resp. regular generalized minimal closed
,generalized " regular minimal closed, generalized regular minimal closed] set follows from definition.

Proof:
@ < any m;_go ox) [r€SP-m; _pro (x)Mi—pro (x) Mi-ro (x)]
Similarly X & any m;_go x)[resp-m;_ro (x)Mi—pro (x)Mi-ro(x)] ®

Theorem 3.39:

Avrbitrary union of regular generalized” minimal closed[resp. regular generalized™ minimal closed
,generalized”" regular minimal closed, generalized regular minimal closed] set is regular generalized” minimal
closed[resp. regular generalized” minimal closed ,generalized” regular minimal closed, generalized regular
minimal closed] set if it is contained in a minimal regular open[resp. minimal pre regular open, minimal pre
regular open, minimal regular open]set.

Proof:
Let{A};; be a collection of rg™m;_.y [resp.rg” -m;_ccxy » 9 FMy_cxy » 9 F-My_c(xy ]St
Let U {A}ie; SU U is my_roxy[resp.m;_pro ¢x) Mi—pro (x)Mi-rox)]
Then A; €U [forall i€l
Since {A},¢; are acollection of rg™-m;_.xy [resp. 19" -mi_cxy » O My + 9 F-Mi_xy 156t
Then UC CI{A},¢; [resp. US CI{A};¢;, US RCI{A4};¢;, US RCI{4};¢;] ,nowu {4};; 2 A;forall iel.
So Cl[U{A}ie] 2 Cl{A}ie; 2 U [resp. CI[U{A}ie;] 2 Cl{A}ie; 2 U, RCI[U {A}Lez] 2 RCI{4};, 2 U,
RCI[U {A}IEI] =2 RCI{A}lEI =2 U]
So arbltrary union of rg-m;_ —e(X) [resp rg”-m;_ —c(X) g r-m;_ —c(X) gr-m;_ —cx) ] set is rg-m;_ —c()
[resp. rg”-m;_ccxy » G F-Mi_cxy » 9 T-My_copr) [setm

Remark 3.40:

Finite intersection of regular generalized” minimal closed[resp.generalized regular minimal closed] set
need not be regular generalized” minimal closed[resp. generalized regular minimal closed] set which follows
from the example
Recall Example 3.1.23

Example 3.41:
Let X ={a ,b, c}
T={@{a}.{b.c}. X}
T°={X,{b ,c}{a}, B}
Ro(X)={ @.{a}.{b c},X}
Re(x)={X.{b c}{a}, 2}
A={b c}=Ais rg “Mi_closed Se€t [resp 0 r-m;_seq Set] setof X, but
B={a}= Bisrg" M _closed  S€L [resp. g F-M;_closed set] set of X, but
ANB=@ isnot rg™-m;_.pseq Set [resp. g r-m;_gosea 1 0f X.
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Theorem 3.42:
Non —null intersection of regular generalized  minimal closed [resp. generalized regular minimal closed]
set and closed set is regular generalized minimal closed[resp. generalized regular minimal closed] set.

Proof:
Let Abe rg™-mi_ccx) [resp. g'r-m;_.xy 1 setand let F beaclosed setU ism,_pocxy Since A is rg'-

Mi_cxy [resp. g r-my_(xy ] set

Therefore U < CI(A) [resp. U € RCI(A)]. = U € CI(A) nF [resp. U € RCI (A) NF].
= U c CI (A NF) [resp. USRCI(A nF)].

Then (ANF)is rg-my_.xy [resp. g'r-m;_ ) ]setm

Theorem 3.43:

Let A be aregular generalized” minimal closed set and B be a subset of X contained in the same
minimal regular open set
If AC B CCI(A) , then B is also regular generalized” minimal closed set

Proof:

Let A be a rg™-m;_.x, then ASU,Uc CI(A)
Then CI(U) € CICI (A) = CI(U) € CI(A) «-eevee (1)
But, Ac U= Cl (A) SCI(U)------- )

From (1) and (2) we have
Cl (A)= CI(U)

B is subset of X=>B<c U, here AcB < CI(A)
i.eCI(A)= CI(B)= CI(U)
Therefore B also arg-m;_.x) m

Theorem 3.44:
A proper non empty subset F of X is regular generalized minimal closed set iff(X-F) is regular
generalized maximal open set.

Proof:
Let F be a rg™-m;_.x, .To prove (X-F) is arg-m, o) -
Suppose (X-F) isnot is arg*—ma_o(x)
Then 3 a minimal regular open set U+ (X-F) =(X-F)cU
Therefore (X-U) SF , and (X-U) is a maximal regular closed set which is a contradiction for Fis a rg'-
Mmi_cx) W

Conversely:

Let (X-F) be a rg-m,_,xy .TO prove F is a rg™-m;_.(x, -
Suppose F is not rg*—mi_c(x) .Then 3a maximal regular closed set E # F Such that X+ E € F. That is
(X-F) < (X-E) , and (X-E) is a minimal regular open set which is a contradiction for (X-F)a rg'-
Ma—ox) - There fore Fis rg™-m;_ .y, m.

Theorem 3.45:
A subset A of X is a generalized regular minimal closed set iff. 3 a minimal regular open set U
containing A such thatRCI(A)= CI(U)

Proof:
Let Abeagr-m;_.x .To prove RCI(A)= CI(U).
From definition ,A € U ,U is minimal regular open set= U< RCI(A)
Then CI (U) € CI[RCI (A)] =CI(U) € RCI(A) -+ @))
But, AcU = CI(A) c CI(U)
Since RCI(A)c CI(A) .
Then RCI(A) € CI(A) < CI(U) = RCI(A) cCI(U)--- -+ -+ (2)
From (1) and (2) we have
RCI(A)= CI(V)
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Conversely:
Since AcU ,RCI(A)=CI(U) 2U
Therefore Ais g'r-m;_.x, ®

Theorem 3.46:
Let A be a generalized regular minimal closed set and B be a subset of X contained in the same
minimal regular open set ,If AC B € RCI(A) , then B is also generalized” regular minimal closed set .

Proof:
Let A be a g'r-m;_.(xy then AU U< RCI(A)
Then CI(U) € CI [RCI (A)] =CI(U) S RCI (A) -+ -+ - (1)

But, Ac U= CI(A) c CI(U)

Since RCI(A) c CI(A)

Then RCI(A) € CI(A) < CI(U) = RCI(A) <CI(U)--- -+ -+ (2)
From (1) and (2) we have

RCI(A)= CI(V).

Since B is subset of X=> B < U= CI(B) < CI(U)

Since RCI(B) < CI(B) =CI(U) = RCI(B) < CI(U),

But Ac B < RCI(A) =CI(A) <CI(B) < RCI(A)

Since RCI(A) < CI(A) < RCI(B) < CI(B) < RCI(A) = CI(V)
CI(U) < RCI(B) = CIl(U)

i.eCl(U)= RCI(B)=RCI(A)

Then Ugc CI(U)= RCI(B)=RCI(A)

Therefore B a g'r-m;_x) ®

Theorem 3.47:
A proper non empty subset F of X is  generalized regular minimal closed set iff(X-F) is
generalized regular maximal open set.

Proof:
Let F be a g'r-m;_.xy .To prove (X-F) is agr-m,_ou) -
Suppose (X-F) isnot is ag'r-m,_,cx)
Then 3 a minimal regular open set U# (X-F) =(X-F) c U
Then (X-U)<F,and (X-U) is a maximal regular closed set which is a contradaction for Fis a g'r-
m_cx)

Conversely: X X

Let (X-F) be a gr-m,_,x) .To prove F is agr-m;_. .
Suppose F is not g*r—mi_c(x) .Then 3 amaximal regular closed set E # F Such that X+ ECF. That is
(X-F) <(X-E), and (X-E) is a minimal regular open set which is a contradaction for (X-F)a g*r—ma_o(x)
Therefore Fis g'r-m;_.x) ®

Theorem 3.48:
A subset A of X is a regular generalized” minimal closed set iff 3 a minimal pre regular open set U
containing A such that CI(A)= CI(U)

Proof:
Let Abe arg”-m;_., .To prove CI(A)= CI(U).
From definition ,AcU ,U is minimal pre regular open set=>Uc CI(A)

Then CI(U) € CICI (A) = CI(U) S CI (A) - -ev e D
But, AcU = CI(A) € CI(U)--- - -+ (2)

From (1) and (2) we have

CI(A)=CI(V)

Conversely:

Since ACU , CI(A)= CI(U) 2 U
Therefore Ais rg”-m;_.x) ®
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Remark 3.49:

Finite intersection of regular generalized™ minimal closed[resp. generalized “regular minimal closed] set
need not be regular generalized™ minimal closed[resp. generalized “regular minimal closed] set which follows
from the following example
Recall Example 3.1.23

Example 3.50:

m;_pro xy={{a}{b}{c}}
Ma—pre (x)=1{0,C}{a,c},{a,b}}
A= {a}=>A IS rg ml closed [resp g I' Mi_closed ]Set of X
B={c}=>Bisrg" M _closed [resp. g rml closed ] S€tOf X, but
ANB=@ is not g -M;_.psea LTESP. § F-M;_cipsea ] SELOF X.

Theorem 3.51:
Non-null intersection of regular generalized  minimal closed[resp. generalized regular minimal closed]
set and closed set is regular generalized  minimal closed[resp. generalized regular minimal closed] set.

Proof:
Let A be rg “m,;_ —cxy [resp. g “r-m;_ cx) 1set and let F beaclosed set U is m;_pgox)
Since A is rg”-m;_ —cxy [Lresp. g r-m;_ —ex) ]set
Then UCCI(A)[resp. US RCI(A)]. = U < CI(A) nF[resp. USRCI(A) NF].
= UCCI(A NF) [resp. U €RCI(A nF)].
Therefore (ANF)is rg”-m;_.x) [resp. g r-mi_.xy 1setm

Theorem 3.52:

Let A be a regular generalized” minimal closed set and B be asubset of X contained in the same
minimal pre regular open set
If AC B CCI(A), then B isalso regular generalized™ minimal closed set .

Proof:

Let A be a rg”-m;_.xy then ASU, U c CI(A)
Then CI (U) € CICI (A) = CI(U) € CI(A) ------ - )
But, A <€ U = CI(A) cCI(U)-+- --- -+ (2)

From (1) and (2) we have
Cl(A)= CI(U)

B is subset of X=BcU, here Ac B cCI(A)
i.eCl(A)= CI(B)= CI(U)
Therefore B also a rg™-m;_ —cx) ®

Theorem 3.53:
A proper non empty subset F of X is regular generalized minimal closed set iff(X-F) is regular
generalized maximal open set.

Proof:
Let F be a rg”-m;_.x) .To prove (X-F) is arg”-mq_ocx) -
Suppose (X-F) isnot is arg”-m,_,cx)
Then 3 a minimal regular open set U# (X-F) =(X-F) cU
Then (X-U)CF,and (X-U) is a maximal pre regular closed set which is a contradiction for Fis a rg" -
mi_cx)

Conversely:

Let (X-F) be a rg”-m,_,(xy .To prove F is a rg”-m;_.(x -
Suppose F is not rg”-m;_ —c(xy -Then 3 amaximal pre regular closed set E # F Such that X+ ECF. That
is (X-F) € (X-E) , and (X- E) is a minimal pre regular open set which is a contradiction for (X-F) a rg" -
Mq_o(xy - There fore Fis rg -m;_ —c(x) ®
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Theorem 3.54:
A subset A of X isa generalized* regular minimal closed set iff 3 a minimal pre regular open set U
containing A such that RCI(A)= CI(U)

Proof:
Let Abeag” r-m;_. ) .Toprove RCI(A)= CI(U).
From definition ,AcU ,U is minimal pre regular open set=U< RCI(A)
Then CI(U) € CI [RCI (A)] = CI(U) € RCI(A) -+ --- -+ (D
But, AU = CI(A) c CI(U)
Since RCI(A) < CI(A)
Then RCI(A) € CI(A) < CI(U) =RCI(A) € CI(U)- -+ - (2)
From (1) and (2) we have
RCI(A)= CI(V)

Conversely:
Since ACU ,RCI(A)= CI(U) 2 U
Therefore Ais g r-m_.xy ®

Theorem 3.55:

Let A be a generalized "regular minimal closed set and B be a subset of X contained in the same
minimal pre regular open set,
If AC B S RCI(A) , then B isalso generalized™ regular minimal closed set .

Proof:
Let A be a g r-m;_.(xy then AcU U< RCI(A)
Then CI(U) € CI[RCI (A)] = CI(U) S RCI (A) -+ -+ - (1)
But, ACU = CI(A) € CI(U)
Since RCI(A) € CI(A)  .Then RCI(A) € CI(A) € CI(U) = RCI(A) SCI(U)-+- -+ - )
From (1) and (2) we have
RCI(A)= CI(V).

Since B is subset of X =B<U = CI(B) <CI(U)

Since RCI(B) < CI(B) =CI(U) = RCI(B) < CI(U),

But Ac B < RCI(A) =CI(A) <CI(B) < RCI(A)

Since RCI(A) < CI(A) < RCI(B) < CI(B) < RCI(A) = CI(V)
CI(U) < RCI(B) = CIl(U)

i.eCl(U)= RCI(B)=RCI(A)

Then Uc CI(U)= RCI(B)=RCI(A)

Theorem 3.56:
A proper non empty subset F of X is generalized  regular minimal closed set iff(X-F) is generalized
regular maximal open set.

Proof:
Let F be a 9" r-m;_.xy .To prove (X-F) is ag r-m,_,cx -
Suppose (X-F) isnot is a g™ r-m,_,cx
Then 3 a minimal pre regular open set U= (X-F) =(X-F) cU
Then (X-U) SF,and (X-U) is a maximal pre regular closed set which is a contradiction for Fis a g r-
Mi—c(x) -

Conversely:

Let (X-F) be a g r-m,_,(xy .TO prove F is ag™ r-m;_.(x -

Suppose F is not g**r—mi_c(x) .Then 3 a maximal pre regular closed set E = F Such that X+ ECF.
That is (X-F) <(X-E), and (X-E) is a minimal pre regular open set which is a contradiction for (X-F) a
9 r-My_ox) -Therefore Fis g7 r-m;_.(x
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