
Australian Journal of Basic and Applied Sciences, 7(11) Sep 2013, Pages: 572-583 

 

AENSI Journals 

Australian Journal of Basic and Applied Sciences  

 

Journal home page: www.ajbasweb.com 

 

 

Corresponding Author: Dr. Jafar H.H. Alwash, Electrical Engineering Department. Baghdad University, Baghdad, Iraq,  

                                         E-mail: jalwash@yahoo.com 

Generalised Approach to the Analysis of Asymmetrical Delta Connected Three-Phase 

Induction Motor  

 
1
Jafar H.H. Alwash, 

2
Salman H. Ikhwan, 

3
Ruba M.K. AL-Mula Humadi

 
 

 
1Electrical Engineering Department, College of Engineering, Baghdad University, Baghdad, Iraq.   
2Electrical Engineering Department, College of Engineering, Baghdad University, Baghdad, Iraq. 
3Mechanical Engineering Department, College of Engineering, Baghdad University, Baghdad, Iraq. 
 

A R T I C L E  I N F O   A B S T R A C T  

Article history: 

Received 3 September 2013  

Received in revised form 14 October  

2013  

Accepted 15 October 2013  

Available online 29 November 2013 

 

Key words: 

induction motor, symmetrical 

component theory, asymmetrical 

windings.   

 This paper presents a general method to predict the performance of a delta 

connected induction motors having asymmetrical stator windings. An investigation 

of the possible existence of zero sequence currents is presented together with the 

ways to minimize their effects.  

The theoretical results are validated with experimental findings obtained from two 

experimental models.  
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INTRODUCTION 

 

The unbalanced operation of a three-phase induction machine has been the subject of considerable interest 

over the years (Al-MulaHumadi, 2001)-(Wang, 2000), and several attempts have been made by many authors to 

develop a generalised approach to the solution of problems connected with such operations.  

There are three methods used to analyze electrical machines: The first method (Brown and Butler, 1953), 

(Brown and Jha, 1962), (Butler and Wallace, 1968), (Jha and Murthy, 1973), (Guru,1979, Revolving), (Guru, 

1979, Cross) and (Guru, 1981) is based on viewing the machine from outside, as an electrical network having 

self and the mutual parameters. The second method (Battersby,1965), (Stepina, 1968) and (Stepina, 1979) is the 

classical method, which is based on viewing the machine from inside starting with the air-gap fields. The third 

method (Alwash and Ikhwan,1995), (Ikhwan, 1991) and (Al-MulaHumadi, 2001)is a combination of the two 

methods. 

Most authors (Brown and Butler, 1953), (Brown and Jha, 1962), (Butler and Wallace, 1968), (Jha and 

Murthy, 1973), (Guru,1979, Revolving), (Guru, 1979, Cross) and (Guru, 1981)based their analysis on the first 

method to derive an equivalent circuit, from which the machine performance may be calculated. It should be 

noted that the circuit parameters were mostly found to be difficult, complicated and applicable only for a special 

type of asymmetry in the machine (Brown and Butler, 1953) and (Brown and Jha, 1962).Therefore using the 

second method to analyze the asymmetrical machines is more convenient, especially for machines having 

different slot shapes, irregular displacement between the slots and irregular air-gaps (Battersby,1965), (Stepina, 

1968) and (Stepina, 1979). While using the third method the analysis will be very easy.  

Various other authors (Pillay et al, 2002), (Faiz et al., 2004) and (Wang, 2000) have concentrated their 

works on the problem of feeding three-phase induction motor with symmetrical windings from unbalanced 

supply. 

It is the object of this paper to follow the general method presented by the author in a previous paper 

(Alwash and Ikhwan, 1995) which dealt with three wire star connected induction motors with the required 

modifications so as to apply it for the prediction of the performance of Delta connected induction motors. 

Further the paper presents an investigation of the existence of Zero-sequence e.m.fs and currents, and the 

possible practical ways to minimize their effects on the performance. 

It should however be appreciated that the method presented may easily be used to predict the performance 

of the motor fed from unbalanced three-phase supply. 

 

Mathematical Model: 

A three-phase squirrel-cage induction motor has been chosen for the analysis. It is assumed that the air-gap 

is uniform and the stator has identical slot shapes. 
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Expressions for stator current sheet and rotor current sheet were formulated (Alwash and Ikhwan, 1995) as 

matrices taking into account harmonic effect. Stator induced phase voltages can be found by making use of 

symmetrical component theory. Then an equivalent circuit is obtained, by applying Kirchhoff’s laws, phase 

current can be obtained, line currents are calculated. Finally, output torque is obtained for any speed from 

standstill up to synchronous speed. 

 

Mathematical Analysis: 

A. Stator, Rotor Current Sheets And Equivalent Machine Impedance Referred To Stator Current Sheet: 

As it was assumed that the stator has identical slot shapes, it is enough to derive the stator current sheet by 

taking one slot and then add the partial effects of individual slots. By considering one conductor per slot at the 

beginning, the current per slot opening width for a slot is symmetrical and periodic, so it can be analyzed by 

using Fourier series. The mean value of Fourier series will be zero because, whenever a conductor carrying 

current is found in slot m1, there must be another conductor in slot m2, carrying the same current but in opposite 

direction. 

Now, since the analysis have been derived on the basis of having positive slot current, a unit vector zmM 

(Appendix) would be used. Also, the effects of all conductors per slot would be taken into account. After a few 

simplifications the equation for stator current sheet in matrix form would be:  

 

JS =  J1n

n=∞

n=−∞
n≠0

=  J 1n  ℜe ej(ωt−nX1−αn ) 

n=∞

n=−∞
n≠0

                                                                                                                      (1) 

 

Where: 

J 1n =
1

 2Rπ
  Sn  IW                                                                                                                                                            (2) 

 

Since the rotor is short circuited, a current will flow in the rotor and may be represented as surface current 

sheet Jr given as: 

 

Jr =  J2n

n=∞

n=−∞
n≠0

=  J 2nℜe ej Sn ωt−nX2−θn   

n=∞

n=−∞
n≠0

                                                                                                                    3  

 

Then, a rotor voltage equation will be derived (Alwash and Ikhwan, 1995) from which the rotor current 

sheet could be calculated: 

 

J 2n ej(θn −αn ) =
−jSnωL22n J 1n

ρ
2n

+ jSnωL2n
                                                                                                                                                (4) 

 

An equivalent machine phase impedance for the case of balanced stator currents referred to stator current 

sheet may be given as (Pillay et al, 2002) 

 

Z2 =
AS

6I2
   J 2n 

2 jωL22n ρ
2n

+ jSnωL2gn 

ρ
2n

+ jSnωL2n
 

n=∞

n=−∞
n≠0

                                                                                                               5  

 

B. Stator Induced Phase Voltages: 

An asymmetrical three-phase machine will draw unbalanced currents if it is connected to a balance voltage 

source. These currents can be analyzed using symmetrical component theory into three symmetrical component 

currents; positive, negative and zero-sequence currents. Since the machine was Delta connected, no one of the 

mentioned component shall be ignored. 

Now the response of the machine to positive sequence current If may be represented by: 

IfZff = Vff                                                                                                                                                                                   (6) 

IfZbf = Vbf                                                                                                                                                                                  (7) 

 

Where Zff and Zbf are the machine impedances referred to the stator current sheet with the rotor moving in 

the forward and backward direction, respectively. The response of the machine to negative sequence current Ib 

may be represented by 

IbZfb = Vfb                                                                                                                                                                                   (8) 
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IbZbb = Vbb                                                                                                                                                                              (9) 

 

Since the machine will behave, when rotating in the direction of the field, in the same manner, irrespective 

of the field being due to the positive or negative sequence currents. 

Zfb = Zff = Zf                                                                                                                                                                          (10) 

Zbf = Zbb = Zb                                                                                                                                                                       (11) 

 

Zf and Zb may be found from (5) using, for each harmonic, slip sn and sbn , respectively. 

 

When sbn = 2-sn.  

Finally, the response for zero-sequence current may be represented as: 

I0Z0 = V0                                                                                                                                                                                  12  

 

Zo may be found from (5) when the machine is fed with zero-sequence current.  

 

C. Phase Currents: 

The equivalent circuit for a Delta connected machine fed from three phase-balanced supply may be set as 

shown in Fig.1.  Applying Kirchhoff's law Fig. 2 gives: 

 𝑉 − 𝑉𝑚𝐴 − 𝑎2𝑉 = 𝐼𝐴𝐵 . 𝑍𝐿𝐴                                                                                                                                                  (13) 

𝑉 + 𝑉𝑚𝐶 − 𝑎𝑉 = −𝐼𝐶𝐴 . 𝑍𝐿𝐶                                                                                                                                                  (14) 

𝑎2𝑉 − 𝑉𝑚𝐵 − 𝑎𝑉 = 𝐼𝐵𝐶 . 𝑍𝐿𝐵                                                                                                                                                (15) 

 

These equations may be set into a single matrix equation from which phase currents [Iph] are easily 

calculated. 

 𝑍𝑍  𝐼𝑝ℎ  =  𝜐                                                                                                                                                                        (16) 

 𝐼𝑝ℎ  =  𝑍𝑍 −1.  𝜐                                                                                                                                                                  (17) 

Applying Kirchhoff's current law to Fig. 2 the line currents may be obtained: 

IA = IAB − ICA                                                                                                                                                                         (18) 

IB = IBC − IAB                                                                                                                                                                         (19) 

IC = ICA − IBC                                                                                                                                                                          20  

 

  

 

 

 

 

 

 

 

 

 

 

 

Fig. 1: Equivalent circuit diagram                                     

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2: Simplified equivalent circuit diagram 
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E. Output Torque: 

Using the complex effective r.m.s. currents matrix [Iph] as the actual phase currents, the nth harmonic actual 

stator current sheet is found in the manner represented by (1). The nth harmonic actual rotor current sheet is 

obtained from (3) and (4). Therefore the output torque can be calculated in Newton-meters from the following 

equation: 

 

T =
RAr

2
 

ρ
2n

 J 2n 
2

USn Sn

n=∞

n=−∞
n≠0

                                                                                                                                                        21  

 

Experimental Model: 

Two models (A and B) were used for the experimental test. The machines data were tabulated in Table I. 

 
Table I: Machine Data 

Symbol Model A Model B 

P: number of poles. 4 4 

S1: number of stator slots. 36 36 

S2: number of rotor slots. 42 33 

Type of windings. Double layer Double layer 

Number of coils/pole/phase. 3 coils 3 coils 

Number of turn /coil. 50 turns 50 turns 

Pole pitch. 9 slots 9 slots 

Coil pitch. 6 slots 7 slots 

Chording  3 slots 2 slots  

 

 

 

 

 

 

 

 

 

 

 

Fig. 3: Phase A winding diagram Model A 

 

 

 

 

 

 

 

 

 

 

Fig. 4: Phase B winding diagram Model A 

 

 

 

 

 

 

 

 

 

Fig. 5: Phase C winding diagram Model A 
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Fig. 6: X3, X4 winding diagram Model A 

 

For the two models, the number of coils/pole/phase is equal to 3 coils for phase A and B (see Fig.s 3 and 4 

for model A and Fig.s 7 and 8 for model B). While phase C has been left with 2 coils/pole/phase as shown in 

Fig. 5 for model A and Fig. 9 for model B. Four coils shown in Fig. 6 for model A and Fig. 10 for model B, 

have been connected in two groups named X3 and X4. These may be used, as explained below, to produce two 

possible cases for each model. 

Case 1: Symmetrical connection three-phase machine as shown in Fig.11 case 1. 

Case 2: Asymmetrical windings connection; the coils X3 and X4 are connected to phase B as shown in 

Fig.11 case2. 

 

 

 

 

 

 

 

 

 

 

 

Fig. 7: phase A winding diagram for Model B 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 8: Phase B winding diagram for Model B 

 

 

 

 

 

 

 

 

 

 

 

Fig. 9: Phase C winding diagram for Model B 

 

 

 

 

 



577                                                                    Jafar H.H. Alwash, 2013 

Australian Journal of Basic and Applied Sciences, 7(11) Sep 2013, Pages: 572-583 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 10: X3 & X4 winding diagram for Model B 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 11: Machine stator windings connections Case 1 symmetrical, Case 2 asymmetrical 

 

Results: 

The test machine was directly coupled to a D.C motor whose speed is controlled by means of Ward-

Leonard arrangement. The torque on the stator was then measured at each required speed. 

The test voltage has been limited to 50 volts, which corresponds to the maximum possible current rating of 

the wire used for the stator winding. 

The theoretical and experimental results are plotted against the speed for the various cases, and can be seen 

in Fig. 12-20 for model A and in Fig.21-29 for model B. 

 

A. Model A: 

Fig.12 shows the torque/speed characteristic for case 1. It is clear that the correlation between the 

theoretical and experimental results is good. 

The torque/speed characteristic is a smooth curve, as expected, since it represents the case of symmetrical 

windings. This could have been anticipated from the air-gap field harmonic analysis, which shows no 

predominant harmonics, as may be seen from Table II. 

Figs.13-15show respectively the variations of phase current with speed, line current with speed and phase 

angle with speed (with phase A as a reference). It is clear from these graphs that the motor draws balanced 

currents. 

For case 2, the torque/speed, phase current/speed, line current/speed and phase angle/speed (with phase A 

as a reference) characteristics are given respectively in Figs.16-20. The predicted results may be seen to agree 

with experimental ones. 

There are two dips in the torque/speed characteristic Fig.16 around 300 r.p.m. and 750 r.p.m. This may be 

attributed to the effect of 20-pole and 8-pole harmonic component as can be seen in Table III. 

In this model in spite of, the connection being delta, the effect of zero-sequence (triplin harmonic) was not 

clear in the torque/speed characteristic and this may due to the fact that the coil span was equal to 2/3 pole 

pitch(Brown and Butler, 1954). In order to investigate that, model B was tested, with different chording. 
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Fig. 12: Torque/Speed characteristic for                             Fig. 13: Line current/Speed characteristic for 

        case1 Model A                                                                   case1 Model A 

Fig. 14: Phase current/Speed characteristic for            Fig. 15: Current phase difference with respect to  

             case1 Model A                                                               phase A for case1 Model A 

 

 

Fig. 16: Torque/Speed characteristic for case2                Fig. 17: Phase Currents/Speed characteristic 

              Model A                                                                           for case2 Model A 
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Fig. 18: Line currents/ Speed characteristic for                 Fig. 19: Current phase difference with respect to  

              case 2 Model A                                                                   phase A for case2 model A 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 20: Current phase difference with respect to line A for case 2 Model A 

 
Table II: Harmonics of the air-gap field for symmetrical winding (case 1 model A) at 1425 r.p.m. (s=0.05). 

n Forward Backward 

2 117.8650   800 
 

10 
 

5.3436    -139.990 

14 3.1115      200 
 

22 
 

1.980      -48.210 

26 2.0552     -39.990 
 

34 
 

6.9332     100 

 

TABLE III: Harmonics of the air-gap field for asymmetrical winding (case 2 model A)at 1425 r.p.m. (s=0.05). 

n Forward Backward stationary 

2 131.8841  64.520 0.8382   -32.140 4.6392  -111.09 

4 8.5572    7.070 0.4191   -127.14 2.3196    -131.09 

8 3.4229    147.070 0.2095   -32.14 0.9278      8.900 

0 4.2786     7.070 0.3936  123.050 1.1598    -11.090 

14 2.5671     44.810 0.1197   -152.14 0.6627     128.90 

16 2.1393    -112.92 0.1048     67.85 0.5799     108.90 

20 1.7114     27.070 0.0838   -152.14 0.4639    -111.09 

22 1.5559    -112.92 0.0800    50.100 0.4217    -131.09 

26 3.0915    -28.13 0.0645      87.85 0.3569      8.900 

28 1.2224     127.07 0.0599     -52.14 0.3314    -11.090 

32 1.0697    -92.92 0.0524      87.85 0.2899     128.90 

34 1.0067    127.07 0.3799      30.39 0.2729     108.90 
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B. Model B: 

Figs.21-24 show respectively the torque/speed, phase current/speed, line current/speed and phase 

angle/speed (with phase A as a reference) characteristics for symmetrical case. It is clear that there is no 

predominant harmonic, see Table IV. 

Examining the torque/speed characteristic for the asymmetrical case 2 Fig.25 shows three dips around 375 

r.p.m., 500 r.p.m. and 750 r.p.m. which may be attributed to the effect of 16-pole, 12-pole and 8-pole harmonic 

component. This should have been expected when examining the harmonic analysis as seen in Table V. 

Fig.26 shows the variation of the unbalance phase currents with speed, Fig.27 shows the variation of the 

unbalanced line currents with speed. 

Examining Table V, triplin harmonics (at n=6, 12, 18, 24 and 30 where n is the pole-pair harmonic order) 

exist which corresponds to the effect of zero-sequence and it can be seen from the mentioned table that the third 

harmonic is the predominant one, this corresponds dip around 500 r.p.m. on the torque/speed characteristic (see 

Fig.25).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 21: Torque/speed characteristic for                                   Fig. 22: Phase current/speed characteristic for 

               case1 Model B                                                                         case1 Model B 

 

Fig. 23: Line current/speed characteristic for                      Fig. 24: Current phase difference with respect 

               case1 Model B                                                                    to phase A for case1 Model B 
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Fig. 25: Torque/speed characteristic for                             Fig. 26: Phase currents/speed characteristic for 

               case2 Model B                                                                    case2 Model B 

 

Fig. 27: Line currents/speed characteristic for                    Fig. 28: Currents phase difference with respect       

               case2 Model B                                                                     to Phase A forcase2 Model B 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 29: Currents phase difference with respect to Line A for case2 Model B 
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Table IV: Harmonics of The Air-Gap Field for Symmetrical Winding (CASE 1 Model B) at1425 r.p.m. (S=0.05). 

N Forward Backward 

2 73.0806     90  

10  0.6123      -89.99 

14 1.5727       90 
 

22  1.0008   90 

26 0.2355     -89.99  

34  4.2989       90 

 

Table V: Harmonics of the air-gap field for asymmetrical winding (case 2 Model B) at 1425 r.p.m. (s=0.05). 

N Forward Backward Stationary 

2 73.6702   82.9 0.1988    -29.15 0.9729   -85.19 

4 3.2697     35.45 0.068    -159.14 0.3328   -95.19 

6 1.6956     85.45 0.0353   130.85 0.9608  -174.14 

8 2.5047  -164.54 0.0521      0.85 0.2549   64.8 

10 0.3533    65.45 0.0173   166.05 0.036     54.8 

12 1.4684    -4.54 0.0305   160.85 0.1494  -135.19 

14 1.169     123.19 0.0232    -89.14 0.1133  -145.19 

16 0.4349   155.45 0.009     -39.15 0.0443    24.80 

18 1.1304     25.45 0.0235     70.85 0.2301  -165.19 

20 0.3480   135.44 0.0072    -59.14 0.0354     4.8 

22 0.7085  -174.54 0.0155    -26.89 0.0721   174.80 

24 0.7342   -64.54 0.0153   100.85 0.0747   164.80 

26 0.3191   -69.75 0.0028     30.85 0.0138   -25.19 

28 0.7156   95.45 0.0149    -99.14 0.0728   -35.19 

30 0.3391    -34.54 0.0071     10.85 0.1922   -156.2 

32 0.4087  -104.54 0.0085     60.85 0.0416     124.8 

34 0.5623   125.45 0.0901     13.39 0.0572     114.8 

 

Conclusion: 

A method to predict the behavior of a Delta connected three phase induction motor with different three 

stator windings when connected to a balanced three phase supply system using revolving field theory and 

symmetrical component theory was presented in this paper. 

The analysis presented is systematic and easy to be programmed by using computer. 

From the classical theory we need only to calculate the stator and rotor resistances and their respective 

leakage reactances. And no additional parameters were needed. 

The program is applicable when the supply is unbalance. Also, the zero sequence effect can be reduced, or 

accentuated by a proper choice of windings that is by making the coil pitch equals to the two third of the pole 

pitch as it is clear from the results of model A. 

 

Appendix: 

Winding distribution matrix 

[Z]: is the winding distribution matrix; which is equal to the number of conductors (N) in a slot (m) for a 

phase (M) multiplied by the unit vector (ZmM) with values +1, -1 and 0 to indicate current direction and 

existence.[13] 

 

 Slots↓  A B C  ←phases 

 a  ZaANaA ZaBNaB ZaCNaC   

[Z] = b  ZbANbA ZbBNbB ZbCNbC   

 .  . . .   

 m  ZmANmA ZmBNmB ZmCNmC   
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Nomenclature: 
a ej120 

Ar rotor surface area; m2 

As stator surface area; m2 

f frequency; HZ. 

I r.m.s current; A 
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IA,IB,IC stator line currents; A 

IAB,IBC,ICA stator phase currents; A 

Io zero-sequence current; A 

[Iph] actual phase current array matrix; A 

[IW] complex effective r.m.s. phase current matrix; A       

JS , Jr line current density for stator and rotor respectively; A/m. 

Ĵ1 , Ĵ2 peak value of the respective quantities, A/m  

L2 =L22+L2g 

L22 surface mutual inductance between stator and rotor; H 

L2g rotor surface leakage inductance; H 

n pole pair harmonic order. 

R Stator radius; m. 

e(    ) real value of the quantity enclosed in the brackets. 

s slip. 

[S] complex effective conductor number matrix. 

t time; sec. 

T output torque; N.m. 

Usn synchronous speed; m/sec 

V supply voltage; V 

[] voltage array matrix for machine equivalent circuit. 

VmA,VmB,VmC stator induced phase voltage for phases A, B and C; V. 

X1        stator circumferential length in mechanical radians. 

X2 rotor circumferential length in mechanical radians. 

Xa angle displacement between the slots in mechanical radians. 

2 rotor surface resistivity;  

 2f. 

Ĵ1n, Ĵ2n, L22n, L2gn,L2n, sn, 2n the value of the respective quantities for the nth harmonic. 
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