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A survey on discrete inner products of Chebyshev polynomials of the first kind
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Abstract: In this paper, we present explicit formulas for discrete inner products of Chebyshev
polynomials of four kinds in the set of the zeros of the first kind. We establish some relations step by
step that are used for proving the next relations. Finally, we give an application of the obtained
formulas.
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INTRODUCTION

Chebyshev polynomials have a great role in approximation theory. These polynomials are widely used in
many areas of numerical analysis such as, uniform approximation, numerical integration, least-squares
approximation, numerical solution of ordinary and partial differential equations, numerical solution of integral
equations, and so on (Delves, L.M., J.L. Mohammed, 1985; Gradshteyn, I.S., .M. Ryzhik, 2007; Jolley, L.B.W.,
et al., 1961; Kythe, P.K., P. Puri, 2002; Mason, J.C., D.C. Handscomb, 2003; Rivlin, T.J., 1990; Rivlin, T.J.,
1974). Many properties and applications of These polynomials are known (Arfken, G.B., H.J. Weber, 2001;
Brychkov, Y.A., 2008; Delves, L.M., J.L. Mohammed, 1985; Gradshteyn, 1.S., .M. Ryzhik, 2007; Mason, J.C.,
D.C. Handscomb, 2003; Rivlin, T.J., 1990; Rivlin, T.J., 1974; Snyder, M.A., 1966). Chebyshev polynomials of
the first kind are also known as the optimal approximating polynomials on the interval (Abramowitz, M., L.A.
Stegun, 1973), because the zeros of these polynomials are used as nodes in polynomial interpolation. The
resulting interpolation polynomial is close to a continuous function under the maximum norm. (Mason, J.C.,
D.C. Handscomb, 2003; Rivlin, T.J., 1990; Rivlin, T.J., 1974).

Chebyshev polynomials of the first, second, third and fourth kinds of degree N, are defined by

T,(x) =cosnd,

U.(x) = sin(_n+1)0
siné
cos(n+;)9
Vn(X) = —9’
cos—
sin(n+1)¢9
W, (x) = ——2—, @
sin—

respectively, where x=cosd and 0<@<x. There are many alternative ways to define These
polynomials which lead to the same polynomials.
The four kinds of Chebyshev polynomials T ,u, v ,w, are orthogonal with respect to the following weight

functions

1 — /1+x fl—x
T l_ 2! 14 s P
A1—x2 X 1-Xx 1+Xx

on the interval [—1,1] respectively, i.e.

Corresponding Author: A. Arzhang, Department of Mathematics, Karaj Branch, Islamic Azad University, Karaj, Iran.
E-mail Address: arzhang@kiau.ac.ir
61



Aust. J. Basic & Appl. Sci., 6(12): 61-68, 2012

T 00T (0 0 m #n,
1 T (X)T. (X
M gy =<7z m=n=0, (2)
L 1-x° z m=n=0

2 1
[ iU, 000,000 =25, mn=0,--. ®
[* 22, (0, (= 75, mn=0.1, @
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where &, is Kronecker delta (Mason, J.C., D.C. Handscomb, 2003). In the following section we give

explicit formulas for discrete inner products
n+l

<f,9>=>f(x)9(x), 6)
k=1

where X, is the kth zero of T, ,;(X) and

f,ge{T,UV,W}.
First, we introduce the following fundamental theorems as essential tools for the next section.
Theorem 1.1. For every real & and natural N the following Trigonometrical summations hold.

(i) cos@+cos26+---+cosnf = coswsin Ecscg =
sin%cos%cscg—l (7

(i) sin@+sin26+---+sinnd =sin =

(n+1)0 . no 0
—sm—cscz

0 (n+1)0 _no 6
0S——¢C

cot——c os7csc5, )
(iii) cos§+cos%+---+cos(n +£)¢9 = 1s.in(n +1)<9csc€. )
2 2 2 2 2
Proof. (i):
n_o. n . 1_ei(n+1)9
2(c0s0+Cc0s260+---+cosnf) = D e’ + D e 2=~
k=0 k=0 1-e
1_ g in)e 9 _ im0 _ o-in41)0 | gind | o-ind _ g0 o-if
S —-2=

1_e? 2_gif _gi?
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2(1-cos8) +2(cosnd —cos(n+1)8) —8sin®— 29 (h+1)0 . no 0
2 - =2C0S——— 5 Sin —C€sc—

Z
4sin?~
SII’]2

The proof of the statements (ii) , (iii) is similar to the proof of the statements (i) hence, we omit them.

Theorem 1.2. For every real @ and natural m<n the following Trigonometrical summation hold.

sin(m+1)@sin(n+1)&cscd = Zsin(n —-m+2k +1)0.
k=0
So

U m (X)U n (X) = iu n-m+2k (X)

Proof. Use the theorem (1.1) to obtain the result. So
m+1 m+1

Zsm(n m+2k+1)0 = Zsm(n m+2k-1)0 = Zsm(n m-1)@cos 2kd +

m+1
Zcos(n —m-1)8sin 2k8 =sin(n—m-1)8cos(m+ 2)dsin(m+1)dcsc +

k=1
cos(n—m-=21)8sin(m+2)8sin(m+1)&cscd =sin(m+1)dsin(n+1)&csco.

Theorem 1.3. For every natural M and N we have

U, (U, (x) = ZZT|m+n okak (X)-

k=0k'=

Proof. It is easy to verify that
SII’I n¢9 gitn ezezme

sm6’
SO
sin(n+1)8 sin(M+1)0 _ __imino oS 2i(kek)o
U_ (XU (x)= =e e =
n (U () sin@ sin@ ZZ

k=0k'=0

izn:e‘(z“”k"m‘”” = Zmlzn:{cos(m +Nn—2k—2k")@—isin(m+n—2k —2k")@} =

k=0k'=0 k=0k'=0

m n
D> cos(m+n—2k —2k")6,
k=0k'=0
where, by using induction we can prove that
m n
D> sin(m+n-2k-2k")6 =0,
k=0k'=0
for briefness we omit it. So by taking X = C0S& we obtain the result.

2- Discrete Orthogonality in The Zeros of Chebyshev Polynomials of The First Kind:

The zeros of T,,;(X) are as follows

(10)

1)

(12)
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k-1yz

X, = COS 2 , k=12,---,n+1.

n+1

The following theorem based on these zeros hold.

Theorem 2.1. Let X, be the Kth zero of T, (X) then for every i, j = 0,1---n, the following statements
hold.

0, i#],

() (T = 3TN0 =15 1= 20, 13
< n+l, i=j=0.
. ¥ B 0, i+ isodd,
- Lo _g‘(xk)uj(xk)_{(nl)(n +1), i<j and i+ jiseven. =
¥ _[n+1, i<j and i+ iseven,
(i) (TU); _gi(xk)uj(xk)_{ 0 i> ori+]isodd (15)
(V) (V)= 2000V, (%) = {(—n.ﬂ(nﬂ), Bl @)
k=1 0, i> .
o« _n+1, i<,
(V) (TW); = ;Ti(xk)wj(xk) —{ 0, i>]j 17
(vi) (W), = nil,\/i(xk)Vj(Xk) = (D)™ (@2i+1)(n+1), i<, (18)
(vii)  (WW),; = nil)Ni(Xk)W,-(Xk) =(2i+1)(n+1), i<], (19)
o _ n+1, i<,
(viii)  (VW); = kZ:l,\/i(Xk)Wj(Xk) = {(_1)”,-(””)’ i | (20)
_ it 1" (i +1)(n+1), i<j,
(IX) (UV)I] = ;lJl(Xk)VJ(Xk) = %(n+l)(1+(—1)|+1(21 +1)), | > J (21)
n+1 (i+1)(n+1)1 IS ja
(x) uw); = ;Ui(xk)wj(xk) = {E(n +D((-D)M +2j+1), i> . 22)
Proof. First, we prove that _
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So, by using the relation (9) we have

1 i iz
n+l n+l i (k _E)ﬂ- _ Sm((n +1)( n +1JJ
n+1 | [

s, = D (%)= cosi =0,0<i<2n+1.
k=1 k=1 g M
2sin( )
2n+2
(i): since i, j=0,1---n, then |i £ j|< 2n+1 and by using the relation (23) we have
0, i # ]
<& n+l . _ .
(TT); _ZT(Xk)T (%) = [T|+](Xk)+T| 1 (%)= 5 i=]=0,
n+1 i=j=0.

(ii):  without loss of generality, suppose O < i < j and use the theorem (1.2) to have

n+l n+l i i n+l

(UU); = ZU (XU (%) = ZZUJ ok (%) = ZZUJ ok (%) (24)
k=1k'= =0k=1
On the other hand
n n-1
U2n (X) = 2Z-I-Zk (X)_l! U2n—1(X) = 22T2k+1(X), n= 011!21"" (25)
k=0 k=0
If i+ J isodd thenfor K'=0,---,i , i+ j—2K' is odd. Therefore, from the relations (23),(25) we have

n+1

ZLJi(Xk)Uj(Xk) =0.
k=1
if i+ j =2m is even then use the relation (25) to have

n+1 n+l i n+l i m+k’ n+l i

ZU (XU (%) = ZZUZ(m+k)(Xk) ZZZZTZK (%) - ZZIZ

k=1k'= k=1k'=0k"= k=1k'=

2(i+1)(n+1) - (i+1)(n+1) = (i+1)(n+1).
When 1 =0 or j =0, by using the relation (25) the result obtains.
(iii):  since 2T,(x) =U,(x) —U,_,(X) then

(TU), = 21,0005 = 5 106U, 05 5 2 125U, ().

Use the relation (14) to obtain the result. So, if i+ j is odd then (TU); =0. If i< j and i+ ] iseven
then

(TU); =%((i+1)(n+1)—(i—2+1)(n+1))=n+1. (26)

If j<i—2 and i+ j iseventhen
1,,. .

V), =5 ((+D(+D) - (j+1(n+1)=0. @
If j=i-1then i+ ] isoddand inthiscase (TU); =0. So, for i > j wehave (TU); =0
(iv):  since V;(x) =U,(x)—U,,(x) then use the relation (15) to obtain the result.
(v):  since W, (x) =U,(X)+U,_ ;(X) then use the relation (15) to obtain the result.
(vi):  Since

Vi (OV; () =U; (U () + U (U 1 (%) =U; 00U 4 (%) U, (U (X) (28)
then use the relation (14) to obtain the result. So, if i < J and i+ ] is even then
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n+1 n+1

(VV); = DU (XU (%) + D U (XU (%) -0 = (i+1)(n+1) +i(n+1) = i +1)(n+1). (29)

if i< ] and i+ j isoddthen we obtain

(W), =—(2i+1)(n+1). (30)
(vii):  Since
W; (OW;(x) = U; (0OU 5 (%) + U (U 1 () +U; (U 4 (X) +U QU (%) (31)

then use the relation (14) to obtain the result.
The proof of the statement (Viii) is similar to the statements (iii),(iv),(v) hence, we omit it.

(ix):  Use the relation (14) to obtain that

. (D)™ ([ +1)(n+1), i<,
UV); =2V V(%) =1 —i(n+1), i>jand i+ isodd. 32)
- (j+1)(n+1), i>jand i+ ) iseven.

So, for i > | from the above equation we have

(UV), = (1) (n+1) ] +%(n +1)(1+ (D)) = (D)™ (n+1)(j +%) +nT+1 =

%(n (L4 (1) (2] +1)).

(x):  Similar to the proof of the statement (iX) we obtain the result.

The following theorem is an immediate result of the above theorem.

Theorem 2.2.  Let X, be the Kth zero of T ,(X) then for every i, j=0,1---n, the following
statements hold.

O v, =Saoneveo=| % 7 @
0, [i—j=0,1,
i n+1, i=j=0,

(i) (W2, = 2@ x )V, 050 =1 2 041), = =0, (3
(04D, i- =L

. n+l O’ ii -’
(i) (WWl)i,-=Z(1—Xk)Wi(Xk)W,-(Xk)={ ._J. (35)
k=1 n+1, 1=].
0, [i—j#0,1,
" n+1, i=j=0,
(i) WW2); =3 (1-x,) W, (X W, () = %(n+1), i=j=0, (36)
k=1
1 ..
—-= 1), - j|=1.
S (+D), Ji- ]
Proof. Since

(V0 =T, () +T,.a(x), n=01,--,
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1-x)W. () =T,(x)-T,,(x), n=0.1,---.
then use the relations (13),(16),(17) to obtain the results.

3- Some Applications:

The above theorems can be applied in the areas of mathematics where the inner product (6) is defined. Also
interpolation in the zeros of Chebyshev polynomials is an interesting subject that has a close relation to the
discrete orthogonality of Chebyshev polynomials (Mason, J.C., D.C. Handscomb, 2003; Rivlin, T.J., 1974).
One may use the given inner products in the theorems (2.1) to find the numerical solution of Fredholm integral
equation of the second kind. This makes the cost of operations and running time of the computer programmes to
be low.

Consider the following integral equation

U(¥)+ A k(x yu(y)dy = £ (%) @)

where u(x) is unknown function and K(X,Y), f (X) € L’[-1,1] are known functions and A is a
nonzero constant. We use the Bubnov-Galerkin method to find the solution (Kythe, P.K., P. Puri, 2002). In this
method choose two complete orthogonal systems of functions {¢, (X)}, {y,, (X)} and suppose

U=, (0 = Yo ), (@)
KOG y)=ka (6 Y) = 22 A (W (), (39)

define the residual function

1
R, (X) = U, (X) + 2] Ky (% YU, ()ely = F (). (40)
The coefficients C; are obtain from the conditions that
<R,(X),¥;(x)>=0, j=0,---,n, (41)

where the inner product is defined by the relation (6) in the set of the zeros of T,Hl(x). The relation (41)
leads to the following linear system of the equations.

"iu/,-(xk){ 6 (4) + 4223 G A, () flwqw)my)dy} -

i=0 p=0qg=0

n+l

Zl//i(xk)f(xk)i i, J =0,1,---,n.
N So

n+l

33 {Zqﬁ.(xk)w,-(xk)mii% B, iwp(xk)wj(xk)} -

p=0q=0

n+1

Swi(x)Fx), 1,i=01,,n.
k=1
where
1 -
Biq=jflwq(y)¢i(y)dy.. i=0,1,--,n,q=0,1,--N.

One may choose

¢ e{TiHUHViE W} 1=0,--.n,
l//j E{Tj}v{Uj}l{Vj}v{ij}’ J = Ov"'ana

to obtain the solution. So we have many choices to compute the inner product (41). Some detailed methods
for solving the Eq. (37) can be found in (Delves, L.M., J.L. Mohammed, 1985; Kythe, P.K., P. Puri, 2002).
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