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Abstract: This paper applies the variational iteration method for solving higher order integro 
differential equations(IDES). We have shown that higher order integro differential equations can be 
transformed into a system of integral equations,wich can be solved by using variational iteration 
method. The analytical results of the equations havebeen obtained in terms of convergent series with 
easily computable components. Several examples are given to illustrate the efficiency and 
implementation of the method. 
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INTRODUCTION 
 
 In recent years, there has been agrowing interest in the Integro-Differential Equations (IDEs). IDEs play an 
important role in many branches of linear and nonlinear functional analysis and their applications in the theory 
of engineering, mechanics, physics, chemistry, astronomy, biology, economics, potential theory and electrostat-
ics. The higher-order integro differential equations arise in mathematical, applied and engineering sciences, 
astrophysics, solid state physics, astronomy, fluid dynamics heam theory, fiber optics and chemical reaction-
diffusion models; (R.P. Agarwal, 1986; R.P. Agarwal, 1983; L. Hashim, 2006; J.H. He, 2000; J. Morchalo, 
1975; A.M. Wazwaz, 2000) and the references therein. The mentioned integro-differential equations are usually 
difficult to solve analytically; so a numericalmethod is required. 
 The variational iteration method (VIM) is a simple and yet powerful method for solving a wide class of 
nonlinear problems, first envisioned by He (1998; 2000; 2006; 2003). The VIM has successfully been applied to 
many situations. For example He (1998) solved the classical Blasius' equation using VIM. He (1999) used VIM 
to give approximate solutions for some well-known nonlinear problems. He (2000) used VIM to 
solveautonomous ordinary differential systems. He (2003) coupled the iteration method with the perturbation 
method to solve the well-known Blasius equation. He (2006) solved strongly nonlinear equations using VIM. 
Soliman (2005) applied the VIM to solve the KDV-Burger's and lax's seventh-order KDV equations. The VIM 
has recently been applied for solving nonlinear coagulation problem with mass loss by Abulwafa et al. (2005). 
The VIM has been applied for solving nonlinear differential equations of fractional order by Odibat et al. 
(2006). Bildik et al. (2006) used VIM for solving differnt types of nonlinear partial differential equations. 
Dehghan and Tatari (2006) employed VIM to solve a Fokker-Planck equation. Wazwaz (2006) presented a 
comparative study between the variational iteration method and Adomian decomposition method. Tamer et al. 
(2006) introduced a modification of VIM. Abbasandy (2006) solved one example of the quadratic Riccati 
differential equation by He's VIM by using Adomian's polynomials. 
 In the paper, we apply the variational iteration method for solving the higher-orderintegro differential 
equations. It is worth mentioning that this method was first considered by Inokuti et al. (1978). The basic 
motivation of this paper is to apply the variational iteration method to solve a system of integral equations. It is 
shown that the method provides the solution in a rapid convergent series. The variational iteration method has 
been shown (Aslam Noor, M., 2008; Aslam Noor, M., 2008; Inokuti, M., 1978; Aslam Noor, M., 2007; Aslam 
Noor, M., 2007; J.H. He, 1999; J.H. He, 2006) to solve effectively, easily and accurately a larg class of linear, 
nonlinear, partial, deterministic or stochastic differential equations with approximate solutions which converge 
very rapidly to accurate solutions. It can be shown that higher-order integro differential equations are equivalent 
to the system of integral equations can be solved efficiently using the variationaliteration method. 
 
Variational Iteration Technique: 

To illustrate the basic concept of the technique, we consider the following general differential equation 
 

Lu+Nu= g (X)             (1) 
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 Where L is a linear operator, N a nonlinear operator and g(x) is the forcing term. According to variational 
iteration method (Aslam Noor, M., 2008; Aslam Noor, M., 2008), we can construct a correct functional as 
follows: 

u୬ାଵሺxሻ ൌ u୬ሺxሻ ൅ ׬
x
0 ڊ ሺLu୬ሺsሻ ൅ Nu෤୬ሺsሻ െ gሺsሻሻd(2)         ݏ 

Where A is Lagrange multiplier, which can be identified optimally via variational iteration method. The 
subscripts n denote the nth approximation, is considered as a restricted variation. That is (2) ;0 =ߜis called as a 
correct functional. The solution of the linear problems can be solved in a single iteration step due to the exact 
identification of the Lagrange multiplier. The principles of variational iteration method and its applicability for 
various kinds of differential equations are given in (Aslam Noor, M., 2008; Aslam Noor, M., 2008; (Aslam 
Noor, M., 2007; Aslam Noor, M., 2007). For the sake of simplicity and to convey the idea of the technique, we 
consider the following system of differential equations: 

 

ሻݐ௜ሺݔ́ ൌ ƒ௜ሺݐ, ௜ሻ, nUݔ  i= 1,2,3,..., n,            (3) 

 

Subject to the boundary conditions:xi (0)= ci, nU  i=1,2,3,…,n 

 To solve the system by means of the variation iteration method, we rewrite thesystem(3) in the following 
form: 

x́୧ሺtሻ ൌ ƒ୧ሺx୧ሻ൅ gi ሺtሻi=1,2,3,…,n              (4) 

 
 Subject to the boundary conditions:xi (0)=ci,i=1,2,3,…,n and gi is defined in (1). 
 The correct functional for the nonlinear system (3) can be approximated as: 
 

xଵ
ሺ୩ାଵሻሺݐሻ ൌ ଵݔ

ሺ଴ሻሺݐሻ ൅ න ݐ
0 ଵڊ ൬́ݔଵ

ሺ௞ሻሺܶሻ, ƒଵ ቀݔ෤ଵ
ሺ௞ሻሺܶሻ, ෤ଶݔ

ሺ௞ሻሺܶሻ, … , ෤௡ݔ
ሺ௞ሻሺܶሻቁ െ ݃ଵሺܶሻ൰ ݀ܶ, 

 

xଶ
ሺ୩ାଵሻሺݐሻ ൌ ଶݔ

ሺ଴ሻሺݐሻ ൅ න ݐ
0 ଶڊ ൬́ݔଶ

ሺ௞ሻሺܶሻ, ƒଶ ቀݔ෤ଵ
ሺ௞ሻሺܶሻ, ෤ଶݔ

ሺ௞ሻሺܶሻ, … , ෤௡ݔ
ሺ௞ሻሺܶሻቁ െ ݃ଶሺܶሻ൰ ݀ܶ, 

. 

. 

. 

x௡
ሺ୩ାଵሻሺݐሻ ൌ ௡ݔ

ሺ଴ሻሺݐሻ ൅ න ݐ
0 ௡ڊ ൬́ݔ௡

ሺ௞ሻሺܶሻ, ƒ௡ ቀݔ෤ଵ
ሺ௞ሻሺܶሻ, ෤ଶݔ

ሺ௞ሻሺܶሻ, … , ෤௡ݔ
ሺ௞ሻሺܶሻቁ െ ݃௡ሺܶሻ൰ ݀ܶ, 

 

Whereڊi=േ 1 , i= 1,2,3, … , n are Lagrange multipliers 1X , …, nX  denote the restricted variations. 

 Forڊi= 1 ,i= 1,2,3,…,n,we have the following iterative schemes: 
 

xଵ
ሺ୩ାଵሻሺݐሻ ൌ ଵݔ

ሺ଴ሻሺݐሻ ൅ න ݐ
0 ൬́ݔଵ

ሺ௞ሻሺܶሻ, ƒଵ ቀݔ෤ଵ
ሺ௞ሻሺܶሻ, ෤ଶݔ

ሺ௞ሻሺܶሻ,… , ෤௡ݔ
ሺ௞ሻሺܶሻቁ െ ݃ଵሺܶሻ൰ ݀ܶ, 

 
 

xଶ
ሺ୩ାଵሻሺݐሻ ൌ ଶݔ

ሺ଴ሻሺݐሻ ൅ න ݐ
0 ൬́ݔଶ

ሺ௞ሻሺܶሻ, ƒଶ ቀݔ෤ଵ
ሺ௞ሻሺܶሻ, ෤ଶݔ

ሺ௞ሻሺܶሻ, … , ෤௡ݔ
ሺ௞ሻሺܶሻቁ െ ݃ଶሺܶሻ൰ ݀ܶ, 

 
. 
. 
. 
 

x௡
ሺ୩ାଵሻሺݐሻ ൌ ௡ݔ

ሺ଴ሻሺݐሻ ൅ න ݐ
0
൬́ݔ௡

ሺ௞ሻሺܶሻ, ƒ௡ ቀݔ෤ଵ
ሺ௞ሻሺܶሻ, ෤ଶݔ

ሺ௞ሻሺܶሻ,… , ෤௡ݔ
ሺ௞ሻሺܶሻቁ െ ݃௡ሺܶሻ൰ ݀ܶ, 

 
 If we start with the initial approximationxi (0)=ci,i=1,2,3,…,n,then theapproximations can be completely 
determined. Finally we approximate the solution: 
 

xi (t)=lim௡՜∞ ௜ݔ
ሺ௡ሻ ሺݐሻ by the nth termx୧

ሺ୬ሻሺݐሻi= 1,2,3,…,n 
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Solution Of Integro Differential Equations: 
 We consider the linear boundary value problem for the higher-order integro differential equation 

y(n) (x) = g(x) +f(x)y(x)+ڊ ׬
ݔ
0 K(x,t) y (t) dt,           (5) 

 
With initial conditions 

 
 
                                                                                  (6) 
 
 We consider the transformation 
 

ሻݔሺݕ ൌ ,ሻݔଵሺݕ
ௗ௬

ௗ௫
ൌ ,ሻݔଶሺݕ

ௗమ௬

ௗ௫మ
ൌ …ሻݔଷሺݕ ,

ௗሺ೙షభሻ௬

ௗ௫ሺ೙షభሻ
ൌ  ሻ          (7)ݔሺ  ݕ

 
 
 We rewrite the above higher-order boundary value problem as a system of differentialequations: 
dyଵ
dx

 ൌ   yଶሺݔሻ, 

 
dyଶ
dx

 ൌ   yଷሺݔሻ, 

. 

. 

. 
 
dy୬
dx

 ൌ  ݃ሺݔሻ ൅ ƒሺݔሻݕଵሺݔሻ ൅ڊ න
ݔ
,ݔሺܭ0  ,ݐሻ݀ݐଵሺݕሻݐ

 
 With initial conditions: 
 
y1ሺ0ሻሺxሻൌαo, y2ሺ0ሻሺxሻൌα1,…, ynሺ0ሻ ሺxሻൌαn‐1 

 The above system of differential equations can be written as a system of integralequations with Lagrange 
multipliersڊi= 1  ,i= 1,2,3,…,n 
 

yଵ
ሺ୩ାଵሻሺݔሻ ൌ ଵݕ

ሺ௢ሻሺݔሻ ൅ න
ݔ
݋ ଶݕ

ሺ௞ሻሺݏሻ݀ݏ, 

yଶ
ሺ୩ାଵሻሺݔሻ ൌ ଶݕ

ሺ௢ሻሺݔሻ ൅ න
ݔ
݋ ଷݕ

ሺ௞ሻሺݏሻ݀ݏ, 

. 

. 

. 

y୬
ሺ୩ାଵ ሻሺݔሻ ൌ ଵݕ

ሺ௢ሻሺݔሻ ൅ න
ݔ
݋ ൤݃ሺݏሻ ൅ ƒሺݏሻݕଵ

ሺ௞ሻሺݏሻ ൅ڊන
ݏ
݋ ݇ሺݏ, ଵݕሻݐ

ሺ௞ሻሺݐሻ݀ݐ൨  ݏ݀

 
 For example with k = 0  we obtain 
 

yଵ
ሺଵሻሺݔሻ ൌ ௢ߙ ൅ න

ݔ
݋ ݏଵ݀ߙ ൌ ௢ߙ ൅  ,ݔଵߙ

 

yଶ
ሺଵሻሺݔሻ ൌ ଵߙ ൅න

ݔ
݋ ݏଶ݀ߙ ൌ ଵߙ ൅  ,ݔଶߙ

. 

. 

. 

y୬
ሺଵ ሻሺݔሻ ൌ ௡ିଵߙ ൅ න

ݔ
݋ ൤݃ሺݏሻ ൅ ƒሺݏሻߙ௢ ൅ڊ න

ݔ
݋ ݇ሺݏ, ൨ݐ௢݀ߙሻݐ  .ݏ݀

 
 

 

yሺ0ሻ ൌ α0 , ỳሺ0ሻൌα1,…,yሺn‐1ሻ ሺ0ሻ ൌ αn‐1, 
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Applications: 
Example1: 
 Consider the following integro differential equation 

y୧୴ሺݔሻ ൌ ሺ1ݔ ൅ expሺݔሻሻ ൅ 3 expሺݔሻ ൅ ሻݔሺݕ െ න
ݔ
݋  ݐሻ݀ݐሺݕ

 
 With boundary conditions: 
 
yሺ0ሻൌ1,y'ሺ0ሻൌ1,yሺ1ሻൌ1൅e,y"ሺ1ሻൌ2e 
 
 The exact solution for this problem is: y(x) = 1 + xex 

Using the transformation  y1 = y , y2 = y’ , y3 = y’’ , y4 = y’’’ 

We rewrite the above problem as a system of differential equations: 
 

ە
ۖۖ
ۖ
۔

ۖ
ۖۖ

ۓ
dyଵ
dx

ൌ yଶሺxሻ,

dyଶ
dx

ൌ yଷሺxሻ,

dyଷ
dx

ൌ yସሺxሻ,

dyସ
dx

ൌ xሺ1 ൅ expሺxሻሻ ൅ 3 expሺxሻ ൅ yଵሺxሻ െ න
x
o yଵሺtሻdt.

 

 
 The above system of differential equations can be written as asystem of integralequations with Lagrange 
multipliersڊi= 1   i = 1,2,…,n 
 

yଵ
ሺ୩ାଵሻሺݔሻ ൌ ଵݕ

ሺ௢ሻሺݔሻ ൅ න
ݔ
݋ ଶݕ

ሺ௞ሻሺݏሻ݀ݏ, 

 

yଶ
ሺ୩ାଵሻሺݔሻ ൌ ଶݕ

ሺ௢ሻሺݔሻ ൅ න
ݔ
݋ ଷݕ

ሺ௞ሻሺݏሻ݀ݏ, 

 

yଷ
ሺ୩ାଵሻሺݔሻ ൌ ଷݕ

ሺ௢ሻሺݔሻ ൅ න
ݔ
݋ ସݕ

ሺ௞ሻሺݏሻ݀ݏ, 

 

yସ
ሺ୩ାଵሻሺݔሻ ൌ ସݕ

ሺ௢ሻሺݔሻ ൅ න
ݔ
݋ ൤ݏሺ1 ൅ expሺݏሻሻ ൅ 3 expሺݏሻ ൅ ଵݕ

ሺ௞ሻሺݏሻ െ න
ݏ
݋ ଵݕ

ሺ௞ሻሺݐሻ݀ݐ൨  .ݏ݀

 
Withy1

(0)=1,y2
(0)=1,y3

(0)=A, y4
(0)=B 

 Consequently, we obtain the following approximations: 
y1ሺ1ሻൌ1൅x               y2ሺ1ሻൌ1൅Ax 

y3ሺ1ሻൌA൅Bx                            y4ሺ1ሻ ൌB൅xexpሺxሻ൅2expሺxሻ൅x൅1 

yଵ
ሺଶሻ ൌ 1 ൅ ݔ ൅

ଶݔܣ

2
 

 

yଶ
ሺଶሻ ൌ 1 ൅ ݔܣ ൅

ଶݔܤ

2
 

 

yଷ
ሺଶሻ ൌ ܣ ൅ ݔܤ ൅ ሻݔሺ݌ݔ݁ݔ ൅ 3 expሺݔሻ ൅

ଶݔ

2
൅  ݔ

 

yସ
ሺଶሻ ൌ ܤ ൅ ሻݔሺ݌ݔ݁ݔ ൅ 4 expሺݔሻ ൅ ݔ ൅

ଶݔ

2
െ
ଷݔ

6
 

. 

. 

. 
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Using the boundary conditions at  x = 1, we have 
A = 1.999999953,  B = 3.00000151 
 
Table 4.1.1: Numerical comparison of the exact solution versus the approximation method. 

x  Exact solution  VIM  Error  
0  1.00000000  1.00000000  0.0000  

0.1  1.11105170  1.11105170  2.0E - 9  
0.2  1.24428055  1.24428054  1.5E - 9  
0.3  1.40495764  1.40495760  4.0E - 8  
0.4  1.59672987  1.59672985  2.1E - 8  
0.5  1.82436063  1.82436060  3.2E - 8  
0.6  2.09327128  2.09327006  1.2E - 6  
0.7  2.40962689  2.40962585  1.4E - 6  
0.8  2.78043274  2.78043070  2.0E - 6  
0.9  3.21364280  3.21364261  1.9E - 7  
1  3.71828182  3.71828180  2.0E - 9  

 
4.2 Example2: 
 Consider the following integro differential equation 
 

y୧୴ሺݔሻ ൌ 1 ൅න
ݔ
݋ expሺെݔሻ ݕ

ଶሺݐሻ݀ݐ 

 
 With boundary conditions: 
 
yሺoሻൌ1 , y'ሺoሻൌ1 , yሺ1ሻൌe , y"ሺ1ሻൌe 

 The exact solution for this problem is: y(x) = exp(x). 
Using the transformation y1 ൌ y , y2 ൌ y’ , y3 ൌ y’’ , y4 ൌ y’’’ 

 We rewrite the above problem as a system of differential equations: 
 

ە
ۖۖ
ۖ
۔

ۖۖ
ۖ
ۓ

dyଵ
dx

ൌ yଶሺxሻ,

dyଶ
dx

ൌ yଷሺxሻ,

dyଷ
dx

ൌ yସሺxሻ,

dyସ
dx

ൌ 1 ൅ න
x
o expሺെxሻ yଵ

ଶሺtሻdt.

 

 
 The above system of differential equations can be written as asystem of integralequations with Lagrange 
multipliers ڊi= 1   i= 1,2,…,n 
 

yଵ
ሺ୩ାଵሻሺݔሻ ൌ ଵݕ

ሺ௢ሻሺݔሻ ൅ න
ݎ
݋ ଶݕ

ሺ௞ሻሺݏሻ݀ݏ, 

 

yଶ
ሺ୩ାଵሻሺݔሻ ൌ ଶݕ

ሺ௢ሻሺݔሻ ൅ න
ݔ
݋ ଷݕ

ሺ௞ሻሺݏሻ݀ݏ, 

 

yଷ
ሺ୩ାଵሻሺݔሻ ൌ ଷݕ

ሺ௢ሻሺݔሻ ൅ න
ݔ
݋ ସݕ

ሺ௞ሻሺݏሻ݀ݏ, 

 

yସ
ሺ୩ାଵሻሺݔሻ ൌ ସݕ

ሺ௢ሻሺݔሻ ൅ න
ݔ
݋ ൤1 ൅න

ݏ
݋ expሺെݏሻ ଵݕ

ሺ௞ሻሺݐሻሻଶ݀ݐ൨  ,ݏ݀

 
 Withy1

(0)=1 , y2
(0)=1,y3

(0)=A, y4
(0)=B 

 Consequently, we obtain the following approximations: 
y1ሺ1ሻൌ1൅x               y2ሺ1ሻൌ1൅Ax 
 
y3ሺ1ሻൌA൅Bx               y4ሺ1ሻ ൌB൅expሺ‐xሻ൅2x‐1 
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yଵ
ሺଶሻ ൌ 1 ൅ ݔ ൅

ଶݔܣ

2
 

 

yଶ
ሺଶሻ ൌ 1 ൅ ݔܣ ൅

ଶݔܤ

2
 

 
yଷ
ሺଶሻ ൌ ܣ ൅ ݔܤ െ ሻݔሺെ݌ݔ݁ ൅ ଶݔ ൅ 1 
 
yସ
ሺଶሻ ൌ ܤ ൅ ଶݔ expሺെݔሻ ൅ ሻݔሺെ݌ݔ݁ݔ6 ൅ 11 expሺെݔሻ ൅ ݔ6 െ 6 

. 

. 

. 
 

Using the boundary conditions at x = 1, we have  
 
Table 4.2.1: Numerical comparison of the exact solution versus the approximation method. A = 0.99708595  ,  B = 1.0109940. 

x  Exact solution  VIM  Error  
0  1.00000000  1.00000000  0.0000  

0.1  1.10515818  1.10515817  1.1E - 8  
0.2  1.22140227  1.22140225  2.0E - 8  
0.3  1.34985880  1.34985778  1.2E - 6  
0.4  1.49182469  1.49182437  3.2E -7  
0.5  1.64872127  1.64872034  9.3E -7  
0.6  1.82211880  1.82211777  1.0E - 6  
0.7  2.01375270  2.01375078  1.9E - 6  
0.8  2.22554092  2.22554083  9.0E - 8  
0.9  2.45960311  2.45960310  1.0E - 8  
1  2.71828182  2.71828153  2.9E -7  

 
Concolusion: 
 In this paper, variational iteration method was successfully deduced for solving high-orderintegrodiffrential 
equations. The numerical results in the tables show that the present method provides highly accurate numerical 
solutions for solving this type of equations. 
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