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Abstract: In this paper, the existence and uniqueness of coupled fixed point for mapping having the
mixed monotone property in partially ordered metric spaces which endowed with vector-valued
metrics are given.
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INTRODUCTION

Let X be a nonempty set. A mapping d : X xX — R™ is called a vector-valued metric on X if the
following properties are satisfied:

1. d(X,y) >0 foreach X,y e X ;if d(X,y)=0,then X=y;

2. d(x,y)=d(y,x) foreach X,y e X ;

3. d(x,y)<d(x,2)+d(z,y) foreach x,y,ze X .

A set X equipped with a vector-valued metric d is called a generalized metric space and denoted by
(X,d).By M (R") we mean that the set of all Mx M matrices with positive elements. We denote by

® the zero matrix, and by | the identity mxm matrix. Let A € M m.m (R¥), A issaid to be convergent to

zero ifand only if A" — 0 as N —> oo (for more details see (R.S. Varga, 2000).

Let , feR", a=(ay, 0y, ,), B=(B,Bo.++, ), and CeR.By a < f (resp. a < f3)
we mean that ; < f3, (resp. @; < 3,) foreach 1<i<m,andby @ <cC (resp. @ <C)for 1<i<m.

Notice that for the proof of the main results, we need the following equivalent statements

1. A is convergent towards zero;

2. A" >0 as n—oo;

3. The eigenvalues of A are in the open uint disc, that is, |A|<1, for each Ae€C with
det(A-Al1)=0;

4. The matrix | — A is nonsingular and

(I=A)"=1+A++ A"+

5. A"g—>0 and gA" — 0 as N —> oo, foreach q € R™.

Where the proof of the above statements are the classical results in matrix analysis (for more details see (G.
Allaire and S. M. Kaber, 2008; R. Precup, 2009) and I.A. Rus, 1979).

Definition 1.1:
(T. Gnana Bhaskar, V. Lakshmikantham, 2006). Let (X,<) be a partially ordered set and

F:XxX — X . Mapping F is said to be has the mixed monotone property if F(X,Yy) is monotone
nondecreasing in X and is monotone nonincreasing in Y , that is, for every X,y € X,

1. foreach X;, X, € X ,if X, <X, ,then F(X,,y) <F(X,,Y);

2. foreach y,, Y, € X ,if Y, <Y,, then F(X,Y)>F(X,,Y).

Let (X,<) be a partially ordered set and d be a metric on X such that (X,d) is a complete metric

space. The product space X x X is endowed with the following partial order:
for (X, ¥),(u,v)e Xx X, (UVv)<(X,y)< x>u, y<v.
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Definition 1.2:
(T. Gnana Bhaskar, V. Lakshmikantham, 2006). Let (X,<) be a partially ordered set and

F:XxX — X.Anelement (X,y)e X x X is said to be a coupled fixed point of the mapping F, if
F(x,y)=xand F(y,x)=X.

Gnana Bhaskar and Lakshmikantham in (T. Gnana Bhaskar, V. Lakshmikantham, 2006), proved the
following important Theorem:

Theorem 1.3:
[3, Theorem 2.1]Let (X,<) be a partially ordered set and suppose that there exists a metric d on X

such that (X,d) is a complete metric space. Let F: X x X — X be a continuous mapping having the
mixed monotone property on X . Assume that there exists a kK € [0,1) with

d(F(x,y),F(u,v)) < g[d(x,u),d(y,v)],

forall X>Uu and Y <V. If there exist two elements X,, Y, € X with
XO < F(X07 yO) and yO 2 F(X07 yO)

Then there exist X,y € X such that
x=F(x,y) and y=F(y,x).

2 Main Results:
Theorem 2.1.:

Let (X,d) complete generalized metric space, and F : X x X — X be a continuous mapping having

the mixed monotone property on X . Assume that there exists A € M (R,), A =1 be anonzero matrix

converging to zero whit:
d(F(x,y),F(u,v)) < Ald(x,u)+d(y,Vv)], X>U,y<v.

If there exists X,, Y, € X such that X, < F(X,,Y,) and Y, = F(Y,,X,). Then, there exists X,y € X
such that X = F(X,Y),y = F(y, X).

Proof. Since X, < F(Xy,Y,) =X and Y, >F(Y,,X,) =X . Suppose that X, = F(X,Y;) and
Y, = F(Yy,,X,), we denote
F2 (Yo, %) = F(F (Yo, %), F (X, ¥0)) = F(¥1, %) = V.

By this notation, due to the mixed monotone property of F , we have
Xy = FZ(Xov Yo) = F (X0, Y1) 2 F (X, Vo) = Xy,

and
yZ = Fz(yO’XO) = F(yl’xl) < F(yO’XO) = yl'

Further, for n =1,2,..., we let

X = Fn+l(X01 Yo) = F(Fn(XO! Yo); Fn(yo'xo))a
and

Yo == F"™ (Y51 %) = F(F" (Y5, %) F" (X1 ¥o))-
We can easily verify that

XO S F(XO’ yO) = Xl S FZ(XO’ yO) = XZ S "'S FrHl(XO’ yO) S"'1
and

Yo = F (Yo%) = Y1 2 F2(Yoi %) = ¥, 2. 2 F™ (g, %) > o
Now, we claim that, for ne N ,

4 (F™ (5, Y0), F" (%1 ¥0)) < A"TA(F (5, Yo). %) + A (F (¥, %9), Yol @y
and
d(F" (Yo, %), F" (Yo, %)) < A"[d (F (Yo, Xo). ¥o) + d (F (%o, Yo). X,)]. (@2)
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Indeed, for N =1, by using of F(X,,Y,) = X, and F(Y,,X,) <Y, we have
d(F*(Xg, o) F(X,¥ ) =d (F(F (X, Y o) F (Y0, X)) F (X0, Y0))
<A (F (X0, Y 0)Xo) +d (F(y:X0)) +d (F(Y,X0) Y )]
Similarly,

d(F* (Yo Xo) F(Y0:X0)) =d (F(F (Y0, X0), F (X0, Y0)) F (¥, X))
=d(F(yo’xo)’F(F(yovxo)vF(Xo’yo)))
SALA(F(Yo,X0)s Y o) +d (F (X, ¥0)iXo)]

Then by induction, the relations of (2.1) and (2.2) hold. By F"(X,,Y,)>F"(X,,y—0) and

F™™ (Yo, Xo) < F" (Y4, X,) , We have

d (Fn+2(xo’yo)an+l(Xoryo)) =d (F(Fn+l(Xo,y0),Fn+l(y0,xo))’F(Fn(XO’yO)’Fn(yO’XO)))
<A[d (Fn+l(Xo'yo)'Fn(xo'yo))"‘d (Fn+l(y0'xo)’Fn(y0’X°))]
<A (F (Xq,Y o), X o) +d (F (Y4,X,), Y o)1

Similarly, we can show that
d(F™ (X, Yo)s F™ (Yor o)) < A™d (F (Xg, Yo), Xo) +d (F (Yo, %) ¥o)]-
This implies that {F " (X,, ¥,)} and {F " (y,, X,)} are cauchy sequences in X . Indeed, let m > n, then
d(F™ (X, Yo)s F" (X, ¥o)) A (F ™ (%o, Yo), F™ (X, ¥o))
et d (F" (X0, Y o). F " (X0, Y 0))
SATTHAT L+ AN (F (X, )X o) +d (F (Y 6,X0), Y o)]
(A"

—A™)
W[d (F(X0,Y0):Xo) +d (F(Y4,%), Y o)l

n

A 19 (F (XY o) Xo) +d (F (Yo, Xo). ¥ o)l

Similarly, we can verify {F"(Y,, X,)} is also cauchy sequence.

<

Since X is complete metric space, hence there exist X,y € X such that limn_.. F" (X, Y,) = X and

limm-, F" (Y5, %) = Y.
Finally, we claim that F(X,y) = x and F(y,X) =Y. Let £ >0. Since F is continuous at (X, Y), for

a given §>0, there exists o0 >0 such that d(x,u)+d(y,v)<d implies that
d(F(x,y),F(u,v))<%>0.

. o
Since F"(X,,Y,) = X and F"(y,,%,) >y, for n = mln(g,a) , there exist N, m, such that for

n=n,, m=m,,
d(F"(Xo,Yo).x)<n and d(F"(yoX,).y)<n.

Now, for n € N, where n > max{n,,m,},
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d(F(x,y),x)<d(F(x,y),F"(Xq,¥))+d (F™ (X4, ¥,),X)
=d(F(X’Y)xF(Fn(Xo’yo)aFn(yovxo)))+d(Fn+l(xo’yo)’x)

&
<—+n<e.
5 n

This implies that F (X, y) = X. Similarly, we can show that F(y, x) = y.

Now we are going to prove that the coupled fixed point is unique, provided that the product space X x X
endowed whit the partial order mentioned earlier has the following property:

(i) Every pair of elements has either a lower bounded or upper bounded.
It is known that this condition is equivalent to:

For every (X,Y),(X',y") e X x X, there exists (2,,2,) € X x X that is comparable to (X, y) and
Xy,

Theorem 2.2.:

Adding condition (i) to the hypothesis of Theorem 2.1, we obtain the uniqueness of coupled fixed point of
F.

Proof. If (X, y") € X x X is another coupled fixed point of F , then we show that
d((x,y),(x",y)) =0,

where [imn.. F"(Xg, Yo) = X and limmowe F™ (Yo, X,) = .
We consider two cases:

Case 1: If (X,Yy) is comparable to (x*,y*) whit respect to ordering in X x X , then for every
n>1,(F"(x,y),F"(y,x)) = (X,y) iscomparableto (F"(x ",y ),F"(y",x))=(x",y").Also,
d((x,y),(xy)=dx,x)+d(y,y")
=d(F"(x,y),F"(x",y N+d(F"(y,x),F"(y",x"))
<A ((x,y), (< y )]
But A= | thisimplies that d((X, y),(x",y")) =0.
Case 2: If X=(X,Y) is not comparable to X' = (x . y *), then there exists an upper bounded or lower
bounded z=(z,,z,)e XxX of X, X. Then for all n=0,1,2,.., F"(z,2,),F"(z,,z) is

comparable to (F"(X,y),F"(y,X))=(x,y) and (F"(X",y"),F"(y,x))=(X",y"). Therefore we
have

d (O, Y)Yy N <d((F Yy ) F @y, x)), (F (x 7y ), F (y . x))
<d(F"(x,y),F"(y,x).(F"(z,,2,),F"(z,,2,))
+d ((F"(21,2,),F"(2,,2)), (FX 7y ), F (y ", x 7))
<A ((x,z)+d (y,z,))]+[d (2, x)+d (z,,¥ )]

If N — oo then A" — 0, thus d((x, y), (X", y")) =0.

Theorem 2.3.:

In addition to the hypothesis Theorem 2.1, suppose that every pair of elements of X has an upper
bounded or lower bounded in X . Then X = Y.

Proof. Case 1: If X is comparableto Yy ,then X = F (X, y) is comparableto y = F(X,y) and we have
d(x,y) =d(F(x,y),F(yh,x))<Ad(x,y),

and since A # | , this implies that d(x,y) = 0.

Case 2: If X is not comparable to Yy, then there exists an upper bounded or lower bounded of X and Yy .
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Therefore there exists Z € X such that it is comparable to X and Y . Suppose that X <z, y <z. Then, we
have F(X,y)<F(z,y), F(x,y)>F(x,z), F(y,X)<F(z,x) and F(y,x)>F(y,2).

This yields, by the mixed monotone property of F*(x,y)<F?%(z,y), F*(y,x)<F?%(z,x),
F2(x,y) > F%(x,z) and F?(y,x) > F*(y,z).

Similarly relations can be shown to hold for any n > 2 too. Now, consider
d(x,y)=d(F"(x,y),F"(y,x))
=d(F(F"(x,y),F"(y.x))
=d(F(F"(x,y),F"(y. x)),F(F"(y.x),F"(x,y))
<d(F(F"(x,y),F"(y.x)),F(F"(x,z),F"(z.,x))
+d (F(F"(x,z),F"(z,x)),F(F"(y.x),F"(x,y)))
<d(F(F"(x,y).F"(y.x)),F(F"(x,z),F"(z.,x))
+d(F(F"(x,z),F"(z,x)),F(F"(z,x),F"(x,z2)))
+d (F(F"(z,x),F"(x,2))),F(F"(y.x),F"(x,y))).

By Using of the contractivitiy condition on F we have

d(x,y)<A[d(F"(x,y),F"(x,z))+d(F"(y,x),F"(z,x))
+d(F"(x,z),F"(z,x))+d(F"(z,x),F"(x,2))
+d ((F" (2, x),F"(y, x))+d (F"(x,z),F"(x,y))]
<AM((F"(x,y),F"(x,z))+d(F"(x,z),F"(z,x))+d (F"(z,x),F"(y,x))].

Thus d(X, y) < A"'[d(x,z)+d(z,y)] =0 as n — o, sothat d(x,y)=0.
Alternatively, if we know that elements X, Y, are such that X; <'Y,, then we can also demonstrate that
the components X and Yy of the coupled fixed point are indeed the same.

Theorem 2.4.:
In addition to the hypothesis Theorem 2.1, suppose that X,, Y, in X are comparable. Then X =Y.

Proof. Let X, and Y, be as Theorem 2.1. We claim that, forall n e N, X, <Y, . We show that this by

induction. Indeed, by the mixed monotone property of F we have
Xl = F(XO' yO) S F(yO’XO) = yl'
Assume that X, <Y, for some N. Now, consider

X1 = F " (X0, Y o) =F(F (X0, Vo) F (Yo X)) = F (X, Yo ) SF (Y0 X0) = Y e

£
Hence, X, <y, forall n. For a given &> 0, there exists N, € N such that d(x, F"(X,, Y,)) < 2

and d (X, F" (Y, X%,)) <§ forall n>n,, and
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d(x,y)<d(x,F"(X,Y)+d (F"(Xg,¥o).Y)
<d (X, FM (X0, Y o)) +d (F (X, Y o), F (Y0, X0)) +d (F™ (Y 0, %), )

<§+d(F(F“(xo,yo),F”(yo,xo)),F(F“(yo,xo),F”(xo,yo»)+§

s§+Ad (F (Y0, Xo) F" (X4, Y4))

&

SSHAI(F (760 ) +d (X, ) +d (X F (X0, ¥ )]
<g+Ad(x,y).

This implies that (I —A)d(X,y) <&, which in turn leads to d(X,y) =0, hence we have X =Y.
Similarly, if X, = Y, , then it is possible to show that X, >y, forall n and therefore d(x,y) =0.
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