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Abstract: In this paper we suggest one of the models for non-linear autoregressive with hyperbolic
triangle function. We used the local linearization approximation method to transform the model to a
linear model. Also we initiated study models of low order to find the singular point and it's stability
conditions and limit cycle and then we generalized the method to the model of general order of order p.
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INTRODUCTION

We study a non-linear time series models because most of the phenomenon that study in a non-linear
behaviour behave. In the field of discrete time non-linear time series modeling, there are many different types of
a non-linear model which could be considered such as bilinear model (Priestley (1978), Rao (1977)),
exponential autoregressive model (Ozaki and Oda (1977)) and threshold model (Tong (1979)) studies this
models to find his statistical properties.

The linear autoregressive models of time series are stable if all the roots of the characteristic equation lies
inside the unit circle.

In (1985) Ozaki proposed the method of local linearization approximation to find the stability of a non-
linear exponential autoregressive models.

In (1986) Tsay R.S. studied the stability of non-linear time series. In (1988) Priestley M.B. studied the non-
stability and non-linear time series. In (1990) Tong H. studied the dynamical system with stability of non-linear
time series.

In this paper we study the stability of a non-linear autoregressive model with hyperbolic triangle function
by using the local linear approximation method to transform the model from non-linear model to a linear model.
We were initiated using the models of order one , two and three. Finally we reached to the stability of singular
point and the stability condition for limit cycle of general model of order p and gave some examples to explain
this method.

Basic Concepts Of Time Series:

Definition 1:
A time series is a set of observations measured sequentially through time. These measurements may be
made continuously through time or be taken at a discrete set of time points (Chatfield,2000).

Definition 2:
The autoregressive model of order p is satisfies the following equation:

X+a X +a, X ,+.+a, X =Z,

Where {Z,} is a white noise and @,,8,,......... ,,, are real constants (Chatfield,2004).
Definition 3:
The exponential autoregressive model of order p, EXPAR(P) is defined by the following equation
X, = (¢1 + e )x,_l F oot (¢p + 7 e )x,_p +Z,
Where {Z,} is a white noise and @,....... N/ S , 7T, are the parameters of the model (Ozaki and
0Oda,1978).
Definition 4:

The bilinear model of order (p,q,m,s) is satisfies the equation
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Wherep, q, m and s are nonnegative, and (&, ) is a sequence of independent identically distributed random
variables and @, ....... s D3 Olyenennn. 00 B Vi=1....mVj=1,...8 are the parameters of the model.
(Tsay,2010).

Definition 5:
The polynomial autoregressive model of order p is defined as the following equation

y®) = p(y(t =1serveos Yt = )2t =D),.....o0, 2(E = ) + Z,
Where {Zt} is a white noise and P(.) is a polynomial of order q (Chen and Billings,1989).

Definition 6:
A singular point X, = f(thl,thz, ...... ,thp) of is defined as a point which every trajectory of

X, = f (thl, Xi_ggeeneer R thp) beginning sufficiently near it approaches either for t — o0 or for t — —o0 . If
it approaches it for t — 00 we call it stable singular point and if it approaches it for t — —o0 we call it

unstable singular point.
Obviously a singular point § satisfies { = f (é’ ) (Ozaki, 1982).

Definition 7:
A limit cycle of X = f(XH,X,[fz, ...... ,X,[fp) is defined as an isolated and closed trajectory

Xipgo Xiigseeeee > Xi+q Where q is a positive integer. Closed means that if initial values (Xl, ..... > X, )belong to the

limit cycle then (X Xy kgaeeeee » X, +kq)=(Xl, ....... ,Xp)for any integer k. Isolated means that every

1+kq>
trajectory beginning sufficiently near the limit cycle approaches either for t —> oor for t — —oo. If it
approaches it for t — 00 we call it stable limit cycle and if it approaches it for t — —00 we call it unstable
limit cycle (Ozaki,1982).

Theorem 1:
2
Let {Xt }be expressed by the exponential autoregressive model of order one X, = (¢1 + ﬁle_x“l )XH + &

A limit cycle of period q X, X, |, X 550000 X, q of the model is orbitally stable if L.
For the prove see (Ozaki,1982). t
Definition 8:
A non-linear autoregressive model of order p (the proposed model) is defined by
P
X, = Zl ¢ sinh(x,_,)] Xt—i +Z,
i=
Where {Z,} is a white noise process and @,....... ,@, are the parameters(real constant) of the model.
Resuts:

The Stability of the Proposed Model:

In this section, we shall study the stability of a non-linear autoregressive model with hyperbolic triangle
function with low order such that p=1,2,3 and then we generalized this idea to the general model of order p.

Let the non-linear model defined by the following equation

P .
Xe=2 4 Sinh(x’[—l)]lxt—i +Z, M

i=1

Let p=1 in equation(1), then we have NAR(1)

160



Aust. J. Basic & Appl. Sci., 6(13): 159-166, 2012

X, =[¢sinh X | IX,_, +Z, )
By using the definition of singular point{ = f (g“ ) and suppose that the white noise is not effect that is

mean Z, =0.

Then & =[¢ sinh($)]¢

If ( #0) and (¢ #0).Then = sinh_l(é) 3)
¢ _a ¢

Or equivalently § =[¢ (%)]é’

Then §'=ln{¢%(1$\/1+¢12)} 3)

Therefore, the non-zero singular point exist if {71] (AFJ1+¢1)}00.

The Stability Condition For The Singular Point:
We will find the stability condition for the non-zero singular point as follows :

Put X, =& + & for s=t,t-1 , in equation (2), and suppose that the white noise is not effect that is mean

Z, =0, then we have:

¢+ =¢lsinh(C +¢ )N+ )

or £ +¢, :[%(e(ﬁiu) _e—<./;+4,,,))](§ +&0) )
Then &, = @[ cosh($) +sinh($)]S, (5)

|
Since we have ¢ = sinh 1(—)
1

Then ¢, =[¢, sinh™' ) cosh(sinh™ G +11¢
Or ¢, =h¢,, ,whereh, =[gsinh™ (;-)cosh(sinh™'(;-)) +1] (6)

Equation (6) is a first order linear autoregressive model which is stable if the root of the characteristic
equation lies inside the unit circle.
ie.if || o1

The Stability Condition Of The Limit Cycle:
Let the limit cycle of period q of the proposed model in the equation (2) has the form

Xis Xipps Xigpoeeeees s Xivg = % .The points X, near the limit cycle is represented as X, = X, + ¢ s » then replaced

X, and X,_,by X, + ¢, and X,_, + &,_, and suppose that the white noise is not effect that is meanZ, = 0.
Respectively, then we have

X’( + é’t — [% (e(xt-1+§t-1) _ e_(x‘_l+;t_]))](x,[71 + é’t—l) (7)
Therefore
¢y = ¢ (sinh X, + X, coshX,_,)¢, ®)

The equation (8) is a linear difference equation with a periodic coefficient, which is difficult to solve
analytically.

of (8) converges to zero or not, and this can be checked by seeing whether §, We want to know is whether

ggq is less than one or not (Ozaki,1985).
Let t=t+q in equation (8).
Then §t+q = ¢1 (Sil’lh Xt+q—1 + Xt+q—1 COSh X’(+q—1)§t+q—1 (9)
q
Crg = H¢1(Smh Xesiot + Xeyiog COSh X )G, (10
i=1
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Then we need theorem1that equation (10) is orbitally stable if LI DI
t
c q
t+ .
Then |7 = ngﬁl(smh Xeyiog + X cosh X, D0 1.
i=1
For p=2 in equation(1), then we have NAR(2):
X, =[@sinh X, 1X,_, +[¢ sinh®x_ ]x_, +Z, (12)

By using the definition of singular point { = f (é’ ) and suppose that the white noise is not effect that is
mean Z, =0.

Then ¢ =[¢; sinh(¢)I¢ +[¢; sinh*({)1¢

The singular points of the model in equation(12) are

¢ =sinh™ (AR (13)

The Stability Condition For The Singular Point:
We will find the stability condition for the non-zero singular points of equation(12) as follows :

Put X, = + & for all s=t,t-1,t-2 , and suppose that the white noise is not effect that is mean Z, =0,
then we have:

CHg =aee s —e g g )

. (14)
+[¢Tz ((e“*f‘*‘) g€ yglé ) _e—<¢+4t,1>))](é~ +&)

Then

&, =[#¢ cosh({) + ¢ sinh(&) + 2454 sinh(¢) cosh()]E, , +[¢5 sinh* ()¢S, ,

Or
¢ =hg ,+hd,, (15)

Where

h, =[4¢ cosh({) + ¢ sinh({) + 2¢; ¢ sinh(¢) cosh(¢)],

h, =[¢; sinh*()]

Then equation (15) is a linear model of order two which have characteristic equation of the form,
2

vi-hv-h,=0

Then h, = (4, + 4,),h, =-4,4,

Where A4, 4, are the roots of the characteristic equation of the model.

The stability condition is that |ﬂ,|| [11; for all i=1,2 .

The Stability Condition Of The Limit Cycle:
Let the limit cycle of period q of the proposed model in equation (12) have the form

Xis Xis1s Xiipseeeees X1q = ¥; - The points X  near the limit cycle is represented as X; = X, + ¢, then replaced

X, X_jand X_, by X + é’t , X + é/H and X,_, + é’Fz and suppose that the white noise is not effect that

ismean Z, =0, then we have

X+ =% (e(XH*;H) _e—<x[,l+4,1>)](xt_l +&)

16
+ [% ((e(xH%H) _ ef(xH+§(71))(e(x171+§4) _ ef(xtfwétf])))](xt_z + é,t—z) (16)
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Then
¢ =[# %, cosh(x,_,) + ¢ sinh(X,_,) + 2¢22 sinh(X,_,)cosh(X,_ )X _,1¢,

+[¢; sinh’(x_)I¢

The equation (17) is a linear difference equation with a periodic coefficient, which is difficult to solve
analytically.

We want to know is whether &, of (17) converges to zero or not, and this can be checked by seeing whether

;H—q
St

Let t=t+q in equation (17).

)

is less than one or not (Ozaki,1985).

é,t+q = [¢1Xt+q—1 COSh(XHq—l) + ¢1 Sinh(xt+q—1) + 2¢22 Sinh(x'uq—l)COSh(XHq—l)XHq—z ]é,t+q—1

2 212 (18)
+[¢2 Slnh (Xt+q—1)]§t+q—2
q
H[¢1 Xt+i—l COSh(XI+i—1) + ¢1 Sinh(xt+i—l) + 2¢22 Sinh(xtJri—l)COSh(xtJri—l )Xt+i—2]
Cea=| T ¢ (19)
+] ¢ sinh® (xi20)]
i=1
Then we need theorem1that equation (19) is orbitally stable if ﬁ <1.
t
Therefore
q
[fX,.i- cosh(X,,;,) + ¢ sinh(X,;,) + 24 sinh(X,,;_ ) cosh(X,,i_ )X ]
qu _ i=1
e 01 (20)
+] ¢ sinh® (%))
i=1
For p=3 in equation(1), then we have:
X, =[gsinh X ]X,, + [¢22 sinh’ Xt %o + [¢33 sinh’ X115 + 2, (21)

Then ¢ =[¢; sinh(¢)1¢ +[4; sinh®({)IC +([4; sinh’ (]S -

Then, we divided above equation on singular point § # 0.

Therefore, we get equation of three order and by using reference (Al-Azzawi,2012), we get that
2

Let a, b and c are real constants such that a = Z—ﬁ, b= Z—‘S,C = —j}
3 3 3

g=c—lab+2a’

_ 2 4 K3 _2 1 A2K2 4 A3

A=c”+4£b’ —2abc—5-a’b” +5-ac

Case oneif A=0

Then we gets three real roots and we find it by

X, =—23\/§—§,x2 =X, =3\/§—%
Case twoif A 70
Then we gets three different real roots and we find it by

cos = + 27k

X, = 160" — A) cos f —%,kzO,l,z

Case three if A0
Then we gets one real root and two complex conjugate roots and we find it by
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X_3I—Q\/7 SI—Q+\/7_3

[-a-vA -q+/A -q-VA —q+/A
2_ 2(3(1 3Q+ )_+| (3q 3Q+ )
X3=_%(3/7q72x/Z 43 fq;ﬂ)_%_ig@ —q—zﬂ_z —q;ﬂ)

The singular points of the model in equation (21) are that
¢ =sinh™'(x),Vi=1,2,3 (22)

The Stability Condition For The Singular Point:
We will find the stability condition for the non-zero singular points of equation (21) as follows :

Put X, = ¢ + ¢ forall s=t,t-1,t-2,t-3 , and Z, = 0, then we have:

CHg=[hle s —e i+ <)

HE (e —e e —e )+ ) 3)
+[E ((egwa,l gy (gf i _gé by (gf i _g b ))](4 +¢0)

Then
¢, =[#¢ cosh($) + ¢ sinh($) + 2¢22§ sinh(¢")cosh(¢) + 3¢33§ sinh?(¢) cosh Cl16 ., + o
[¢ sinh?($)]E,, + [ sinh* ()¢,

Z =hd,, + 4, + G, ; is alinear model of order three.

Where

h, =[@#,¢ cosh(¢) + ¢, sinh(&) + 265 ¢ sinh({) cosh(¢) + 3¢;¢ sinh* (&) cosh £]
h, =[¢] sinh*({)];h, =[5 sinh*({)]

The characteristic equation of linear model is V> — |’1]V2 -hyv-h,=0

Then

hy =4 +4 + 24,0 ==(44, + A4, + L4).0 = 444,

Where 4,,4,,4; are the roots of the characteristic equation of the model.

The stability condition is that Vi =1,2,3,

Jot

The Stability Condition Of The Limit Cycle:
Let the limit cycle of period q of the proposed model (21) has the form X, X, X, 5,------ s Xi1q = X - The

points X, near the limit cycle is represented as X, = X, + §, then replaced X,, X,_,,X,_,and X,_;by X, + &,

, X+ é’H , X, + é’Pz and X,_; + é’t% and suppose that the white noise is not effect that is mean Zt =0,
then we have

Xt + é’t — [¢1 ( X1 +¢1 _e*XH =i )](Xt—l + é’t—l)—i_

[%((GXH*;H _e*XH*gH )(erl*(H _e*le*;H ))](Xt—Z +é/t—2) (25)
¢3 t— - t t

e e 00, + )
Then

G =[xy coshx, +ysinhx, + 2%, sinh X coshx, +3¢ix, sinh®xcoshx 1, + )
[4 sinh®(%,_)]¢,, +[¢ sinh*(x,_)1¢,
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The equation (26) is a linear difference equation with a periodic coefficient, which is difficult to solve
analytically.
We want to know is whether &, of (26) converges to zero or not, and this can be checked by seeing whether

;Hq

St
Put t=t+q in equation (26).

é’t+q = [¢1Xt+q—l COSh Xl+q—1 + ¢1 Sil’lh Xt+q—1 + 2¢22Xt+q—2 Sinh X’[+q—1 COSh X’[+q_1 +
3¢33Xt+q—3 sinh2 Xt+q—1 COSh X1+q—1]é’t+q—1 + (27)

|:¢22 Sil’lh2 Xt+q—1]é/t+q—2 + [¢33 Sil’lh3 Xt+q—1]§t+q—3

is less than one or not (Ozaki,1985).

. 2 .
é, _ li[[¢lxt+i—l COSh Xt+i—l + ¢1 Slnh Xt+i—l + 2¢2 X1+i—2 Slnh Xt+i—l COSh Xt+i—l +
t+q - 3 . 2
i=1 3¢3 Xt+i—3 Slnh X[+i—1 COSh Xt+i—l ]é’t (28)
q q
2 1.2 3 1.3
+] |[¢; sinh™ X, J¢; +H[¢3 sinh” X, ;_, 16,
i=2 i=3
Then by using theorem1, the model of equation (21) is orbitally stable if C:Hq <I.
t
Therefore
. [f %, cosh X, + @ sinh X, +
2 .
é, H2¢2 X‘[+i—2 Slnh X’(+i—1 COSh X’(+i—1 +
t+q | _ i=1 3 . 2
éf - 3¢3 X1+i—3 Sll’lh Xt+i—l COSh Xt+i—l] U1 (29)
t
q q
2 1.2 3 .13
+ ][4 sinh® x; 1+ [ (¢ sinh’ x,., ]
i=2 i=3
Discussion:
Examples:

In this section we gives tow examples to explain how to find the singular points of the proposed model of
order one, two and the conditions of stability of singular points.
Example(1):

If ¢ =0.5, then the model in equation (2)is X, =[0.5sinh X,_|]1X, , +Z,,

Therefore ¢ = sinhl(é) =sinh™'(2) =1.444

Apply equation (6) we have that §, =2.614¢,_, .

Then, the singular point of the example is not stable because the root of the characteristic equation lies
outside the unit circle.

Example(2):
X, =[-2.222sinh X, ,1X,_, +[0.4447 sinh® X,_,]X,_, + Z,
Then either §, =—0.4208 Or ¢, =3.1531
If £, =3.1531
Then apply equation (15) we have that §, = 62.1884, , +26.91¢4,_,

The characteristic equation of linear model is Vi —62.188v—26.91=0
Then 4, = 62.6,4, = —0.43 are the roots of the characteristic equation of the model.
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Then, the singular point of the example is not stable because one of the roots of the characteristic equation
lies outside the unit circle.

If £, =-0.4208
Then apply equation (15) we have that §, = 2.06¢,_, +0.037¢, _,
The characteristic equation of linear model is V> —2.06v —0.037 =0

Then A, = 2.0778,4, = —0.0178 are the roots of the characteristic equation of the model.

Then, the singular point of the example is not stable because one of the roots of the characteristic equation
lies outside the unit circle.

Conclusions:
For The General Order Model, I.E.:
Let

p )
X, = Z[Q sinh(X,_, )i Xei+ 2,
i=1
Then, the absolute values of the characteristic roots of
VP —hvP — P —hvP - —-h,=0
are all less than one, where

h, = ¢[¢ cosh() +sinh(¢)] + 2¢7¢ sinh(¢) cos(¢) +
3¢;¢ sinh?(£)c08(8) + vovvnrvnrannnns + p@l ¢ sinh" () cosh({)

h =¢'sinh'(&);Vi=23 e p-1,p
Theorem 2:
A limit cycle of period q , X1 5eee-e... , X¢rq of the model in equation (1) is orbitally stable when all the
eigenvalues of the matrix,
A= Aq . Aq-l .................................... A]
have absolute value less than one, where
P ) )
AGSINNX,,i, + X1, COSIX i)+ 26%, i, SinhX, ;- cOshXi_y + D J¢%, i sinh'™ X coshXiy o v e ¢y sinh® X,
=3
0 e 0 0
0 | 0 0
Az .
0 0 0 1 0
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