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Abstract: We study the boundary value problem

where Ω is a bounded domain in úN with smooth boundary MΩ,        and 

We prove for every λ>0 there exists a weak solution. Our approach relies on the variable exponent
theory of generalized Lebesgue-Sobolev spaces combined with adequate variational methods and
monotonicity methods. It is shown that monotonicity methods works with more relaxed conditions.
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INTRODUCTION

In recent years increasing attention has been paid to the study of various problems with variable exponents.
The study of differential equations and variational problems involving p(.)- growth conditions is a consequence
of their applications see (Hudzik, 1977; Jikov et al., 1994; Mihailescu et al., 2006). In this paper we study
the problem

where Ω is a bounded domain in úN with smooth boundary MΩ,          and 

Our paper is divided into three sections. In section one we recall a general principle of the variable exponent
theory of generalized Lebesgue-Sobolev spaces and the Mountain Pass Lemma for the problem (P); namely
that the Mountain Pass Lemma is similar to the constant exponent case. However, variable exponent cases
possess more complicated nonlinearities, which makes the problem difficult in this case.

In section two we derive one of our main result which is the consequence of the Mountain Pass Lemma,
and we apply this result to problem (P). In this section we observe that any effort to construct geometry of
Mountain Pass Lemma for Problem (P) leads directly to the use of Sobolev Embedding constants such as C1

or Cp, Cr, that is introduced in (1.1) and (2.6); nevertheless, we know that finding the possible value of these
constants is a very difficult problem, and hence in third section we consider the monotonicity method and show
that there is a large class of functions, f, for which the problem (P) has a weak solution.

The variable exponent Lebesgue space Lp(.) (Ω) is defined by
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which is a Banach space with the norm 

                                                    .

Proposition 1.1. (Fan and Zhang, 2003).

(i) The space                      is a separable,  uniform convex Banach space, and its conjugate space is 

Lq(x)(Ω); where                 . For any                 and                 , we have

(ii) If                  and                      for any          , then                 and  the  embedding is 

continuous.

Proposition 1.2.

Zhao and Fan, (1998). If                 is a Caratheodory function and satisfies

Where                 and 

Moreover, if                              and b$0 is constant, then the Nemytsky operator from Lp1(x)(Ω) 

to Lp2(x)(Ω) defined by                              is a continuous and bounded operator.

An important role in manipulating the generalized Lebesgue-sobolev spaces is played by the modular of 

the Lp(x)(Ω) space, which is the mapping                     . defined by

Proposition 1.3. (Fan and Zhao, 2001).:

(i)

(ii)
     

(iii)
     

The variable exponent Sobolev space              is defined by

with the norm 
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Suppose            and there exists          such that               for any          have one equivalent norm 

on             that is defined by

Proposition 1.4.:
If we denote

Then we have

(i)

(ii)

(iii)
      

(iv)
     

Proof. (iii) suppose                     and so, by use of part (i), we have

                                      .

That is, 

Define             as the closure of          In                and 

Then we have

Proposition 1.5. (Fan and Zhao, 1998):

(i) W1.p (.) (Ω) and             are separable, reflexive Banach spaces;

If              and                     for all         then there is a compact and continuous embedding 

from             to           ; it is shown with                         .

(ii) There is a constant C>0, such that
 .

By (iii) of proposition 1.5, we know that               and                are equivalent norms on  
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            . We use             to replace                     in the following discussion.

By Proposition 1.5, there exist positive constant C1 such that

 (1.1)

Proposition 1.6.:

If                     satisfies the caratheodory property. Assume, moreover there exist                and 

c0ú such that 

for almost all x0Ω and all                             . Then the Nemytsky  operator  defined by

is a continuous mapping from             to            and maps bounded sets to boundedsets.

Proof.:
It is directly obtained from Dera´bek and Milota, (2007) (Remark 3.2.26). 

Mountain Pass Method:
Definition 2.1.:

Let X be a reflexive Banach space and X* its dual. The operator               is said to satisfy the (S+) 

condition  if  the  assumptions             (weakly  in  X) and                                          imply 

         (strongly in X).

Definition 2.2.:
Let F0C(X,ú) where X is a Banach space. For c0ú the functional F satisfies the Palais-Smale condition 

on  the  level c (shortly (PS)c) if  any  sequence                  such that                               has 

convergent subsequence (in the norm of ).

Theorem 2.3. (Mountain Pass Theorem, Ambrosetti and Rabinowitz). (Dera´bek and Milota, 2007).:

Let X be a Banach space and let Let               , e 0 X and r>0 be such that and 

If F satisfies the (PS)c condition then c is a critical value of F.

Theorem 2.4.:
Suppose Ω is a bounded domain in úN with smooth boundary MΩ.            and                        for 

every                        . is a bounded caratheodory function and there exists          such that 

 (2.1)
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Moreover,

 (2.2)

Where h belong to the conjugate space of             i.e              which                 ; and there exist 
 

                such that                 where C1 is introduced in (1.1). C is a positive constant,            and 

               .

Then there exists at least one weak solution                 for problem (P).

Proof.:
Let us define                              by 

 (2.3)

Where                     for a.a        and       .

Then                  and its critical points correspond to the weak solutions of (P). (see[1]). Let 

                and there exists c>0 such that

                         and          (2.4)

Then we will prove that            is bounded in X.

From (2.1) we obtain                     and so,

Thus           is bounded since                  and                  This implies that there exist u0X such 

that, at least, its subsequence converges to u weakly in X and strongly in            Since                   

there exists a strictly decreasing sequence         ,               such that

(2.5)
 
Using               in (2.5), we obtain 
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Since          in          and according to the hypotheses on f and h, we have 

and                              Hence

Define            with                                          . L  is a mapping of type (S+) (Theorem 3.1 

of Fan and Han, (2004), and so             in X. Hence we obtain E satisfies (PS)c on any level c0ú. By (2.2), 

Proposition 1.5 and Proposition 1.4, when               and                 we have

Similarly when               and                we have 

Note that                and hence, there exist positive numbers ρ and α such that              for. .      

From (2.1) we obtain 

 .

and so  

Therefore, for t > 1 and              we have 

Which implies                             . Since E(0)=0 there exist        such that           and           .
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Define                                                ,                                       .

So according to the Mountain Pass Lemma, c is a critical value of E and hence the problem (P) has at
least one weak solution.

Proposition 2.5.:

Let                             , where          are positive constants,              and             Then 

there exists        such that             when        provided that one of the bellow condition are satisfied.

(i)
                                        when         or                        

(ii)                                         wher 

Proof:
(i) Let                         on (0,1]. Suppose         or                         then                    

and so 
                                                .

Hence if                                       for                 we have 

If                          then             on (0,1] and                         . Hence for                   

provided that                 . 

Consider             where                 for every        . By Proposition 1.5, there exist positive 

constants Cp,Cr such that

                             and                                                                                (2.6)

Theorem 2.6.:
Suppose all assumptions in Theorem 2.4 except (2.2), which is replaced by

(2.7)

Where C is a positive constant,            and  

Then there exists at least one weak solution                     0 for problem (P), provided that one of 

the conditions in Proposition 2.5 is satisfied with           ,                     and                      where; 

                        and                         .

Proof.:
By this change in Theorem 2.4, it is sufficient to claim, that it is still true that there exist positive numbers 

ρ and a such that              for           .
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When             for                 and                 we have

And for                 and                 we have 

Similarly 

for                 and                 Ultimately

for                 and                 . Hence, when            we have

Let                                    where          ,                     and                   and so by 

Proposition 2.5 there exist number ρ and a such that             for 
 
Monotonicity Method:
Theorem 3.1. (Dera´bek and Milota, 2007). (Leray-Linos):

Let X be a reflexive real Banach space. Let T: X6X be an operator satisfying the conditions
(i) T is bounded;
(ii) T is demicontinuous;
(iii) T is coercive.

Moreover, let there exist a bounded mapping                 , such that

(iv)                     for every 

(v) For all u,w,e0X and any sequence           of real numbers such that            we have 

                             ;

(vi) For all u,w 0 X we have                                        (monotonicity in the principal part);

(vii)If          and                                                          then we have                      for 
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arbitrary w0X;

(viii) If                 ,                 then 

Then the equation           has at least one solution u0X for every 

Theorem 3.2.:
Assume that                   is caratheodory function and there exists ε>0 (possibly small), a constant 

c>0 (possibly large) and a function                 such that

(3.1)

Where                 ,                =1. And for                   and almost all        we have

(3.2)

Then (P) has at least one weak solution.

Proof.:
We define operators                                      and an element                     by

                                                                           ,

Set T:= J+F Then the operator equation             is equivalent to the validity of the below integral
inequality.

Hence, the solution of              correspond, one to one to the weak solution of problem (P) We verify 

the assumptions (i)-(viii) of Theorem 3.1 to prove that there exists a solution for             .

It follows from (3.1) and Proposition 1.6 that                       is continuous and bounded mapping 

from              in to             . Moreover,
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Without loose of generality suppose                         , hence we obtain

                                                                 .

So J is bounded and a continuous operator and hence T is also bounded and a continuous operator. The
coercivity of T is a direct consequence of (3.2); 
indeed,

Let us define an operator                                                 by

It is straightforward to verify the assumption (iv) of Theorem 3.1. Let                    and       be a 

real sequence such that          . Then

By continuity of J, so the assumption (v) is hold. For validity of the assumption (vi), we have

For any,             , we have the following inequalities (Dera´bek and Milota, 2007).
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From these we obtain

Set                              and                         . Hence we deduce,

  
 

In order to verify the assumption (vii), assume that         , weakly in              , and 

 , i.e

 By compact  embedding  (Proposition  1.5),              strongly  in            , for q(x) arbitrary close to 

       e.g,                    . Then ( 3.1) and Proposition 1.6 implies that                         in         . 

Now

Finally, let                 and            weakly in            Then                  in                  and  

                        and so 
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Hence the last assumption of Theorem 3.1 is verified.
 

REFERENCES

Chang, K.C., 1986. Critical Point Theory and Applications, Shanghai Scientific and Technology Press,
Shanghai.

Dera´bek, P., J. Milota, 2007. Methods of Nonlinear Analysis Applications to Differential Equation,
Birkh¨auser Verlag, Basel.

Fan, X.L., X.Y. Han, 2004. Existence and multiplicity of solutions for Laplacian equations in , Nonlinear
Anal., 59: 173-188.

Fan, X.L., 2008. P(x)-Laplacian equations in RN with periodic data and nonperiodic perturbations, J. Math.
Annal. Appl., 341: 103-119.

Fan, X.L., 1997.  Regularity of Lagrangians with growth conditions, J. Lanzhou Univ., 33(1): 1-7.
Fan, X.L., J.S. Shen, D. Zhao, 2001. Sobolev embedding theorem for space , J. Math. Annal. Appl., 262: 

749-760.
Fan, X.L., Q.H. Zhang, 2003. Existence of solutions for Laplacian Dirichlet problems, Nonlinear Anal.,

52: 1843-1852.
Fan, X.L., Q.H. Zhang, D. Zhao, 2005. Eigenvalues of Laplacian Dirichlet problem, J. Math. Annal. Appl.,

302: 306-317.
Fan, X.L., D. Zhao, 1998. On the generalized Orlicz-Sobolev space , J.Gansu Educ. College, 12(1): 1-6.
Fan, X.L., D. Zhao, 2001. On the space, and, J. Math. Annal. Appl., 263: 424-446.
Fan, X.L. and D. Zhao, 2000. The quasi-minimizer of integral functionals with growth conditions,

Nonlinear Anal., 39: 807-816.
Hudzik, H., 1977. On generalized Orlicz-Sobolev space, Funct. Approx., 4: 37-51.
Jikov, V.V., S.M. Kozlov, O.A. Oleinik, 1994. Homogenization of Differential Operators and Integral

Functionals, Springer-Verlag, Berlin.
Mihailescu, M., V. Radulescu, 2006. A multiplicity result for nonlinear degenerate problem arising in the

theory of electrorheological fluids, Proc. R. Soc. A 462: 2625-2641.
Ruzicka, M., 2000. Electrorheological Fluids: Modeling and Mathematical Theory, Springer-Verlag, Berlin.
Zhao, D., X.L. Fan, 1998. On the Nemytsky operator from to, J. Lanzhou Univ., 34(1): 1-5.

1057


