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Abstract: In this paper a method for ranking efficient DMUs using Bootstrap has been introduced.
The main drawback in existing method is that, DMU which is efficient but is not extreme efficient
can not be ranked. The method proposed here is able to rank all kinds of efficient DMUs. The
method is used in ranking 74 high schools from the north of IRAN.  
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INTRODUCTION

Data Envelopment Analysis (DEA) is a method to determine the efficiencies of a set of homogenous
organization units called Decision Making Units (DMUs). These DMUs utilize multiple inputs to produce
multiple outputs and the efficiency is measured by the ratio of multiple outputs to multiple inputs. DEA, that
is, a methodology based on linear programming model for assessing the relative efficiency of DMUs is
developed by Charenes et al. (1978) and later extended by Banker et al. (1984). In DEA, efficiency of each
DMU should be assessed as highly as possible by assigning the favorable weights to the inputs and outputs.
This leads to the weights assigned to one DMU that is often different from the weights assigned to another
DMUs. The main drawback of DEA is that substantial number of DMUs comes out to be efficient, particularly
when the number of DMUs is less compared to number of inputs and outputs.

Stochastic formulation of the original DEA models was introduced to incorporate possible uncertainty in
inputs and/or outputs (e.g. Cooper, Deng, Huang, and Li (2004); Cooper, Seiford, and Tone (2000); Huang and
Li (1996); Khodabakhshi and Asgharian (2009)). Morita, Hiroshi, and Seiford (1999) studied the robustness
of efficiency results when input and output data are subject to stochastic measurement error, while Jess,
Jongen, Neralic, and Stein (2001) introduced a semi-infinite programming model in DEA to study a chemical
engineering problem. More recently, stochastic input and output variations into DEA have been studied by;
for example, Ebadi, Jahanshahloo, Monzeli and Aliev (2009), Asgharian, Khodabakhshi, and Neralic (2010),
Khodabakhshi (2009), and Khodabakhshi and Asgharian (2009). See, also, Kall (1976) for discussions on linear
programming programs. In most models of DEA, the best performers have efficiency score unity, and, from
experience, we know that usually there are plural DMUs which have this ‘‘efficient status’’. To discriminate
between these efficient DMUs is an interesting research subject. Several authors have proposed methods for
ranking the best performers (See Andersen and Peterson (AP) (1993), Seiford and Zhu (1999), Mehrabian,
Alirezai and Jahanshahloo (MAJ) (1999); ,and Jahanshahloo and Memariani (CSW) (2005)). In some cases,
the AP and MAJ models are infeasible. In addition to this difficulty, the AP model may be unstable because
of extreme sensitivity to small variations in the data when some DMUs have relatively small values for some
of their inputs. Jahanshahloo and Hosseinzadeh (2004) ranked the extreme efficient DMUs in DEA models with
constant and variable returns to scale by applying l1-norm. In this paper using bootstrap method for ranking
DMUs is proposed.

Bootstrapping is a method for estimating the distribution of statistics that are otherwise difficult or
impossible to determine. The general idea behind the bootstrap is to use re-sampling to estimate an empirical
distribution for the target statistic (Efron, (1979)). The bootstrap has been advocated as a way of `analyzing
the sensitivity of measured efficiency scores to the sampling variation' (Simar and Wilson, (1998); Ferrier and
Hirschberg, (1997)). Bootstrapping, developed by Efron, (1979) and Efron and Tibshirani, (1993) is based on
the idea that where little or nothing is known of the underlying data generating process (d.g.) for a sample of
observations, the d.g. can be estimated by using the given sample to generate a set of bootstrap samples by
focusing on it.
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Background:
DEA provides a measure of the efficiency of a DMU relative to other such units, producing the same

outputs with the same inputs. The units to be compared may be enterprisers, banks, schools, hospitals, etc.
DEA is related to the concept of technical efficiency and can be considered as a generalization of efficiency
measure.

Assume that there is a sample of n DMUs, each producing an S-dimensional row vector of outputsY, from
an m-dimensional row vector of inputs X. Technology governs the transformation of inputs into outputs; the
reference  technology  relative  to  which  efficiency  is  assessed  is  given  by  the input requirement set

                                      .  Farrell's  (1957)  input-based measure of technical efficiency for each( ) = { : }L y x x can produce y

observation t=1,2,…,n is given by: 

 ( , ) = { : . ( )}t t t t t t tTE x y min x L y  

that is, tth DMU's observed input vector        is scaler                   until it is still just able to produce( )tx (0 1)t 

the observed level of output         . The solution,                 , gives  the proportion  of the tth  DMU's( )ty *=t tTE 
actual  input  vector  that  is technologically necessary to produce its observed output vector given the best

practice technology as revealed by the observed data. The vector                 would give the technically
* *= .t t tx x

efficient (optimal) input vector for the tth  DMU.
One way to calculate this measure of technical efficiency is by the following linear programming problem

once for each                        : , = 1,...,tDMU t n

BCC:            min    t
st:

. tY y 

. . tX x 

=1
= 1,

n

tt


 0, = 1,...,t t n 

Where Y is the n by s matrix of the observed outputs of all DMUs, X is the n by m matrix of the
observed inputs for all DMUs, and λ is a n-dimensional row vector of weights that forms convex combination
of observed DMUs relative to which the subject DMU's efficiency is evaluated. The constraint in this problem
simply describe the input requirement set as given by the observed data.
The AP, CSW, NORM1 and MAJ models are as follows, respectively: 

 : min oAP 

 =1: = 1,...,n
j j o j ij o iost x x i m  

  =1 = 1,...,n
j j o j rj roy y r s 
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 0 = 1,..., ,j j n j o  

 
=1

: min
n

jj
CSW z

 =1 =1 =1: = 0 = 1,...,s m m
r r rj j i i ij i i ijst u y z v x v x j n   

=1 =1 0 = 1,...,s m
r r rj i i iju y v x j n  

 0 = 1,...,jz j n

= 1,...,iv i m

= 1,...,ru r s

=1 =1
1: min | | | |

m s

i o r roi r
NORM x x y y   

 =1: = 1,...,n
j j o j ij ist x x i m 

 =1 = 1,...,n
j j o j rj ry y r s 

0, 0 = 1,..., , = 1,...,j rx y i m r s 

0 = 1,..., ,j j n j o  

and 

: min1 oMAJ w

 =1: = 1,...,n
j j o j ij io ost x x w i m  

 =1 = 1,...,n
j j o j rj roy y r s 

 0 = 1,..., ,j j n j o  

Note that a DMU's efficiency is a relative measure. It compares a DMU's performance to the best practice
performance implicit in the observed input-output combinations. If different input-output combinations were
observed, a DMU's efficiency score would likely change. This idea is the bootstrap performed below. 

The Bootstrap:
 The essence of bootstrapping is to use computational power as a substitute for theoretical analysis. In this

method, artificial, or pseudo-samples are drawn from the original data; the statistic is recalculated on the basis
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of each pseudo-sample; the resulting bootstrapped measures are then used to construct a sampling distribution
for the statistic of interest. Note that in order for the bootstrap to work, the empirical distribution of the sample
must be a good representation of the underlying population distribution that generated the sample in first place.

We use the efficiency scores calculated from the original data to form pseudo-samples of artificial data.
Each artificial data set is similar to the original data set in that both follow the same distributions of
inefficiency; this assures that the levels of performance within the bootstrapped results are within the realm
of observed behavior.

The efficiency measures being considered in this article are input-based measures; the bootstrap is
performed over the original efficiency scores. For this reason only the inputs are adjusted in the formation of
the pseud-samples. The data in the pseudo-samples thus consist of the original output level for all n DMUs,
the original input data for the DMU whose efficiency is being calculated, and adjusted input data for the
remaining n-1 DMUs. After forming a pseudo-sample, the efficiency of a DMU's original input vector is then
assessed relative to the technology implicit in it. Recalculating a DMU's efficiency relative to a large number
of pseudo-samples generates a sampling distribution for the efficiency score.

To perform our analysis, we modify a form of the bootstrap that is commonly used in the analysis of
regression equations. In this case we re-sample, with replacement, n-1 times from a uniform distribution over

the set of original efficiency scores,                         , produced by solving BCC Model once for each
* * *

1= { ,..., }nM  

observation in the original data set. A set of pseudo-efficiency score,                          ,               ,1 1= { ,..., }b b b
nM   

*b
j M 

j=1,2,…n-1, are then used to construct a new reference technology relative to which efficiency is recalculated.
Note that only n-1 pseudo-efficiency scores are drawn; we hold the efficiency of the DMU being assessed
constant at its original value. A large number of pseudo-samples, say B, are formed, efficiency is calculated
relative to each resulting pseudo-reference technology, and the empirical distribution for the efficiency measure
is constructed from the resulting B efficiency scores. Note that a total of B×n pseudo-reference technologies
and bootstrapped efficiency scores are generated in this process (B pseudo-samples are generated for each of
the n observed DMUs in the data set). Specifically, the bootstrap we perform proceeds in four steps:
1) Solve BCC Model once for each DMU to obtain the set of empirical technical efficiency scores, 

                          , based on the observed input and output data, X and Y.
* * *

1= { ,..., }nM  
2) Adjust the observed matrix of inputs, X by the calculated efficiency scores, to get a matrix of efficient

inputs,                 , where  D is  a n×n  diagonal matrix  as  its elements:                 (observed
* = .X D X * *

1 ,..., n 
efficiency scores).

3) For each DMU t=1,2,..,n:
(i) Draw, with replacement n-1 efficiency scores from the set        to get a pseudo-sample of efficiency 

*M

scores,                                                     ,                ,                                 .
*

1 1 1( ) = { ,..., , , ,..., }b b b b
t t t t nM b      

*b
j M  = 1,..., 1, 1,...,j t t n 

Note that the tth DMU's efficiency score is maintained at its original level.
(ii) Construct a new matrix of observed pseudo-inputs as follows:

  
1 *( ) = [ ( )] .t tX b D b X

where               is a n×n diagonal matrix containing the  bootstrapped  efficiency  scores                ( )tD b 1 1,..., ,b b
t  

                       as its diagonal elements. Note that some of the DMUs in  the  pseudo-sample  will be
*,t 1,...,

b b
t n 

efficient; others will be inefficient. Further note that the tth DMU's original input vector      will be containedtx

in the tth row of           .( )tX b

(iii) Calculate the technical efficiency of the tth DMU relative to the pseudo-technology implicit in          ( )tX b
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and Y by solving the linear program: 

min ( )t b
: . tst Y y 

. ( ) ( ).t t tX b b x 

=1
= 1

n

tt


 0, = 1,...,t t n 

to get the bootstrapped efficiency score           .
*( )t b

Repeat steps (i)-(iii) B times to get the set of bootstrapped efficiency scores                             
*{ (1),...,t

*( )}t B
for the tth DMU.

4) Put                                              ,                   for each DMU.
* * *( ) = [ (1) ... ( )]/t t tb B B    ( = 1,..., )t n

By increasing the number of steps (B), distinct means of efficiency scores is obtained and this makes
possible the ranking of DMUs. 

An Illustration Using High-schools from the North of Iran:
The data used in this study are based on the data collection from 74 high-schools in the north of Iran in

1995. The high-schools used four inputs to produce three outputs. The results of the BCC model for this inputs
and outputs are summarized in Table 1. 

Table 1: Original efficiency scores (      ). 
*
t

DMU Scores DMU Scores DMU Scores
 1  0.8991 26  1  51 1 
 2  0.9933 27  1  52 0.9641 
 3  1 28  0.9958  53 1 
 4  0.9798 29  0.9549  54 0.8542 
 5  1 30  1  55 0.8515 
 6  0.8391 31  1  56 1 
 7  1 32  1  57 1 
 8  0.9956 33  1  58 0.8383 
 9  0.8423 34  1  59 0.9181 
 10  0.8243 35  0.8347  60 1 
 11  0.9248 36  0.8562  61 0.8894
 12  0.8325 37  1  62 1
 13  0.6599 38  1  63 1
 14  0.8152 39  1  64 0.9333
 15  0.9651 40  0.9642  65 0.9821
 16  1 41  1  66 1
 17  0.8977 42  1  67 1
 18  0.9728 43  0.9445  68 0.8904
 19  0.932 44  0.9885  69 1
 20  0.9179 45  1  70 1
 21  0.8756 46  1  71 1
 22  0.9683 47  1  72 0.7698
 23  1 48  0.9411  73 0.875
 24  1 49  1  74 1
 25  1 50  0.7759   

Of the 74 high-schools  in  the  original  sample, 36 were found to operate on the best practice frontier

(          ). In  this paper efficient  DMU has been ranked using Bootstrap Method. The main drawback in
* = 1

existing methods for ranking efficient DMU is non-extreme efficient DMU in which including such a DMUs
do not alter PPS (Production Possibility Set), and methods can not be used for ranking them. The method is
powerful in the sense that the repetition of the procure has no limitation. A set of 74 DMU has been chosen,
and BCC input orient Model is used to evaluate the efficiency it is found 36 of these DMUs are efficient.
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These efficient DMUs have been ranked using AP, CSW, NORM1, MAJ and our method. The result is shown
in Table 2 which seems quite satisfactory.

Table 2: The result ranking DMUs. 
DMU Efficient DMU AP CSW NORM 1 MAJ New Method
 1  59 59 55 61 55 
 2  45 44 38 50  38
 3 *  41 60 21 35  9 
 4  32 28 43 32 42 
 5 *  5 23 3 4  6 
 6  48  54 66 55  66
 7 *  43 39 29 37  31
 8  25 19 38 25  38
 9  67 61 65 65  65
 10  64 50 70 68  70
 11  37 20 53 39  53
 12  52  42 69 60  69
 13  70  74 74 73  74
 14  73  72 71 72  71
 15  72  68  45 71  45
 16 *  18  ** 26 18  13
 17  38  22  57 41  57
 18  51  35  43 53  43
 19  68  67  52 69  52
 20  36  40  55 40  55
 21  71  69  60 70  60
 22  33  36  44 33  44
 23 *  13  11 23 13  29
 24 *  8  10 11 9  8 
 25 *  47  27 36 45  36
 26 *  17  32 17 17  14
 27 *  3  21 1 2  3 
 28  28  18  37 28 37 
 29  53  46  48 62  48
 30 *  2  ** 8 3  5 
 31 *  74  73 32 74  33
 32 *  22  24 33 22  25
 33 *  15  56 18 15  10
 34 *  26  7 35 26  32
 35  65  63  68 66  68
 36  66  65  62 54  62
 37 *  7  ** 10 6  7 
 38 *  29  14 28 30  34
 39 *  24  9 27 24  28
 40  31  47  46 29  46
 41 *  34  26 15 34  24
 42 *  57  57 16 48  26
 43  50  71  49 47  49
 44  27  12  40 27  40
 45 *  14  ** 20 12  21
 46 *  9  31 19 8  12 
 47 *  35  43 34 38  30
 48  61  64  50 52  50
 49 *  10  49 9 14  15 
 50  60 55  72 58  72
 51 *  19  29 14 20  11
 52  44  34  47 44  47
 53 *  21  62 24 21  17
 54  58  53  63 63  63
 55  62  66  64 59  64
 56 *  20  25 31 19  22
 57 *  12  17 6 10  20 
 58  46  30  67 49  67
 59  54  38  54 57  54
 60 *  6  15 4 7  4 
 61  55  45  59 56  59
 62 *  1  8 2 1  1 
 63 *  40  52 25 42  35
 64  39  33  51 43  51
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Table 2: Continue
 65  30  13  41 31  41
 66 *  16  48 22 16  16
 67 *  11  ** 7 11  18 
 68  56  51  58 51  58
 69 *  69  70 13 64  19
 70  49  41  12 46  23
 71 *  4  ** 5 5  2 
 72  63  58  73 67  73
 73  42  37  61 36  61
 74 *  23  16 30 23  27

Conclusion:
In this paper Bootstrap Method is used to rank efficient DMUs. The result is shown is Table 2. It can be

seen that the difference between the results obtained by AP, CSW, NORM1, MAJ and our method is not
significant.
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