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Analytical Methods to a Generalized Duffing Oscillator
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Abstract: In this paper, Modified Homotopy Perturbation Method (MHPM) and The Max-Min
Approach (MMA) are applied to study the generalized Duffing equation. The general solution can be
used to yield the relationship between amplitude and frequency in different strengths of nonlinearity.
At first the basic concepts of these methods are explained, application of solution procedure illustrated
in both modified homotopy perturbation method and the max-min approach and finally the obtained
results are compared with exact integration solution. The advantages of using these methods are high
accuracy and simple procedure in comparison to exact solution.
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INTRODUCTION

Most of the phenomena in engineering such as duffing oscillators are essentially nonlinear. Because of the
difficulties of solving nonlinear equations, using helpful and simple approaches are very important. In recent
years many effective methods have been presented for solving nonlinear problems. such as Variational Iteration
Method (VIM) (Odibat and Momani, 2006; Ganiji, et al., 2006, 2007a, 2007b; Xu, 2008; He, 1999), Parameter
Expanding Method (PEM) (Kimiaeifar, et al., 2010), Energy Balance Method (EBM) (Ganiji, et al., 2009; Ganiji,
et al., 2008; Mehdipour, et al., 2010), Max-Min Approach (MMA) (Zeng, 2009; He, 2008a), Amplitude
Frequency Formulation (AFF) (Ganji, et al., 2008; He, 2008b), Adomian Decomposition Method (ADM)
(Esmaili, 2008) and Homotopy Perturbation Method (HPM) (Balendez, et al., 2009, He, 2008c; Marinca and
Herisanu, 2010; Ganji, 2006; Rafei, et al., 2007; He, 2006; He, 2009a; Cai, et al., 2006; Balendez, et al., 2007).

In this work, the following duffing equation is considered:

U+u+a,u’ +a,u’+...+a,, ,u* ™" =0

q={klk=2,kel} @

With initial conditions
u(0)=Au(0)=0

Modified homotopy perturbation method and Max-min approach is used to solve Eq. (1). Also, the results
compared to exact solution.

MATERIALS AND METHODS

Basic ideas of modified homotopy perturbation method and the max-min approach are considered and
explained as follows:

Modified Homotopy Perturbation Method:
To describe the basic concept of this method, we consider the following nonlinear differential equation:

Alu)-f(r)=0, reQ )

Subject to boundary condition:

B(u,u/én)=0, rerl @)
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Where A,B, f (r)and I are a general differential operator, a boundary operator, a known analytical
function, and the boundary of domain €2 .

Generally speaking the operator A can divided into a linear part L and a nonlinear part N (u) Eg. (2) can
S0, be rewritten as:

L(u)+N(u)-f(r)=0 )

We construct a homotopy of Eq. (2) V(r, p) t QX% [0 ,1] — R which satisfied

H(v,p)=L(v)— L(uy)+ pL(uy)+ p[N(v)- f(r)]=0 o
Where p is embedding parameter and Y s an initial guess approximation of Eq. (2) which satisfies the

boundary condition.

According to Modified homotopy perturbation method, the solution is expanded into series of p in the
following form.

u= i p'u,
i=1

(6)

Frequency is expanded in similar way:
1=’ -) p' o (7)

Substituting Eg. (6) and Eq. (7) into Eq. (5) and equating the terms with powers of p, we can obtain a series
of linear equation.

The approximate for the solution and frequency are

u=lim_, > u ®)
i=0
o’ =1+lim_, > o, )

i=0
Where are arbitrary parameters that should be determined.
Max-Min Approach:

The basic concept of Max-min approach was derived from an ancient Chinese mathematics. As if we have
an inequality as follows:

a d
—<X<—
b c (10)

Where a,b,c and d are real numbers, we can actually write:

a ma+nd d
2. <L
b mb+nc ¢ (12)
So x can be obtained approximately as:
o mat nd
mb + nc (12)
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Which m and n are weighting factors.
According to The max-min approach, we can rewrite Eq. (1) as following form:

G +uf (U,u,u,t) (13)
Using U (t) = Acos (a)t) as an initial assumption, we can write:

min < »” = f (u) < max (14)
Substituting approximate frequency into Eq. (1), gives:

U+o’u=u+uf (U,u,ut)+p(t,u,ut) (15)

Choosing Acos(a)t) as trial function into Eq. (1), and substituting p((j,u,u,t) , frequency @ can be
obtained.
Application:

Modified homotopy perturbation method:
We can rewrite Eqg. (1) as following form:

u+l-u :—p-[a3u3 +au’ 4.+ azq,luzq‘l]:o, pelod] (16)

Where p is embedding parameter, which is also used to expand u:

u= i p'y,
=)

a7
By expanding 1 as a coefficient of u, we can obtain:
n .
o’ =1+Y po
= (18)
Substitution Eq. (17) and Eqg. (18) into Eq. (1) yeilds:
p° U, + w’u, =0 19)
1. . 2 3 5 2g-1
p' i, +0’u; = (o Uy —ayu® —agu® —...—a,, u™ (20)
By solving Eq. (19), we can obtain:
Uy (t) = Acos(at) 1)
Substitution of Eq. (21) into the right side of Eq. (20) gives U, + a)zu1 = p(a)t) , in which:
p(at)=—a,Acos(wt)+a,A’ cos(wt)’ +agA° cos(t)” +...+a,, , A cos(wt)™ (22)

By using Fourier series, we can achieve secular term:
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p(at)= Zw:ézm.cos [(Zn +1) a)t] ~ &, cos(mt)
"o (23)

TR

(—auAcos? (4)+a,A° COS* () + ...+ ay, ;A% cOS™ (¢) )b

O |y

We know:

O N

w525

i= (24)
Using Eq. (24) yields:
29-1 4 i—
S5, =2 Z(aﬁ_lAz'*H[zj,lB —a,A
i2 2\ 2] (25)
Avoiding secular term needs that:
Eu o 2j-1
g S5
i=2 j=1
(26)
From Eq. (7) and by setting p=1:

Therefore we can obtain frequency:

& o (2j-1 28
Opppv = Z[Z(azi—lAz ZH(JZ—jjJJ_'—l e

i=2 j=1

Max-Min Approach:
We can rewrite Eqg. (1) as following form:

i+ fulu=0 (29)
Where f(U) is:
f(u)=1+au? +au’ +..+a, U™ (30)

using u(t)= Acos(wt) as a initial assume, gives the maximum and minimum values of f(u), S0 we can
write:

0<w’ <-Aw’ +A+A’a; + A’ag +..+ A*a,
(1)

According to apply He chengtian's interpolation (He, 2009b), the frequency ¢ can be found:
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W = n-max+m-min
m-+n

=k (—Aa)2 +A+ A%, +..+ Azq’lazqfl)

Where m ,n are weighting factors, and  — ", so we can rewrite the Eq. (1) as follows:
m+n

U+e’u=t+uf (u)+p,

p=—U(1+au’ +au’ +..+ 8, ,U*" ) —KA(-0 +1+ A'ay + Alag +...+ A a, U
Substituting u(t)= Acos(wt) into o, and using Fourier expansion series :

plet) = Acos(wt)(L+a, A% cos? (wt)+ ..+ a,, , A2 c0s?2(t))
+ Acos(a)t)(— kAw® +KA+KA’a, +...+ kAZq’lazqfl)z

-5 8oy -€08[(2n + L)oot ] = S, cos( wt)
=0

n=t

By using Eq. (11), we can write:

5, _4 plp)cos(p)dp = A+k(A%0? - A2 - Ata, — ... Azqazq_1)+
T

(S ere i)

To avoid secular term &; must be zero; therefore k can be easily determined:

o'-—.m\:x

k A+ 2{%“1(:12, A% 1H D

2 2 2 4 20-1
Ao’ - A" - Aa,—..- A""q,, ,
Substituting Eq. (36) into Eq. (32), gives:

20-1

0’ =1+2 Z{az, (A ZH ]
j=1

Frequency can be yield:

Oyn = 2(31% (AT 2]}‘!( m +1

Finally we can write:

Uyrem = Upma = Acos( a)MMAt)
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RESULTS AND DISCUSSION

Now, we want to investigate the results in some numeric cases with different coefficients and then compare
the results to exact solution. The comparison between obtained solutions and exact results in different cases is
shown in fig. 1-3.

And also, the approximate values of exact solution and results are compared in table. 1-3 for each 0.5
second.

B ':ijt u
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|— Analytical solution + Ex.r:.r|

Fig.1: comparison between approximate solution and exact solution for N =3,a, =0.5,A=4
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Fig. 2. comparison between approximate solution and exact solution for N =7,a, =3,a, =0,a, =1,A=0.5
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Fig. 3: comparison between approximate solution and exact solution for N =7,a, =0.5,a, =0.5,a, =1,A=1
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As it is illustrated in figures.1-3, the results which obtained from MMA and MHPM are same. Another
consequence is achieved from these figures, is good adjustment between the exact solution and approximate
results. High accuracy and validity reveals that both methods are powerful and effective to use solution gives us
possibility to obtain frequency in different cases with different values of power, so many of prior researches in
duffing nonlinear equations are special cases of this general solution.

Table 1: comparison of approximate solution with exact solution for N = 3,{;\3 =05A=4

TG Univa =U wren Uiact Yeas e
Uexact
0 4 4 0
0.5 0.981555 1.062268 0.075982
1 -3.518274 -3.435692 0.024006
1.5 -2.708245 -2.887136 0.061961
2 2.189129 1.902334 0.150759
2.5 3.782621 3.897532 0.0294832
3 -0.332704 -0.267779 0.076581
3.5 -3.945904 -3.808418 0.036101
4 -1.603856 -2.190561 0.267833
4.5 3.158767 2.644936 0.122732

Table 2: compariso

n of approximate solution with exact soluti

onfor N=7,a,=3,a,=0,8 =1,A=05

T@) Univa =Y nrem U et Yeas "o
Uexact
0 0.5 0.5 0
0.5 0.404981 0.405504 0.001289
1 0.156040 0.157736 0.010749
15 -0.142605 -0.149653 0.017064
2 -0.499983 -0.400477 0.005314
2.5 -0.407331 -0.499927 0.000111
3 -0.399863 -0.410415 0.007513
3.5 0.148363 -0.165773 0.035649
4 0.400202 0.395333 0.0483
4.5 0.499935 0.499711 0.012315
Table 3: comparison of approximate solution with exact solution for N =7 8, = 0,5,a5 = 0,5,a7 =1A=1

T@) Univa =Y nrem Ut Yeas “Dunen
UeXaCt
0 1 1 0
0.5 0.733464 0.741681 0.008216
1 0.075941 0.100181 0.024240
15 -0.622065 -0.593075 0.028989
2 -0.988466 -0.979927 0.0085387
25 -0.827944 -0.860511 0.032566
3 -0.226069 -0.296522 0.070452
3.5 0.496316 0.420661 0.075654
4 0.954131 0.920515 0.033615
45 0.903325 0.944796 0.041471

Tables.1-3 give information about the values of approximate solutions and exact results and also, analytical
error between these quantities. As can be seen, the analytical solutions have high accuracy in numerical
examples.

Conclusions:

In this paper, the generalized duffing equation is investigated with application of Modified homotopy
perturbation method (MHPM) and the man-min approach (MMA) which are two powerful and efficient
methods. This general solution which obtained by modified homotopy perturbation method and the max-min
approach can be used for any arbitrary power of nonlinearity. Comparison this general solution to exact
integration solution in some numeric cases with different coefficients and power of nonlinearity is shown the
high accuracy and validity of these methods even in high strength type of nonlinearity.
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