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Abstract: The purpose of this study is to implement Differential transform-Padé technique 
(DTM-PADÉ), which is a combination of Differential transform method (DTM) and Padé 
approximation (PADÉ), for solving well-known Blaszak-Marciniak lattice, which has rich mathematical 
structures and many important applications in physics and mathematics. The results obtained by 
DTM-PADÉ technique are compared to those obtained by using DTM alone. The numerical results 
demonstrate that DTM-PADÉ technique gives the approximate solution with faster convergence rate and 
higher accuracy than using DTM. 
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INTRODUCTION 
 
The differential-difference equations (DDEs) play an important role in modeling complicated physical 

phenomena such as particle vibrations in lattices, currents flow in electrical networks, and pulses in biological 
chains. Unlike difference equations, which are fully discrete, DDEs are semi-discrete with some (or all) of their 
spacial variables discrete while time is usually kept continuous. Since the works of Fermi, Pasta, and Ulam in the 
1950s (E. Fermi et al., 1965), there were quite a number of research works developed during the last decades on 
DDEs. For instances, Levi et. al analyzed the condition for existence of higher symmetries for a class of DDEs (D. 
Levi and O. Ragnisco, 1978; D. Levi and R.I. Yamilov, 1997), (R.I. Yamilov, 1994; V.E. Adler et al., 1999) made 
outstanding contribution to the classification of DDEs, integrability tests and connections between integrable 
PDEs and DDEs (I.Yu. Cherdantsev and R.I. Yamilov, 1995; A.B. Shabat and R.I. Yamilov, 1991) and a lot of 
works were developed to analyze the properties of solutions of DDEs (D.J. Zhang, 2005; K. Narita, 1993; Z. 
Wang and H.Q. Zhang, 2006; Z. Wang and H.Q. Zhang, 2006 ). 
 The Differential transform is an analytic method for solving differential equations. The concept of the 
differential transform was first introduced by Zhou in 1986. Its main application therein is to solve both linear and 
non-linear initial value problems in electric circuit analysis. This method constructs an analytical solution in the 
form of a polynomial. It is different from the traditional higher order Taylor series method. The Taylor series 
method is computationally expensive for large orders. The differential transform method is an alterative procedure 
for obtaining analytic Taylor series solution of the differential equations. By using DTM, we get a series solution, 
in practice a truncated series solution. The series often coincides with the Taylor expansion of the true solution at 
point ݔ ൌ 0, in the initial value case. Chen and Ho have developed this method for PDEs and obtained closed 
form series solutions for linear and nonlinear initial value problems (C.K. Chen and S.H. Ho, 1999). Ayaz 
developed differential transform method to two-dimensional problem for PDEs initial value problems (F. Ayaz, 
2003; F. Ayaz, 2004). Kurnaz et al., (2005) generalized DTM to n-dimensional case in order to solve PDEs. 
Besides the differential transform method is independent on whether or not there exist small parameters in the 
considered equation. Therefore, the differential transform method can overcome the foregoing restrictions and 
limitations of perturbation techniques so that it provides us with a possibility to analyze strongly nonlinear 
problems. This method has been successfully applied to solve many types of nonlinear problems (A.S.V. Ravi 
Kanth and K. Aruna, 2008; A.S.V. Ravi Kanth and K. Aruna, 2009; M.J. Jang et al., 2001). In some cases, the 
series solution of DTM converges in a limited interval, and outside it, its error is high. To overcome the drawback, 
the Padé approximant, which often show superior performance over series approximation, are applied to the series 
solution of DTM to improve the accuracy and enlarge the convergence domain. 
 In this paper, the Blaszak-Marciniak three-field and four-field lattices, which were derived as an application 
of ߛ-matrix formalism to the algebra of shift operators of dynamical systems (M. Blaszak, K. Marciniak and 
1994) are considered separately. The differential transform-Padé technique has been successfully implemented to 
solve them by converting the series solutions into the diagonal Padé approximants. The solutions are obtained 
with higher accuracy and faster convergence than by using the DTM alone. Numerical and figurative illustrations 
show that it is a promising tool for solving nonlinear problems. 
 This paper is organized as follows: In Section 2, we describe the differential transform method and give a 
brief discussion of Padé approximants. In Section 3, the Blaszak-Marciniak three-field lattice is studied. In 
Section 4, the Blaszak-Marciniak four-field lattice is investigated. At the end of the paper, there is a summary of 
the main conclusions. 
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The Description of Differential Transform-Padé Technique: 
Differential Transform Method: 
 Let us consider the most general form of algebraic difference-differential equation:  
 
ܰሺݑ௡ሺݐሻ, ,ሻݐ௡ାଵሺݑ ,ሻݐ௡ିଵሺݑ ,ሻݐ௡ାଶሺݑ ,ሻݐ௡ିଶሺݑ ڮ ሻ ൌ 0,                                          (1) 
 
 where ܰ is a nonlinear differential operator, ݊ and ݐ denote independent variables, ݑ௡ሺݐሻ is unknown 
functions in vector form. For simplicity, we ignore all boundary or initial conditions, which can be treated in the 
same way. Based on the basic theorems of the one-dimensional differential transform method, the differential 
transform of the kth derivative of a function ݑ௡ሺݐሻ is defined as follows:  
 

ܷ௡ሺ݇ሻ ൌ ܷሺ݊, ݇ሻ ൌ ଵ

௞!
ቂௗೖ௨೙ሺ௧ሻ

ௗ௧ೖ ቃ
௧ୀ௧బ

,                                                             (2) 

 
 where ݑ௡ሺݐሻ is the original function and ܷ௡ሺ݇ሻ is the transformed function. 
 The differential inverse transform of ܷ௡ሺ݇ሻ is defined as  
 
ሻݐ௡ሺݑ ൌ ∑  ∞

௞ୀ଴ ܷ௡ሺ݇ሻሺݐ െ ଴ሻ௞ݐ ൌ ∑  ∞
௞ୀ଴ ܷሺ݊, ݇ሻሺݐ െ  ଴ሻ௞.                                       (3)ݐ

 
 In a real application, and when ݐ଴ is taken as 0, then the function ݑ௡ሺݐሻ can be expressed by a finite series 
and with the aid of (3), ݑ௡ሺݐሻ can be written as  
 

ሻݐ௡ሺݑ ൌ ∑  ∞
௞ୀ଴ ܷሺ݊, ݇ሻݐ௞ ൌ ∑  ∞

௞ୀ଴
ଵ

௞!
ቂௗೖ௨೙ሺ௧ሻ

ௗ௧ೖ ቃ
௧ୀ଴

 ௞.                                             (4)ݐ

 
 The Sth order approximation of the object function ݑ௡ሺݐሻ is given by: 
 
ሻݐ௡ሺݑ ൌ ∑  ௌ

௞ୀ଴ ܷሺ݊, ݇ሻݐ௞.                                                                      (5) 
 

 The fundamental mathematical operations performed by DTM are listed in Table 1.   
 
Table 1: The operation for differential transformation method. 

             Original function  Transformed function 
݂ሺ݊, ሻݐ ൌ ݃ሺ݊, ሻݐ േ ݄ሺ݊, ,ሺ݊ܨ    ሻݐ ݇ሻ ൌ ,ሺ݊ܩ ݇ሻ േ ,ሺ݊ܪ ݇ሻ
݂ሺ݊, ሻݐ ൌ ,ሺ݊݃ߙ ,ሺ݊ܨ     ሻݐ ݇ሻ ൌ ,ሺ݊ܩߙ ݇ሻ,   ߙ א ܴ  
݂ሺ݊, ሻݐ ൌ ݃ሺ݊, ,ሻ݄ሺ݊ݐ ,ሺ݊ܨ    ሻݐ ݇ሻ ൌ ∑௞

௟ୀ଴ ,ሺ݊ܩ ݈ሻܪሺ݊, ݇ െ ݈ሻ
݂ሺ݊, ሻݐ ൌ ݃ሺ݊, ,ሻ݄ሺ݊ݐ ,ሺ݊ݓሻݐ ,ሺ݊ܨ   ሻݐ ݇ሻ ൌ ∑௞

௟ୀ଴ ∑௞ି௟
௦ୀ଴ ,ሺ݊ܩ ݈ሻܪሺ݊, ,ሻܹሺ݊ݏ ݇ െ ݈ െ   ሻݏ

݂ሺ݊, ሻݐ ൌ
ப௚ሺ௡,௧ሻ

ப௧
,ሺ݊ܨ      ݇ሻ ൌ ሺ݇ ൅ 1ሻܩሺ݊, ݇ ൅ 1ሻ  

݂ሺ݊, ሻݐ ൌ
பm௚ሺ௡,௧ሻ

ப௧೘ ,ሺ݊ܨ      ݇ሻ ൌ ሺ݇ ൅ 1ሻሺ݇ ൅ 2ሻ ڮ ሺ݇ ൅ ݉ሻܩሺ݊, ݇ ൅ ݉ሻ  

݂ሺ݊, ሻݐ ൌ ,ሺ݊ܨ     ௠ݐ ݇ሻ ൌ ሺ݇ߜ െ ݉ሻ,   ߜ is the Kronecker delta  
݂ሺ݊, ሻݐ ൌ ݃ሺ݊ ൅ ݉, ,ሺ݊ܨ   ሻݐ ݇ሻ ൌ ሺ݊ܩ ൅ ݉, ݇ሻ

  
Applying Padé Approximants on the Truncated Series Solution: 
 The series solutions obtained by DTM have a limited region of convergence even if taking ܵ to be as large as 
possible. So, we apply the Padé technique on the series obtained to increase the convergence region. A truncated 
series solution of order at least ሺܮ ൅  ሿ (G.A. Baker, 1975), which is anܯ/ܮሻ in t will be used to obtain Padé ሾܯ
approximate solution for ݑሺݐሻ.We denote the ܮ,  :ሻ byݐሺݑ Padé approximants to ܯ
 

ቂ ௅

ெ
ቃ ൌ ௉ಽሺ௧ሻ

ொಾሺ௧ሻ
,                                                                        (6) 

 
 where ௅ܲሺݐሻ is a polynomial of degree at most ܮ and ܳெሺݐሻ is a polynomial of degree at most ܯ. The 
formal power series: 
 

ሻݐሺݑ െ ௉ಽሺ௧ሻ

ொಾሺ௧ሻ
ൌ ܱሺݐ௅ାெାଵሻ,     (7) 

  
ሻݐሺݑ ൌ ∑  ∞

௜ୀ଴ ܽ௜ݐ௜,     (8) 
 Determine the coefficients of ௅ܲሺݐሻ and ܳMሺݐሻ. 
 Since we can obviously multiply the numerator and denominator by constant and leave ሾܯ/ܮሿ unchanged, 
we impose the normalization condition: 
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ܳெሺ0ሻ ൌ 1.                                               (9) 

 
 Finally we require that ௅ܲሺݐሻ and ܳெሺݐሻ have no common factors. 
 If we write the coefficients of ௅ܲሺݐሻ and ܳெሺݐሻ as  
 

௅ܲሺݐሻ ൌ ଴݌ ൅ ݐଵ݌ ൅ ଶݐଶ݌ ൅ ڮ ൅       ,௅ݐ௅݌
ܳெሺݐሻ ൌ ଴ݍ ൅ ݐଵݍ ൅ ଶݐଶݍ ൅ ڮ ൅  ெ.            (10)ݐெݍ

 
 Then by (9) and (10) we may multiply (7) by ܳெሺݐሻ, which linearizes the coefficient equations. We can write 
out (7) in more detail as: 
 

ە
۔

ۓ
ܽ௅ାଵ ൅ ܽ௅ݍଵ ൅ ڮ ൅ ܽ௅ିெାଵݍெ ൌ 0,

     ܽ௅ାଶ ൅ ܽ௅ାଵݍଵ ൅ ڮ ൅ ܽ௅ିெାଶݍெ ൌ 0,
ڭ

 ܽ௅ାெ ൅ ܽ௅ାெିଵݍଵ ൅ ڮ ൅ ܽ௅ݍெ ൌ 0,

                                                (11) 

  

 

ە
ۖ
۔

ۖ
ۓ

ܽ଴ ൌ                                        ,଴݌
ܽଵ ൅ ܽ଴ݍଵ ൌ                          ,ଵ݌
ܽଶ ൅ ܽଵݍଵ ൅ ܽ଴ݍଶ ൌ            ,ଶ݌

ڭ
   ܽ௅ ൅ ܽ௅ିଵݍଵ ൅ ڮ ൅ ܽ଴ݍ௅ ൌ .௅݌

                                                        (12) 

 
 Once, the ݍ's are known from (11), (12) can be solved easily. If (11) and (12) are nonsingular, then they can 
be solved directly as follows:  
 

ቂ ௅

ெ
ቃ ൌ

ୢୣ୲൦

௔ಽషಾశభ                   ௔ಽషಾశమ                  …       ௔ಽశభ    
ڭ ڭ             ڭ        

        ௔ಽ                          ௔ಽశభ                   … ௔ಽశಾ

∑  ಽ
ೕసಾ ௔ೕషಾ௧ೕ     ∑  ಽ

ೕసಾషభ ௔ೕషಾశభ௧ೕ    …    ∑  ಽ
ೕసబ ௔ೕ௧ೕ

 
 ൪

ୢୣ୲቎
          

௔ಽషಾశభ          ௔ಽషಾశమ        …     ௔ಽశభ    
ڭ                  ڭ                    ڭ

      ௔ಽ            ௔ಽశభ            …   ௔ಽశಾ
           ௧ಾ                    ௧ಾషభ           …        ଵ

 
   ቏

                       (13) 

 
 To obtain diagonal Padé approximants of different order like ሾ2/2ሿ, ሾ4/4ሿ or ሾ6/6ሿ MAPLE can be 
efficiently used. 

 
The Blaszak-Marciniak Three-Field: 
 We consider the Blaszak-Marciniak three-field lattice as follows (M. Blaszak and K. Marciniak, 1994):  
 
ܽ௧ሺ݊, ሻݐ ൌ ܿሺ݊ ൅ 1, ሻݐ െ ܿሺ݊ െ 1,         ,ሻݐ
ܾ௧ሺ݊, ሻݐ ൌ ܽሺ݊ െ 1, ሻܿሺ݊ݐ െ 1, ሻݐ െ ܽሺ݊, ,ሻܿሺ݊ݐ       ,ሻݐ
ܿ௧ሺ݊, ሻݐ ൌ ܿሺ݊, ,ሻሺܾሺ݊ݐ ሻݐ െ ܾሺ݊ ൅ 1,  ሻሻ,            (14)ݐ

 
 with the initial conditions  
 
ܽሺ݊, 0ሻ ൌ ଵ݂ሺ݊ሻ,       
ܾሺ݊, 0ሻ ൌ ଶ݂ሺ݊ሻ,        
ܿሺ݊, 0ሻ ൌ ଷ݂ሺ݊ሻ.       (15) 

 
 The exact solutions of the problem are as follows (X.B. Hu and Z.N. Zhu, 1998). 
 

ܽሺ݊, ሻݐ ൌ ஽೟
మ௚ሺ௡ାଵ,௧,௭ሻ.௚ሺ௡ାଵ,௧,௭ሻ

ଶ௚ሺ௡,௧,௭ሻ௚ሺ௡ାଶ,௧,௭ሻ
,        

ܾሺ݊, ሻݐ ൌ ቀln ௚ሺ௡,௧,௭ሻ

௚ሺ௡ାଵ,௧,௭ሻ
ቁ

௧
,      

ܿሺ݊, ሻݐ ൌ ௚ሺ௡,௧,௭ሻ௚ሺ௡ାଶ,௧,௭ሻ

௚మሺ௡ାଵ,௧,௭ሻ
,     (16) 
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 where ݃ሺ݊, ,ݐ ሻݖ ൌ 1 ൅ expሺߟሻ, ߟ ൌ ݊݌ ൅ ݖݍ ൅ ݐݎ ൅ ݍ ,଴ߟ ൌ ሺ1ߣ െ ݁ି௣ሻ, ݎ ൌ ଵሺ݁௣ିߣ െ 1ሻ, with 

ߣ ൌ ቀ ௘మ೛

ଵା௘೛ቁ
భ
య
 is an auxiliary variable and  bilinear differential-difference ݖ ,଴ are arbitrary constantsߟ and ݌ ,

operator ܦ௫
௠ ܦ୲

୩   is defined as follows: 
 

௫ܦ
௠ ܦ୲

୩a. b ൌ ቀ ப

ப୶
െ ப

ப୶′
ቁ

୫
 ቀ ப

ப୲
െ ப

ப୲′
ቁ

୩
aሺx, tሻbሺx′, t′ሻ|୶ୀ୶′,୲ୀ୲′ .    

 
 Let  
 

௡ሺ݇ሻܣ ൌ ,ሺ݊ܣ ݇ሻ ൌ
ଵ

௞!
ቂ

ௗೖ௔ሺ௡,௧ሻ

ௗ௧ೖ ቃ
௧ୀ଴

,       (17) 

௡ሺ݇ሻܤ ൌ ,ሺ݊ܤ ݇ሻ ൌ ଵ

௞!
ቂௗೖ௕ሺ௡,௧ሻ

ௗ௧ೖ ቃ
௧ୀ଴

,     (18) 

௡ሺ݇ሻܥ ൌ ,ሺ݊ܥ ݇ሻ ൌ ଵ

௞!
ቂௗೖ௖ሺ௡,௧ሻ

ௗ௧ೖ ቃ
௧ୀ଴

.     (19) 

 
 Then according to the inspiration of Table 1, the transformed version of (14) can be written in the following 
recurrence formulas: 
 
 ሺ݇ ൅ 1ሻܣሺ݊, ݇ ൅ 1ሻ ൌ ሺ݊ܥ ൅ 1, ݇ሻ െ ሺ݊ܥ െ 1, ݇ሻ,      
 ሺ݇ ൅ 1ሻܤሺ݊, ݇ ൅ 1ሻ ൌ ∑  ௞

௟ୀ଴ ሺ݊ܣ െ 1, ݈ሻܥሺ݊ െ 1, ݇ െ ݈ሻ െ ∑  ௞
௟ୀ଴ ,ሺ݊ܣ ݈ሻܥሺ݊, ݇ െ ݈ሻ,     

 ሺ݇ ൅ 1ሻܥሺ݊, ݇ ൅ 1ሻ ൌ ∑  ௞
௟ୀ଴ ,ሺ݊ܥ ݈ሻሺܤሺ݊, ݇ െ ݈ሻ െ ሺ݊ܤ ൅ 1, ݇ െ ݈ሻሻ.     (20) 

 
 The related initial conditions should be also transformed as follows  
 
,ሺ݊ܣ 0ሻ ൌ ଵ݂ሺ݊ሻ,      
,ሺ݊ܤ 0ሻ ൌ ଶ݂ሺ݊ሻ,      
,ሺ݊ܥ 0ሻ ൌ ଷ݂ሺ݊ሻ.     (21) 

 
 Easily, the following implicit initial conditions are given through the final row relation between original 
functions and translated functions in Table 1. 
 
ሺ݊ܣ െ 1,0ሻ ൌ ଵ݂ሺ݊ െ 1ሻ, ሺ݊ܣ ൅ 1,0ሻ ൌ ଵ݂ሺ݊ ൅ 1ሻ,        
ሺ݊ܤ െ 1,0ሻ ൌ ଶ݂ሺ݊ െ 1ሻ, ሺ݊ܤ ൅ 1,0ሻ ൌ ଶ݂ሺ݊ ൅ 1ሻ,      
ሺ݊ܥ െ 1,0ሻ ൌ ଷ݂ሺ݊ െ 1ሻ, ሺ݊ܥ ൅ 1,0ሻ ൌ ଷ݂ሺ݊ ൅ 1ሻ.     (22) 

 
 So we can determine all of the kth derivatives of functions ܣሺ݊, ݇ሻ, ,ሺ݊ܤ ݇ሻ and ܥሺ݊, ݇ሻ one by one 
according to (20) and we obtained the closed form solutions as  
 
ܽሺ݊, ሻݐ ൌ ∑  ∞

௞ୀ଴ ,ሺ݊ܣ ݇ሻݐ௞,      
ܾሺ݊, ሻݐ ൌ ∑  ∞

௞ୀ଴ ,ሺ݊ܤ ݇ሻݐ௞,       
ܿሺ݊, ሻݐ ൌ ∑  ∞

௞ୀ଴ ,ሺ݊ܥ ݇ሻݐ௞.     (23) 
 

 Here we choose ݌ ൌ ݖ ,0.7 ൌ ଴ߟ ,1 ൌ െ1 and suppose that (14) has the following initial conditions:  
 

ܽሺ݊, 0ሻ ൌ 0.8431942042 ୣబ.ళబబబబబబబబబ ೙శబ.మఱఱళలఴళయయమ

ሺଵ.଴ାୣబ.ళబబబబబబబబబ ೙షబ.రరరమయభమలలఴሻሺଵ.଴ାୣబ.ళబబబబబబబబబ ೙శబ.వఱఱళలఴళయయమሻ
,                 

ܾሺ݊, 0ሻ ൌ െ0.9182560668 ିଵ.଴ ୣబ.ళబబబబబబబబబ ೙షబ.రరరమయభమలలఴାୣబ.ళబబబబబబబబబ ೙శబ.మఱఱళలఴళయయమ

ሺଵ.଴ାୣబ.ళబబబబబబబబబ ೙శబ.మఱఱళలఴళయయమሻሺଵ.଴ାୣబ.ళబబబబబబబబబ ೙షబ.రరరమయభమలలఴሻ
,      

ܿሺ݊, 0ሻ ൌ
ሺ1.0 ൅ e଴.଻଴଴଴଴଴଴଴଴଴ ௡ି଴.ସସସଶଷଵଶ଺଺଼ሻሺ1.0 ൅ e଴.଻଴଴଴଴଴଴଴଴଴ ௡ା଴.ଽହହ଻଺଼଻ଷଷଶሻ

ሺ1.0 ൅ e଴.଻଴଴଴଴଴଴଴଴଴ ௡ା଴.ଶହହ଻଺଼଻ଷଷଶሻଶ .     

 
 The initial conditions are defined as to agree with the exact solutions. From (23) we can get 8th-order 
approximations at ݊ ൌ 0 as follows:  
  
ܽሺ0, ሻݐ ൌ ∑  ଼

௞ୀ଴ ,ሺ0ܣ ݇ሻݐ௞ ൌ 0.1842599153 െ ݐ 0.01912054200 െ        ଶݐ 0.03308417694
൅0.004385087343 ݐଷ ൅ ସݐ 0.003656253304 െ      ହݐ 0.0005890964128
െ0.0003137405201 ݐ଺ ൅ ଻ݐ 0.00005796549458 ൅  (24)  ଼ݐ 0.00002232401449
ܾሺ0, ሻݐ ൌ ∑  ଼

௞ୀ଴ ,ሺ0ܤ ݇ሻݐ௞ ൌ െ0.1587321895 െ ݐ 0.006656847400 ൅       ଶݐ 0.03225128652
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൅0.001781288370 ݐଷ െ ସݐ 0.004288293471 െ       ହݐ 0.0002984007257
൅0.0004749869758 ݐ଺ ൅ ଻ݐ 0.00004006534374 െ  (25)       ,଼ݐ 0.00004734587496
 
 and 
  
ܿሺ0, ሻݐ ൌ ∑  ଼

௞ୀ଴ ,ሺ0ܥ ݇ሻݐ௞ ൌ 1.125520474 െ ݐ 0.01466011194 െ       ଶݐ 0.02517536765
൅0.004020451594 ݐଷ ൅ ସݐ 0.003274552421 െ      ହݐ 0.0006966518279
െ0.0003500883684 ݐ଺ ൅ ଻ݐ 0.00009773554566 ൅  (26)      .଼ݐ 0.00003299651584

 
 If we apply differential transform-Padé technique to our 8th-order approximations (24),(25) and (26), we get 
ሾ4/4ሿ DTM-PADÉ approximations: 
  

ܽ ቂସ

ସ
ቃ ሺ0, ሻݐ ൌ ଴.ଵ଼ସଶହଽଽଵହଷି଴.଴଴ଷ଼ହ଺ସଽଽଶଷଵ ௧ି଴.଴଴଺଺଺ଷ଼ଽଵ଻ସଵ ௧మା଴.଴଴଴ଵଶ଼଴ଵ଻ଶଷସସ ௧యା଴.଴଴଴ଵ଴଺ଽଽସଶଵ଴ଶ ௧ర

଴.ଽଽଽଽଽଽଽଽଽଽା଴.଴଼ଶ଼ଷଽ଻ଷ଺ଵହ ௧ା଴.ଵହଵଽ଼ଶଵଽଶଵ ௧మା଴.଴଴଻ହସଵହ଴଴଺ଷଷ ௧యା଴.଴଴଺଼ଷ଻ହସଵ଴ଽ଼ ௧ర ,  

 

ܾ ൤
4
4

൨ ሺ0,  ሻݐ
െ0.1587321896 െ ݐ 0.001202506371 ൅ ଶݐ 0.005828510497 ൅ ଷݐ 0.00003993960844 െ ସݐ 0.00009637073151

1.0 െ ݐ 0.03436190888 ൅ ଶݐ 0.1679024154 െ ଷݐ 0.003052737855 ൅ ସݐ 0.007448138340 , 

 
and  
 

ܿ ቂସ

ସ
ቃ ሺ0, ሻݐ ൌ ଵ.ଵଶହହଶ଴ସ଻ସା଴.଴ଽଷଶଷ଻଺଼ଶ଺଻ ௧ା଴.ଵ଻ଵ଴ହଽଵ଼଴଴ ௧మା଴.଴଴଼ସ଼଼ଵ଴଺଼ଷଽ ௧యା଴.଴଴଻଺ଽହ଼଴ସହ଺ହ ௧ర

ଵ.଴ା଴.଴ଽହ଼଺ସ଻ଽଽହଶ ௧ା଴.ଵ଻ହହଽ଼଻଴ଷ଼ ௧మା଴.଴଴଼ସ଴଴଼ଽ଼଺଼଺ ௧యା଴.଴଴଻଺ଶଶଽଵଽ଼଼ଵ ௧ర .  

 
 Comparisons are made between the exact solutions of the Blaszak-Marciniak three-field lattice, the 8th-order 
approximations and the differential transform-Padé approximations obtained by differential transform method, as 
are shown in Figure 1. 
 

      
 
 

 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1:  Comparison between the exact solutions of the Blaszak-Marciniak three-field lattice (line) with 8th-order 

approximations (dash) and ሾ4/4ሿ DTM-PADÉ approximations (circle(solid)) at ݊ ൌ 0. 
 
 Figure 2 show that the differential transform-Padé technique can enlarge the convergence domain of the 
series solution at ݊ ൌ 0. This evidently shows the noticeable advantages of differential transform-Padé technique 
over the classic DTM. 
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Fig. 2: Comparison between the error of the DTM solutions (line) and the error of the ሾ4/4ሿ DTM-PADÉ 

solutions (circle(solid)) of the Blaszak-Marciniak three-field lattice at n ൌ 0. 
 
The Blaszak-Marciniak Four-Field: 
 Now we consider the Blaszak-Marciniak four-field lattice as follows (M. Blaszak and K. Marciniak, 1994):   
 
ܽ௧ሺ݊, ሻݐ ൌ ܽሺ݊, ,ሻሺܾሺ݊ݐ ሻݐ െ ܾሺ݊ െ 1,       ,ሻሻݐ
ܾ௧ሺ݊, ሻݐ ൌ ܿሺ݊, ሻܽሺ݊ݐ ൅ 1, ሻݐ െ ܽሺ݊, ሻܿሺ݊ݐ െ 1,       ,ሻݐ
ܿ௧ሺ݊, ሻݐ ൌ ݀ሺ݊, ሻܽሺ݊ݐ ൅ 2, ሻݐ െ ܽሺ݊, ሻ݀ሺ݊ݐ െ 1,       ,ሻݐ
݀௧ሺ݊, ሻݐ ൌ ܽሺ݊ ൅ 3, ሻݐ െ ܽሺ݊,  ሻ,                                                            (27)ݐ
 
 with the initial conditions  
 
ܽሺ݊, 0ሻ ൌ ଵ݂ሺ݊ሻ,     
ܾሺ݊, 0ሻ ൌ ଶ݂ሺ݊ሻ,      
ܿሺ݊, 0ሻ ൌ ଷ݂ሺ݊ሻ,      
݀ሺ݊, 0ሻ ൌ ସ݂ሺ݊ሻ.     (28) 

 
 The exact solutions of the problem are as follows (W.X. Ma et al., 1999).  
 

ܽሺ݊, ሻݐ ൌ ௚ሺ௡ାଵ,௧,௬,௭ሻ௚ሺ௡ିଵ,௧,௬,௭ሻ

௚మሺ௡,௧,௬,௭ሻ
,      

ܾሺ݊, ሻݐ ൌ ቀln ௚ሺ௡ାଵ,௧,௬,௭ሻ

௚ሺ௡,௧,௬,௭ሻ
ቁ

௧
,      

ܿሺ݊, ሻݐ ൌ ஽೟
మ௚ሺ௡ାଵ,௧,௬,௭ሻ.௚ሺ௡ାଵ,௧,௬,௭ሻ

ଶ௚ሺ௡,௧,௬,௭ሻ௚ሺ௡ାଶ,௧,௬,௭ሻ
,       

݀ሺ݊, ሻݐ ൌ ቀln ௚ሺ௡ାଷ,௧,௬,௭ሻ

௚ሺ௡,௧,௬,௭ሻ
ቁ

௭
,     (29)  

 
 where ݃ሺ݊, ,ݐ ,ݕ ሻݖ ൌ 1 ൅ expሺߟሻ ߟ , ൌ ݊݌ ൅ ݐݍ ൅ ݖݎ ൅ ݕݏ ൅ ଴ߟ ݍ , ൌ ሺ1ߣ െ ݁ି௣ሻ ݎ , ൌ ଵሺ݁௣ିߣ െ 1ሻ , 
ݏ ൌ ଶሺ1ߣ െ ݁ିଶ௣ሻ  with ߣସ ൌ ݁௣ሺ1 ൅ ݁௣ ൅ ݁ଶ௣ሻ ݌ ,  and ߟ଴  are arbitrary constants, and ݕ, ݖ  are auxiliary 
variables.  
 Let  
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௡ሺ݇ሻܣ ൌ ,ሺ݊ܣ ݇ሻ ൌ ଵ

௞!
ቂௗೖ௔ሺ௡,௧ሻ

ௗ௧ೖ ቃ
௧ୀ଴

,     (30) 

௡ሺ݇ሻܤ ൌ ,ሺ݊ܤ ݇ሻ ൌ ଵ

௞!
ቂௗೖ௕ሺ௡,௧ሻ

ௗ௧ೖ ቃ
௧ୀ଴

,     (31) 

௡ሺ݇ሻܥ ൌ ,ሺ݊ܥ ݇ሻ ൌ ଵ

௞!
ቂௗೖ௖ሺ௡,௧ሻ

ௗ௧ೖ ቃ
௧ୀ଴

,     (32) 

௡ሺ݇ሻܦ ൌ ,ሺ݊ܦ ݇ሻ ൌ ଵ

௞!
ቂௗೖௗሺ௡,௧ሻ

ௗ௧ೖ ቃ
௧ୀ଴

.     (33) 

 
 The transformed version of (27) can be written in the following recurrence formulas: 
 
 ሺ݇ ൅ 1ሻܣሺ݊, ݇ ൅ 1ሻ ൌ ∑  ௞

௟ୀ଴ ,ሺ݊ܣ ݈ሻሺܤሺ݊, ݇ െ ݈ሻ െ ሺ݊ܤ െ 1, ݇ െ ݈ሻሻ,      
 ሺ݇ ൅ 1ሻܤሺ݊, ݇ ൅ 1ሻ ൌ ∑  ௞

௟ୀ଴ ,ሺ݊ܥ ݈ሻܣሺ݊ ൅ 1, ݇ െ ݈ሻ െ ∑  ௞
௟ୀ଴ ,ሺ݊ܣ ݈ሻܥሺ݊ െ 1, ݇ െ ݈ሻ,      

 ሺ݇ ൅ 1ሻܥሺ݊, ݇ ൅ 1ሻ ൌ ∑  ௞
௟ୀ଴ ,ሺ݊ܦ ݈ሻܣሺ݊ ൅ 2, ݇ െ ݈ሻ െ ∑  ௞

௟ୀ଴ ,ሺ݊ܣ ݈ሻܦሺ݊ െ 1, ݇ െ ݈ሻ,      
 ሺ݇ ൅ 1ሻܦሺ݊, ݇ ൅ 1ሻ ൌ ሺ݊ܣ ൅ 3, ݇ሻ െ ,ሺ݊ܣ ݇ሻ.     (34) 
 
 The related initial conditions should be also transformed as follows: 
 
,ሺ݊ܣ 0ሻ ൌ ଵ݂ሺ݊ሻ,      
,ሺ݊ܤ 0ሻ ൌ ଶ݂ሺ݊ሻ,      
,ሺ݊ܥ 0ሻ ൌ ଷ݂ሺ݊ሻ,      
,ሺ݊ܦ 0ሻ ൌ ସ݂ሺ݊ሻ.     (35) 

 
 Similarly, the following expression values are deduced: 
 
ሺ݊ܣ െ 1,0ሻ ൌ ଵ݂ሺ݊ െ 1ሻ, ሺ݊ܣ ൅ 1,0ሻ ൌ ଵ݂ሺ݊ ൅ 1ሻ,        
ሺ݊ܤ െ 1,0ሻ ൌ ଶ݂ሺ݊ െ 1ሻ, ሺ݊ܤ ൅ 1,0ሻ ൌ ଶ݂ሺ݊ ൅ 1ሻ,      
ሺ݊ܥ െ 1,0ሻ ൌ ଷ݂ሺ݊ െ 1ሻ, ሺ݊ܥ ൅ 1,0ሻ ൌ ଷ݂ሺ݊ ൅ 1ሻ,      
ሺ݊ܦ െ 1,0ሻ ൌ ସ݂ሺ݊ െ 1ሻ, ሺ݊ܦ ൅ 1,0ሻ ൌ ସ݂ሺ݊ ൅ 1ሻ.     (36) 

 
 So we can determine all of the kth derivatives of functions ܣሺ݊, ݇ሻ, ,ሺ݊ܤ ݇ሻ, ,ሺ݊ܥ ݇ሻ and ܦሺ݊,  ሻ one by oneݐ
according to (34) and we obtained the closed form solutions as: 
 
ܽሺ݊, ሻݐ ൌ ∑  ∞

௞ୀ଴ ,ሺ݊ܣ ݇ሻݐ௞,      
ܾሺ݊, ሻݐ ൌ ∑  ∞

௞ୀ଴ ,ሺ݊ܤ ݇ሻݐ௞,      
ܿሺ݊, ሻݐ ൌ ∑  ∞

௞ୀ଴ ,ሺ݊ܥ ݇ሻݐ௞,      
݀ሺ݊, ሻݐ ൌ ∑  ∞

௞ୀ଴ ,ሺ݊ܦ ݇ሻݐ௞.     (37) 
 
 Here we choose ݌ ൌ ݕ ,0.7 ൌ ݖ ,1 ൌ ଴ߟ ,1 ൌ െ6, ߣ ൎ 1.94 and suppose that (27) has the following initial 
conditions:  
 

ܽሺ݊, 0ሻ ൌ
൫ଵାୣబ.ళ ೙షభ.వరభవయవయవభ൯൫ଵାୣబ.ళ ೙షయ.యరభవయవయవభ൯

ሺଵାୣబ.ళ ೙షమ.లరభవయవయవభሻమ ,      

 

ܾሺ݊, 0ሻ ൌ െ0.9766245106 ିଵ.଴ ୣబ.ళబబబబబబబబబ ೙షభ.వరభవయవయవభାୣబ.ళబబబబబబబబబ ೙షమ.లరభవయవయవభ

ሺଵ.଴ାୣబ.ళబబబబబబబబబ ೙షమ.లరభవయవయవభሻሺଵ.଴ାୣబ.ళబబబబబబబబబ ೙షభ.వరభవయవయవభሻ
,      

 

ܿሺ݊, 0ሻ ൌ 0.9537954347 
ୣబ.ళబబబబబబబబబ ೙షభ.వరభవయవయవభ

ሺଵ.଴ାୣబ.ళబబబబబబబబబ ೙షమ.లరభవయవయవభሻሺଵ.଴ାୣబ.ళబబబబబబబబబ ೙షభ.మరభవయవయవభሻ
,      

 
 

 ݀ሺ݊, 0ሻ ൌ െ0.5225529417 ିଵ.଴ ୣబ.ళబబబబబబబబబ ೙షబ.ఱరభవయవయవభయାୣబ.ళబబబబబబబబబ ೙షమ.లరభవయవయవభ

ሺଵ.଴ାୣబ.ళబబబబబబబబబ ೙షమ.లరభవయవయవభሻሺଵ.଴ାୣబ.ళబబబబబబబబబ ೙షబ.ఱరభవయవయవభయሻ
.       

 
 The initial conditions are defined as to agree with the exact solutions. From (37) we can get 8th-order 
approximations at ݊ ൌ 3 as follows:   
ܽሺ3, ሻݐ ൌ ∑  ଼

௞ୀ଴ ,ሺ3ܣ ݇ሻݐ௞ ൌ 1.118656843 ൅ ݐ 0.03065421977 െ       ଶݐ 0.02235410092

 െ0.008756873965 ݐଷ ൅ ସݐ 0.002311874581 ൅       ହݐ 0.001520202880

 െ0.0001184666442 ݐ଺ െ ଻ݐ 0.0002047438441 െ  (38) ,଼ݐ 0.000009685930679
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ܾሺ3, ሻݐ ൌ ∑  ଼
௞ୀ଴ ,ሺ3ܤ ݇ሻݐ௞ ൌ 0.1676830529 ൅ ݐ 0.0152022141 െ      ଶݐ 0.03793905415

െ0.004576731076 ݐଷ ൅ ସݐ 0.005539624407 ൅      ହݐ 0.0008573693845
െ0.0006679866941 ݐ଺ െ ଻ݐ 0.0001284891133 ൅  (39) ,଼ݐ 0.00007158967779

  

ܿሺ3, ሻݐ ൌ ∑  ଼
௞ୀ଴ ,ሺ3ܥ ݇ሻݐ௞ ൌ 0.2103014212 െ ݐ 0.0144467968 െ       ଶݐ 0.04401546044

൅0.003788374304 ݐଷ ൅ ସݐ 0.005698018432 െ      ହݐ 0.0005843393891
െ0.0005772942467 ݐ଺ ൅ ଻ݐ 0.00006577324048 ൅  (40) ,଼ݐ 0.00004816609618

 

 And 

 

݀ሺ3, ሻݐ ൌ ∑  ଼
௞ୀ଴ ,ሺ3ܦ ݇ሻݐ௞ ൌ 0.2395060484 െ ݐ 0.045333944 െ       ଶݐ 0.03867698732

൅0.009059278499 ݐଷ ൅ ସݐ 0.003539639403 െ      ହݐ 0.0009275468292
െ0.0002421695460 ݐ଺ ൅ ଻ݐ 0.00005030461329 ൅  (41) .଼ݐ 0.00001644347075

 

 If we apply differential transform-Padé technique to our 8th-order approximations (38),(39),(40) and (41), 

we get ሾ4/4ሿ DTM-PADÉ approximations:  

 

ܽ ቂସ

ସ
ቃ ሺ3, ሻݐ ൌ ଵ.ଵଵ଼଺ହ଺଼ସଷି଴.ଶ଴ଷ଺ଷଶ଺ଵ଴଴ ௧ା଴.ଵଽ଺ସଵସଷ଻଼ସ ௧మି଴.଴ଶ଴ଶଽ଴ଵ଼ସଶଽ ௧యା଴.଴଴ଽଶଶଽ଻଺଼ହସଽ ௧ర

଴.ଽଽଽଽଽଽଽଽଽ଺ି଴.ଶ଴ଽସଷହ଼ଷସ଼ ௧ା଴.ଶ଴ଵଷ଴ଶ଺ଷ଺ଵ ௧మି଴.଴ଶ଴଴ଵଵଷହଵହ଺ ௧యା଴.଴଴ଽଵଵହ଺ଷ଴଺ଶ଴ ௧ర,  

 

ܾ ቂସ

ସ
ቃ ሺ3, ሻݐ ൌ ଴.ଵ଺଻଺଼ଷ଴ହଶଽା଴.଴଴ଷ଴଼ଷ଼଴ସଷ଼଺ ௧ି଴.଴଴଺଼଴ହ଼ଶସସ଻଴ ௧మି଴.଴଴଴ଵଶଽଵ଺ଽ଼ହଷ଴ ௧యା଴.଴଴଴଴ଽସଷ଴ହଷସହଽ଻ ௧ర

ଵ.଴ି଴.଴଻ଶଶ଺ଽ଻ଷସହଵ ௧ା଴.ଵଽଶଶଵଽଵଶସ଻ ௧మି଴.଴଴଻ଶହସସ଴ଶଽ଺଼ ௧యା଴.଴଴ଽ଻଴ଵ଻ଷହଵହହ ௧ర ,  

 

ܿ ቂସ

ସ
ቃ ሺ3, ሻݐ ൌ ଴.ଶଵ଴ଷ଴ଵସଶଵଶି଴.଴଴ଶ଼ଷସ଴଺଴ଵଽ଻ ௧ି଴.଴଴଼ହସଵଽ଻଻଴ଶଽ ௧మା଴.଴଴଴଴଻ଽଽ଴ହହଽସଶଶ ௧యା଴.଴଴଴ଵଵଽଽ଴ସ଼଻ଷହ ௧ర

ଵ.଴ା଴.଴ହହଶଵଽସ଼଻଴ହ ௧ା଴.ଵ଻ଶସ଻ଶହ଻଻ଷ ௧మା଴.଴଴ହ଻଻ଵଷଶଽଵଵ଺ ௧యା଴.଴଴଼ଽ଻ହଷ଺ଶସହଵ ௧ర ,  

 

 and  

 

݀ ቂସ

ସ
ቃ ሺ3, ሻݐ ൌ ଴.ଶଷଽହ଴଺଴ସ଼ହି଴.଴ଵ଴ହଵଽଶସଷସହ ௧ି଴.଴଴ଽଷ଴ଽଶ଺ହଶଵଷ ௧మା଴.଴଴଴ଷହଷଵଶଵ଺଼ଵସ ௧యା଴.଴଴଴ଵ଻ଷଷହ଻଴ହଵ଺ ௧ర

ଵ.଴ା଴.ଵସହଷ଺଴ସଶଷଶ ௧ା଴.ଵହ଴ଵଷଵ଼ଷ଼଺ ௧మା଴.଴ଵହହସ଴ଷ଻ଽଵ଴ ௧యା଴.଴଴଻଺ଷଶସଶ଴ଽହ଺ ௧ర .  

 

 Comparisons are made between the exact solutions of the Blaszak-Marciniak four-field lattice, the 8th-order 

approximations and the differential transform-Padé approximations obtained by differential transform method, as 

are shown in Figure 3. 
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Fig. 3:  Comparison between the exact solutions of the Blaszak-Marciniak four-field lattice (line) with 8th-order 

approximations (dash) and ሾ4/4ሿ DTM-PADÉ approximations (circle(solid)) at n ൌ 3. 
 
 Figure 4 show that the differential transform-Padé technique can enlarge the convergence domain of the 
series solution at ݊ ൌ 3. It is noticeable that differential transform-Padé technique, leads to better accuracy and 
larger interval of convergence over the classic DTM. 
 

     

      
Fig. 4: Comparison between the error of the DTM solutions (line) and the error of the ሾ4/4ሿ DTM-PADÉ 

solutions (circle(solid)) of the Blaszak-Marciniak four-field lattice at n ൌ 3. 
 

Conclusion: 
 In this paper, we employed the differential transform-Padé technique, for solving the Blaszak-Marciniak 
three-field and four-field lattices. The results show that this technique, increase efficiently the accuracy of 
approximate solution and lead to convergence with a rate faster than using DTM. So combining the series 
obtained by DTM with the Padé technique provides a promising tool to handle problems on an unbounded 
domain. Employing higher order Padé approximations produces more efficient results. 
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