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Abstract: The purpose of this study is to implement Differential transform-Padé technique
(DTM-PADE), which is a combination of Differential transform method (DTM) and Padé
approximation (PADE), for solving well-known Blaszak-Marciniak lattice, which has rich mathematical
structures and many important applications in physics and mathematics. The results obtained by
DTM-PADE technique are compared to those obtained by using DTM alone. The numerical results
demonstrate that DTM-PADE technique gives the approximate solution with faster convergence rate and
higher accuracy than using DTM.
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INTRODUCTION

The differential-difference equations (DDEs) play an important role in modeling complicated physical
phenomena such as particle vibrations in lattices, currents flow in electrical networks, and pulses in biological
chains. Unlike difference equations, which are fully discrete, DDEs are semi-discrete with some (or all) of their
spacial variables discrete while time is usually kept continuous. Since the works of Fermi, Pasta, and Ulam in the
1950s (E. Fermi et al., 1965), there were quite a number of research works developed during the last decades on
DDEs. For instances, Levi et. al analyzed the condition for existence of higher symmetries for a class of DDEs (D.
Levi and O. Ragnisco, 1978; D. Levi and R.I. Yamilov, 1997), (R.I. Yamilov, 1994; V.E. Adler et al., 1999) made
outstanding contribution to the classification of DDEs, integrability tests and connections between integrable
PDEs and DDEs (I.Yu. Cherdantsev and R.I. Yamilov, 1995; A.B. Shabat and R.I. Yamilov, 1991) and a lot of
works were developed to analyze the properties of solutions of DDEs (D.J. Zhang, 2005; K. Narita, 1993; Z.
Wang and H.Q. Zhang, 2006; Z. Wang and H.Q. Zhang, 2006 ).

The Differential transform is an analytic method for solving differential equations. The concept of the
differential transform was first introduced by Zhou in 1986. Its main application therein is to solve both linear and
non-linear initial value problems in electric circuit analysis. This method constructs an analytical solution in the
form of a polynomial. It is different from the traditional higher order Taylor series method. The Taylor series
method is computationally expensive for large orders. The differential transform method is an alterative procedure
for obtaining analytic Taylor series solution of the differential equations. By using DTM, we get a series solution,
in practice a truncated series solution. The series often coincides with the Taylor expansion of the true solution at
point x = 0, in the initial value case. Chen and Ho have developed this method for PDEs and obtained closed
form series solutions for linear and nonlinear initial value problems (C.K. Chen and S.H. Ho, 1999). Ayaz
developed differential transform method to two-dimensional problem for PDEs initial value problems (F. Ayaz,
2003; F. Ayaz, 2004). Kurnaz et al., (2005) generalized DTM to n-dimensional case in order to solve PDEs.
Besides the differential transform method is independent on whether or not there exist small parameters in the
considered equation. Therefore, the differential transform method can overcome the foregoing restrictions and
limitations of perturbation techniques so that it provides us with a possibility to analyze strongly nonlinear
problems. This method has been successfully applied to solve many types of nonlinear problems (A.S.V. Ravi
Kanth and K. Aruna, 2008; A.S.V. Ravi Kanth and K. Aruna, 2009; M.J. Jang et al., 2001). In some cases, the
series solution of DTM converges in a limited interval, and outside it, its error is high. To overcome the drawback,
the Padé approximant, which often show superior performance over series approximation, are applied to the series
solution of DTM to improve the accuracy and enlarge the convergence domain.

In this paper, the Blaszak-Marciniak three-field and four-field lattices, which were derived as an application
of y-matrix formalism to the algebra of shift operators of dynamical systems (M. Blaszak, K. Marciniak and
1994) are considered separately. The differential transform-Padé technique has been successfully implemented to
solve them by converting the series solutions into the diagonal Padé approximants. The solutions are obtained
with higher accuracy and faster convergence than by using the DTM alone. Numerical and figurative illustrations
show that it is a promising tool for solving nonlinear problems.

This paper is organized as follows: In Section 2, we describe the differential transform method and give a
brief discussion of Padé approximants. In Section 3, the Blaszak-Marciniak three-field lattice is studied. In
Section 4, the Blaszak-Marciniak four-field lattice is investigated. At the end of the paper, there is a summary of
the main conclusions.
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The Description of Differential Transform-Padé Technique:
Differential Transform Method:
Let us consider the most general form of algebraic difference-differential equation:

N(un(t)' Up 41 (D), Up—1 (D), Uny2 (D), Un_2 (D), -+ ) =0, (D

where N is a nonlinear differential operator, n and t denote independent variables, u,(t) is unknown
functions in vector form. For simplicity, we ignore all boundary or initial conditions, which can be treated in the
same way. Based on the basic theorems of the one-dimensional differential transform method, the differential
transform of the kth derivative of a function u, (t) is defined as follows:

_ _ 1[d*un(®
Un() = UG k) = [5] @
where u,(t) is the original function and U, (k) is the transformed function.
The differential inverse transform of U, (k) is defined as
Up(t) = Ei=o Un()(t — to)* = oo U(n, k)(t — to)". G3)

In a real application, and when ¢, is taken as 0, then the function u, (t) can be expressed by a finite series
and with the aid of (3), u,(t) can be written as

0 0 1 [ak
wn(8) = Bfoo U RO = Bco 1 [552] _t* )

The Sth order approximation of the object function u,,(t) is given by:
un(t) = Li=o U(n, k)t". ®)
The fundamental mathematical operations performed by DTM are listed in Table 1.

Table 1: The operation for differential transformation method.
Original function Transformed function

f(n,t) = gm,t) £ h(n,t)

F(n,k) =G(n, k) + Hn, k)

f(n,t) = ag(n,t)

F(nk) =aG(nk), a€R

ft) = g, Hhnt)

F(nk) =3, 6G(n, DH(m, k — )

f(m,0) = g(n, Hh(®n, Hw(n,t)

F(nk) =Xk Tkl 6, DH(, s)W(n,k — 1 —5)

ag(nt)
f(n ) =220

F(n k) = (k + DG(n, k + 1)

fn, 1) = T80 F(n k) = (k + 1)(k +2) - (k + m)G(n k +m)
f(nt) =t™ F(n, k) =38(k—m), & is the Kronecker delta

f(nt) =gn+mt)

Fnk)=G(n+mk)

Applying Padé Approximants on the Truncated Series Solution:

The series solutions obtained by DTM have a limited region of convergence even if taking S to be as large as
possible. So, we apply the Padé technique on the series obtained to increase the convergence region. A truncated
series solution of order at least (L + M) in t will be used to obtain Padé [L/M] (G.A. Baker, 1975), which is an
approximate solution for u(t).We denote the L, M Padé approximants to u(t) by:

] =222, ©)

where P, (t) is a polynomial of degree at most L and Q,,(t) is a polynomial of degree at most M. The
formal power series:

u(t) = 52 = o, @
u(®) = It ait), ®)

Determine the coefficients of P, (t) and Q(t).
Since we can obviously multiply the numerator and denominator by constant and leave [L/M] unchanged,
we impose the normalization condition:
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Qu(0) =1. )

Finally we require that P, (t) and Qy(t) have no common factors.
If we write the coefficients of P, (t) and Q(t) as

Py(t) = po + pit + pt? + -+ pyth,
Qu(t) = qo + qit + qot% + -+ + qpt™. (10)

Then by (9) and (10) we may multiply (7) by Qu,(t), which linearizes the coefficient equations. We can write
out (7) in more detail as:

( Qreatayq+-+a,_pequ =0,

i Apez +Qrp1Gr + o+ aQ_py2qu =0, (11)
Apam + Aram-1G1 + -+ aqy =0,
( g = Po,
a; +apq; = py,
a; +a1q1 + agqz = P2, (12)

a,+a;-1q; + -+ apqy = pr.

Once, the g's are known from (11), (12) can be solved easily. If (11) and (12) are nonsingular, then they can
be solved directly as follows:

aL—M+1 aL—M+2 aL.+1
det| ay ars1 aim ]
L sk oaiyt! Sk iai oo ¥k oait)
5] = e e (13)
det ai ¢7—L+:1 al:+M
tM tM-1 1

To obtain diagonal Padé approximants of different order like [2/2], [4/4] or [6/6] MAPLE can be
efficiently used.
The Blaszak-Marciniak Three-Field:

We consider the Blaszak-Marciniak three-field lattice as follows (M. Blaszak and K. Marciniak, 1994):
amt)y=cn+1,t) —c(n—1,1t),
b(n,t) =a(n—1,t)c(n—1,t) —an,t)c(n,t),
c(n,t) =c(n,t)(b(n,t) —b(n+1,t)), (14)

with the initial conditions

a(nv 0) = fl(n)!

b(n,0) = f(n),

c(n,0) = fz(n). (15)
The exact solutions of the problem are as follows (X.B. Hu and Z.N. Zhu, 1998).

DZg(n+1,.t,2).g(n+1,.t,z)

a(n,t) = ,
2g(nt,z)g(n+2,t,z)
_ gnt,z)
b(n' t) - (lng(n+1,t,z))t'
_gntz)gn+2,t,z)
c(n,t) = BTy — (16)
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where g(n,t,z) =1+ exp(n), n =pn+qz+rt+n° q=A1—eP), r =1"1(e? — 1), with
1

2P \3 . . o . o . . .
A= (1e+j)3’ p and n° are arbitrary constants, z is an auxiliary variable and bilinear differential-difference

operator DI DX is defined as follows:

a  a\M o  a\K o
D;n Dtka.b= (a_x_a_x) (a—;) a(X,t)b(X,t)lX:X"tzt'.
Let
1 [d*a(n,
0= a0 -3 @
dkp(n,
Bu(k) = B k) = 1[5 (18)
1 [dkec(n,t
Cull) = k) = 5 [“25] _ (19)

Then according to the inspiration of Table 1, the transformed version of (14) can be written in the following
recurrence formulas:

(k+ DA k+1)=C(n+1,k) — C(n—1,k),
(k+DBmk+ 1) =Yk  An—1,DC(n—1,k—1D -3, An,DC(n, k — D),
k+DCMk+1D) =38, cn,DB(n,k—1) —B(n+1,k-1). (20)

The related initial conditions should be also transformed as follows

A(TL, 0) = fl(n)r
B(Tl, 0) = f2 (Tl),
C(n,0) = fs(n). 2y

Easily, the following implicit initial conditions are given through the final row relation between original
functions and translated functions in Table 1.

An—-10)=fi(n—1),A(n+1,0) = f(n+ 1),
B(n—-10)=f,(n—1),B(n+10) = f,(n+ 1),
Cn—10)=fz(n—1),C(n+1,0) = fz(n + 1). (22)

So we can determine all of the kth derivatives of functions A(n, k), B(n, k) and C(n, k) one by one
according to (20) and we obtained the closed form solutions as

a(n,t) = Y5, A(n, k)t¥,
b(n,t) = Y2_o B(n, k)t*,
c(n,t) = X5, C(n, k)tk. (23)

Here we choose p = 0.7, z = 1, n° = —1 and suppose that (14) has the following initial conditions:

e0.7000000000 n+0.2557687332

a(n,0) = 0.8431942042

(1_O+e0.7000000000 n—0.4442312668)(1_0+e0.7000000000 n+0.9557687332)’
—1.0 07000000000 n—0.4442312668 4 0.7000000000 n+0.2557687332

b(n,0) = —0.9182560668 (1.0+¢0-7000000000 n+0.2557687332) (1 0+ ¢0.7000000000 n~0.4442312668)’
(10 + e0.7000()00000 n—0.4442312668)(1.0 + e0.7000000000 ‘n+0.9557687332)

c(n,0) = (1.0 + 07000000000 n+0.2557687332)2

The initial conditions are defined as to agree with the exact solutions. From (23) we can get 8th-order
approximations at n = 0 as follows:

a(0,t) = ¥8_, A(0,k)t* = 0.1842599153 — 0.01912054200 ¢t — 0.03308417694 t>

+0.004385087343 ¢3 + 0.003656253304 t* — 0.0005890964128 t5

—0.0003137405201 t° + 0.00005796549458 t” + 0.00002232401449 t® (24)
b(0,t) = ¥8_, B(0,k)t* = —0.1587321895 — 0.006656847400 t + 0.03225128652 t2
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+0.001781288370 t* — 0.004288293471 t* — 0.0002984007257 ¢t°
+0.0004749869758 t° + 0.00004006534374 t” — 0.00004734587496 t8, (25)

and

c(0,6) =X8_, C(0,k)tk = 1.125520474 — 0.01466011194 t — 0.02517536765 t2
+0.004020451594 t* + 0.003274552421 t* — 0.0006966518279 t°
—0.0003500883684 t° + 0.00009773554566 t” + 0.00003299651584 t5. (26)

If we apply differential transform-Padé technique to our 8th-order approximations (24),(25) and (26), we get
[4/4] DTM-PADE approximations:

0.1842599153—0.003856499231 t—0.006663891741 t2+0.0001280172344 t3+0.0001069942102 t*

4
b= :
4 0.9999999999+0.08283973615 t+0.1519821921 t2+0.007541500633 t340.006837541098 t*
. [4] (0, ~%:1587321896 — 0.001202506371 ¢ + 0005628510497 £2 + 0.00003993960844 t3 — 0.00009637073151 t*
4 1.0 — 0.03436190888 ¢ + 0.1679024154 t2 — 0.003052737855 ¢ + 0.007448138340 t* '
and
c I:i] (0 t) _ 1.125520474+0.09323768267 t+0.1710591800 t2+0.008488106839 t3+0.007695804565 t*
4 ’ - 1.04+0.09586479952 t+0.1755987038 t2+0.008400898686 t3+0.007622919881 t*

Comparisons are made between the exact solutions of the Blaszak-Marciniak three-field lattice, the 8th-order
approximations and the differential transform-Padé approximations obtained by differential transform method, as
are shown in Figure 1.

aft) bt}
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Fig. 1: Comparison between the exact solutions of the Blaszak-Marciniak three-field lattice (line) with 8th-order
approximations (dash) and [4/4] DTM-PADE approximations (circle(solid)) at n = 0.

Figure 2 show that the differential transform-Padé technique can enlarge the convergence domain of the

series solution at n = 0. This evidently shows the noticeable advantages of differential transform-Padé technique
over the classic DTM.
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Fig. 2: Comparison between the error of the DTM solutions (line) and the error of the [4/4] DTM-PADE
solutions (circle(solid)) of the Blaszak-Marciniak three-field lattice at n = 0.

The Blaszak-Marciniak Four-Field:
Now we consider the Blaszak-Marciniak four-field lattice as follows (M. Blaszak and K. Marciniak, 1994):

a;(n,t) =an,t)(b(n,t) —b(n—1,1)),

b(n,t) =c(n,t)a(n+ 1,t) —a(n, t)c(n — 1,¢t),

c(n,t) =dn,t)an+ 2,t) —a(n, t)d(n — 1,¢t),

di(n,t) =an+3,t) —ant), 27

with the initial conditions

a(n,0) = fi(n),
b(n,0) = f,(n),
c(n,0) = f3(n),
d(n,0) = f,(n). (28)

The exact solutions of the problem are as follows (W.X. Ma et al., 1999).

_ gn+1tyz)g(n-1ty,z)

a(n,t) = g%(ntyz)
im0 = 252
gntyz) /.
_ DEg(n+1,ty,2).g(n+1,ty.z)
c(nt) = 2g9(ty2)gntatyz) '
(n+3,t,y,2)
d(n,0) = (In222020) | X
(nt) gntyz) /, -

where g(n,t,v,z) =1+exp(), n=pn+qt+rz+sy+n°, q=A1—-e?), r=11eP -1),
s=22(1—e7?P) with 2* =eP(1+eP +e?P), p and n° are arbitrary constants, and y,z are auxiliary
variables.

Let
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k
Anl) = At I = [

kil dek
Bﬂm=mﬁ@=%ﬁﬁﬁﬁd
Calk) = Cn k) = £[£209)
Du(k) = D(n k) = & [T450]

The transformed version of (27) can be written in the following recurrence formulas:

(k+DAMEk+1) =3, A, DB,k —1) —B(n—1,k = 1)),
(k+DBn,k+1) =Yk, Cn, DA+ 1L,k—D =Y, An,DC(n— 1,k = D),
k+DCMk+1D) =Y D, DA +2,k—1) =Y, An,DD(n— 1,k — D),
(k+ DD, k+1)=A(n+3,k) — An, k).

The related initial conditions should be also transformed as follows:

A(Tl, 0) = fl(n)'
B(n,0) = f,(n),
C(n,0) = f3(n),
D(n,0) = fy(n).

Similarly, the following expression values are deduced:

An-10)=filn—-1),An+1,0)=fi(n+ 1),
Bn—-10)=f,(n—1),B(n+1,0) = f,(n+ 1),
Cn-10=f(n—-1),C(n+10) = f5(n+ 1),
Dn—-10)=f,(n—1),D(n+1,0) = foL(n+ 1).

(30)

€2
(32)
(33)

(34

(35)

(36)

So we can determine all of the kth derivatives of functions A(n, k), B(n, k), C(n, k) and D(n,t) one by one

according to (34) and we obtained the closed form solutions as:

a(n, t) = Yi_o A(n, k)t*,
b(n,t) = Y3, B(n, k)t¥,
c(n, t) = Xp_y C(n, k)tk,
d(n,t) = X5_o D(n, k)t

37

Here we choose p = 0.7, y =1, z =1, n° = —6, 1 = 1.94 and suppose that (27) has the following initial

conditions:

(1+e0.7 n—1.941939391)(1+60.7 n—3.341939391)

a(n,0) =

(1+eo47 n—24641939391)2 4

—1.0 £0:7000000000 n—1.941939391 4 ,0.7000000000 n—2.641939391

b(n,0) = —0.9766245106

(1'0+eO.7000000000 n—2.641939391)(1_0+eO.7000000000 n—1.941939391)‘

07000000000 —1.941939391

¢(n, 0) = 0.9537954347

(1.0+€0:7000000000 n~2.641939391) (1 0 4.¢0.7000000000 n—1.241939391)’

—1.0 £0-7000000000 —0.5419393913 | ,0.7000000000 n—2.641939391

d(n,0) = —0.5225529417

(1_O+e0.7000000000 n—Z.641939391)(1_0+90.7000000000 n—0.5419393913)'

The initial conditions are defined as to agree with the exact solutions. From (37) we can get 8th-order

approximations at n = 3 as follows:

a(3,t) = X8, A(3,k)tk = 1.118656843 + 0.03065421977 t — 0.02235410092 t>
—0.008756873965 t3 + 0.002311874581 t* + 0.001520202880 t>
—0.0001184666442 t° — 0.0002047438441 t” — 0.000009685930679 t8,
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b(3,t) = X8, B(3,k)t* = 0.1676830529 + 0.0152022141 t — 0.03793905415 ¢2
—0.004576731076 t* + 0.005539624407 t* + 0.0008573693845 t°
—0.0006679866941 t° — 0.0001284891133 t” + 0.00007158967779 t&, 39)

c(3,t) =Y8_, C(3,k)tk =0.2103014212 — 0.0144467968 t — 0.04401546044 t>
+0.003788374304 t* + 0.005698018432 t* — 0.0005843393891 t°
—0.0005772942467 t® + 0.00006577324048 t7 + 0.00004816609618 t°, (40)

And

d(3,t) =X8_o D(3,k)tF = 0.2395060484 — 0.045333944 ¢t — 0.03867698732 t*
+0.009059278499 t* + 0.003539639403 t* — 0.0009275468292 t°
—0.0002421695460 t° + 0.00005030461329 t7 + 0.00001644347075 t8. (41)

If we apply differential transform-Padé technique to our 8th-order approximations (38),(39),(40) and (41),
we get [4/4] DTM-PADE approximations:

1.118656843—0.2036326100 t+0.1964143784 t2—0.02029018429 t3+0.009229768549 t*
0.9999999996—0.2094358348 t+0.2013026361 t2—0.02001135156 t3+0.009115630620 t*’

oo

b [4-] (3 t) _ 0.1676830529+0.003083804386 t—0.006805824470 t2-0.0001291698530 t3+0.00009430534597 t*
4 ! 1.0-0.07226973451 t+0.1922191247 t2-0.007254402968 t3+0.009701735155 t* !

c [4] (3,t) = 0.2103014212-0.002834060197 t—0.008541977029 t2+0.00007990559422 t3+0.0001199048735 t*
4 ! 1.040.05521948705 t+0.1724725773 t2+0.005771329116 t3+0.008975362451 t*

]

and

d [4] (3 t) _0.2395060485-0.01051924345 t—0.009309265213 t2+0.0003531216814 t3+0.0001733570516 t*
4 ! 1.0+0.1453604232 t+0.1501318386 t2+0.01554037910 t3+0.007632420956 t* ’

Comparisons are made between the exact solutions of the Blaszak-Marciniak four-field lattice, the 8th-order
approximations and the differential transform-Padé approximations obtained by differential transform method, as
are shown in Figure 3.

aft) bint)
141

044

024

044

586



Aust. J. Basic & Appl. Sci., 5(11): 579-588, 2011

Fig. 3: Comparison between the exact solutions of the Blaszak-Marciniak four-field lattice (line) with 8th-order
approximations (dash) and [4/4] DTM-PADE approximations (circle(solid)) at n = 3.

Figure 4 show that the differential transform-Padé technique can enlarge the convergence domain of the
series solution at n = 3. It is noticeable that differential transform-Padé technique, leads to better accuracy and
larger interval of convergence over the classic DTM.

2 t) bng)
045 0.4+
03+ 03+
r 02 = 02|
0.1 j &0.1- j
seeamsunsag., remea —r— . .
-0 -5 o 5 10 -10 -5 0 H 10
s ¥
cint) dint)
045 0.4 4
03 03+
F 02 y 02

T t 1 / r ' fotmt .
-10 -5 i 5 10 -10 -5 0 5 il
+ +

Fig. 4:  Comparison between the error of the DTM solutions (line) and the error of the [4/4] DTM-PADE
solutions (circle(solid)) of the Blaszak-Marciniak four-field lattice at n = 3.

Conclusion:

In this paper, we employed the differential transform-Padé technique, for solving the Blaszak-Marciniak
three-field and four-field lattices. The results show that this technique, increase efficiently the accuracy of
approximate solution and lead to convergence with a rate faster than using DTM. So combining the series
obtained by DTM with the Padé technique provides a promising tool to handle problems on an unbounded
domain. Employing higher order Padé approximations produces more efficient results.
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