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Abstract: Flexibility in job shop scheduling is a main problem that has been considered by many of  
researchers in recent years.So Scheduling for the flexible job shop is very important in the field of 
production management and combinatorial optimization. However, it is quite difficult to achieve an 
optimal solution to this problem in medium and actual size problems with traditional optimization 
approaches because of it’s high computational complexity. In this paper a new mathematical model 
based on considering overlapping in operation in the flexible job shop scheduling problem(FJSP) is 
developed and a hybrid metaheuristic algorithm called memetic algorithm (MA) is proposed to solve 
this problem.Also the objective function that we consider is minimizing the makespan time. The 
Numerical experiments are used to evaluate the performance and efficiency of the proposed algorithm. 
Results show  that the proposed algorithm is capable to achieve the optimal solution for small size 
problems and near optimal solutions for medium and large size problems in a reasonable time. 
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INTRODUCTION 

 
 Scheduling problems occur in all of the economic domains, from computer engineering to manufacturing 
techniques. Most scheduling problems are complex and combinatorial and so difficult to solve. The job shop 
scheduling is a branch of the production scheduling, which is well known as a combinatorial optimization 
problem. The job shop scheduling problem is to determine a schedule of jobs that have pre-specified operation 
sequences in a multi-machine environment. In the classical job shop scheduling problem (JSP), n jobs are 
processed for completion on m unrelated machines. For each job, technology constraints specify a complete, 
distinct routing which is fixed and known in advance. Each machine is continuously available from time zero, 
and operations are processed without preemption. The general JSP is strongly NP hard (Garey Johnson Sethi 
1976). 
 Flexible job shop scheduling problem (FJSP) is an extension of the classical JSP which allows an operation 
to be processed by any machine from a given set. The scheduling problem of FJSP consists of a routing sub-
problem, that is, assigning each operation to a machine out of a set of capable machines and the scheduling sub-
problem, which consists of sequencing the assigned operations on all machines in order to obtain a feasible 
schedule, minimizing a predefined objective function (Saad Hammadib Benrejeb Born 2008). The FJSP is a 
much more complex version of the JSP, so the FJSP is strongly NP-hard and combinatorial.  
 Overlapping in operation is a new assumption in flexible job shop scheduling problem which has been 
addressed by some authors and means to start a successor operation of job is not necessary to finish of its 
predecessor completely. This assumption is an important and practical issue for many flexible job shops such as 
petrochemical Industries and glass factory. Based on previous researches, the FJSP with overlapping in 
operation is much more complex version of FJSP (see Alvarez-Valdes, A. et al., (2005) and Fattahi et al., 
(2008). 
 
Literature review: 
 In recent years the classical JSP and FJSP (in single or multi-objectives) have been solved by many meta-
heuristics, such as Simulated Annealing, Tabu Search, Genetic Algorithms or Artificial Immune Systems. 
 There are 2 groups of solving approaches that can be used to solve the FJSP with more than two jobs: 
hierarchical approaches and integrated approaches (Fattahi et al., 2008). The hierarchical approaches attempts to 
solve problem by decomposing it into a sequence of sub problems, with reduced difficulty. Integrated 
approaches are used by considering assignment and sequencing at the same time and usually obtain better 
results than hierarchical approach.  
 Brandimarte (1993) was the first in applying the hierarchical approach for the FJSP. He solved the routing 
sub-problem using some existing dispatching rules and then solved the scheduling sub-problem, by using tabu 
search method. Fattahi et al. (2008) used a methaheuristic by using simulated annealing in order to minimizing 
makespan, they assumed overlapping in operation in their model. Bruker and Schile (1990) gave a polynomial 
algorithm for solving the flexible job shop problem with two jobs. Saidi and Fattahi (2007) presented a 
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mathematical model and a tabu search algorithm to solve the flexible job shop scheduling problem with 
sequence-dependent setups. Kacem and Borne (2002) proposed a genetic algorithm and expanded approach by 
localization to achieve capable initial assignment. Xia and Wu (2005) applied a hybrid of particle swarm 
optimization (PSO) to FJSP, they applied SA as a local search procedure to solve problem. Zandieh et al., 
(2008) applied genetic algorithm to solve FJSP, they used several different rules for generating the initial 
population and several strategies for producing new population for next generation. 
 Integrated approaches were used by considering assignment scheduling at the same time and usually obtain 
better results than hierarchical approach. Hurink et al., (1994) and chambers (1996) developed tabu search 
algorithm to solve the problem. Dauzere-Peres and Paulli (1997) extended the classical disjunctive graph model 
for job shop scheduling to take into account the fact that operations have to be assigned to machines in the FJSP 
problem. Based on the extended disjunctive graph, a new neighborhood structure is defined and a tabu search 
method is provided to solve the problem. Mastrololli and Gambardella (2002) improved the search techniques of 
Dauzere-Peres and presented two neighborhood functions. Vaessens (1995) defined a neighbor for the FJSP 
problem by deleting an operation from the machine ordering, identifying a set of feasible insertions containing 
the optimal one and inserting r in the best-possible way. Vaessens’s algorithm spends a considerable amount of 
computing time defining such a set of feasible insertions. Brucker and Neyer (1998) also proposed the best 
insertion of an operation in their neighborhood function, but the algorithm they suggested is too time 
consuming. Yang (2001) presented a genetic algorithm (GA)-based discrete dynamic programming approach.  
 Since the problem is well known as NP-Hard class, hybrid genetic algorithm is developed to solve 
problems. In this paper we used the samples of Fattahi et al. The overlapping rate is 0.1 which is equal to 
Fattahi et al’s overlapping rate.  
 
Problem definition: 
 The FJSP with overlapping in operation can be explaining as follows: There is a set of m  machines and n 

jobs. M Denotes the set of all machines. Each job j consists of a sequence of operation ),...,1(, jjh hho  , 

where jho and jh denote that thh  operation of job j and the number of operations required for job j . Each 

operation jho of job j has to be processed on one machine kM  out of a set of given compatible machines jhM  

(for ), MMMM jhjhk  .The FJSP is machine dependent because the performance of each operation on 

each allowable machine has a different processing time. 
 The operations to be performed on the jobs can, and in fact should, overlap. The extent of this overlapping 

is limited by a coefficient, jhov , defined as the proportion of operation jho  that has to be processed before its 

successor 1, hjo  can start. This coefficient is 1 if no overlapping is allowed and can be very low, near to 0, if 

there is automatic overlapping, in which as soon as the first unit of operation jho  is processed, it becomes part 

of the next operation and is immediately processed. The overlapping, jhov  of two operations determines the 

earliest starting time of the second operation, so that it is guaranteed that a sufficient proportion of jho  is 

already processed and also that 1, hjo  does not finish before the last units coming from jho  have arrived. In the 

left hand part of the Figure.1, the first condition determines the earliest starting time of 1, hjo  and in the right 

hand part of this Figure, the second condition determines the earliest finishing time of 1, hjo .Under these 

assumptions and notations, the problem is to both determine an assignment and a sequence of the operations on 

all machines that minimizes the makespan given n, m , jho , ijha , jhov and ijhp . ijha is an binary parameter 

which is  1 if machine i can perform the operation jho and is 0 otherwise. ijhy  is a parameter similar to 

ijha and is 1 if machine i selected for operation jho and is 0 otherwise. We defined ijhkx as a binary variable; 

this variable is 1 if machine i can perform jho  in priority k   and is 0 otherwise. jhr is a binary coefficient and 

when the processing time of a predecessor operation is smaller than its successor is 1 and is 0 otherwise. The 
other parameters of our model are as below:  

 
 

maxC : Makespan time 
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ikTm : start of working time for machine i in priority k ; 

jhps : Processing time of operation jho after select a machine; 

L: A large number ( ) 

 jht : Start time of the processing of operation jho ; 

ik : The number of assigned operations to machine i ; 

 

1, 
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hjjh
pp 1, 
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Fig. 1: Types of the overlapping in operations. 
 

 A mixed integer linear program for flexible job shop scheduling with overlapping in operation is given as:
 

maxMin C
 

1) max , ,s.t. 1,...,j h j hC t ps j n            

2)
. 1,..., ; 1,...ijh ijh jh

y p ps j n h h    

3) , 1. (1 ) 1,.., ; 1,..., 1jh jh jh j h jh jt ps ov t r L j n h h        

4) , 1 , 1 . . 1,.., ; 1,..., 1jh jh j h j h jh jh jh jt ps t ps ps ov r L j n h h          

5) , 1. 1,..., ; 1,..., ; 1,..., ; 1,..., 1ik jh ijhk i k j iTm ps x Tm i m j n h h k k        

6)
(1 ). 1,..., ; 1,..., ; 1,..., ; 1,..., 1ik jh ijhk j iTm t x L i m j n h h k k         

7)
(1 ). 1,..., ; 1,..., ; 1,..., ; 1,..., 1ik ijhk jh j iTm x L t i m j n h h k k         

8)
1,..., ; 1,..., ; 1,...,ijh ijh jy a i m j n h h     

9)
1 1,..., ; 1,...,ijhk i

j h

x i m k k    

10)
1 1,..., ; 1,...,ijh j

i

y j n h h    

11)
1,..., ; 1,..., ; 1,...,ijhk ijh j

k

x y i m j n h h     

0 1,..., ; 1,...,jh jt j n h h    

 0,1 1,..., ; 1,..., ; 1,..., ; 1,...,ijhk j ix i m j n h h k k      

 0,1 1,..., ; 1,..., ; 1,...,jhk jy i m j n h h   
 

 

 First constraint calculate the completion time, in the second Constraint the processing time of operation jho  

in the selected machine is determined. Constraints (3) and (4) enforce each job to follow a specified operation 
sequence and consider the overlapping constraints. Constraint (5) assures that each machine process only one 

operation at a time. Constraints (6) and (7) guarantees that each operation jho  can be start after its assigned 

machine is idle and previous operation 1jho is completed. The flexibility of problem is shown in Constraint (8) 

which determines the alternative machines for each operation. Constraint (9) assigns the operations to a machine 
and sequence assigned operations on all machines. As we know in scheduling problems each operation can be 
performed only on one machine and at one priority that these conditions are shown in Constraints (10) and (11). 

Results of ijhkx  yield an assignment each operation on a machine and sequence assigned operations on all 

machines. 
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The Proposed Algorithm: 
 In this section, we present the structure of proposed algorithm which applied to flexible job shop scheduling 
with overlapping in operation in order to determine the near optimal assignment of operations and sequence of 
assigned operations of each machine to minimize the makespan time. In the proposed memetic algorithm, the 
assignment of each operation to a machine and sequencing of operations are done simultaneously, in the other 
hand the integrated approach to solve FJSP with overlapping in operation is used. 
 
Concise introduction to Memetic algorithm: 
 Memetic algorithm (MA) is a recent metaheuristic to solve combinatorial optimization problems.MA can be 
regarded as a combination of a population – based global search and local improvements. Some recent 
researchers conclude that the performances of evolutionary metaheuistics like genetic algorithm (GA) can be 
significantly improved by hybridizing with a powerful and fast local search engine. The original intention is to 
obtain an intelligent integration of global search and local, and to make a well – balanced compromise between 
diversification and intensification mechanisms. 
 
Memetic algorithm implementation:  
 The proposed MA implemented as described in the following subsections. In first step, the proposed MA 
encodes solutions as chromosomes that described in section 4.2.1, and then evaluated the objective value of each 
chromosome so we can select the best chromosomes from population. After these stages we apply crossover and 
mutation operator and used local search procedure in order to refine the solution. The crossover and mutation 
operator and local search are described in section 4.2.4 and 4.2.5.  
 
Initial population and Chromosome representation:  
 The initial population can be created in either a random way or a well-adapted method. Liepins and Hilliard 
(1989) suggested that the use of a well-adapted population provides few advantages despite fast convergence. 
So in our work the population is composed of randomly generated solutions.  
 In this paper we proposed a gene structure to show which operation of a job should be processed on which 
machine. Figure 2 shows our proposed structure of a gene. 
 

Machine Job Operation Priority 
 

Fig. 2: structure of a gene we used in flexible ob shop scheduling problem. 
 
 Whereas each machine can perform more than one operation, each machine has more than one states to 
perform operation of job, for more explanation of this, let us consider an example of a machine which can 
process two operation of two different job: operation 1 from job 1 and operation 3 from job 2, so this machine 
has two situation Such as below: 
  
A: 1111, 1232 
B: 1231, 1112 
In the first case (A), machine No.1 process the first operation of job 1. As mentioned before each machine can 
performed only one job at the time, so operation 3 of job 2 can start only after finishing operation 1 of job 1.  
In the second case (B), the first operation which is processed on machine 1 is operation 3 of job two and after 
finishing this operation, machine No.1 can start processing first operation of job1. 
 
Fitness function:  
 The fitness function is a measure of individual's quality. Each individual or solution is assigned a numerical 
evaluation of its fitness by a fitness function. For many optimization problems, the fitness function is a 
combination of objective and penalty functions. The penalty function indicates the degree of constraints 
violation by the current individual. In this study, the fitness function value for each chromosome is equal to the 
objective function.  

Fitness Function = maxC  

 
Selection: 
 The selection process discussed here is based on elite selection method. The elite method selects a few best 
(Yeh, 2002). In this paper after producing initial population, the chromosomes are sorted down – top and then 
50% of chromosomes are selected and send to the mating pool. 
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Crossover Operator: 
 Crossover and mutation are the most important parts of a GA. The crossover plays an important role in 
exchanging information among chromosomes. It leads to an effective combination of partial solutions in other 
chromosomes and speeds up the search procedure early in the generation (Yeh, 2002). In this paper, we apply 
precedence preserving order – based operator (POX) of Lee et al., (1998). In POX generates two children 
starting from two parents. First, POX selects an operation from the first parent, copies in the first child all the 
operations if the job which the selected operation belongs to, then complete this new individual with the 
remaining operations, in the same order as they appear in the second parent. The symmetric process is repeated 
for the second parent and the second child. One of the most important species of the POX operator is that the 
produced chromosomes are feasible (Lee et al., 1998). Figure 3 shows the POX crossover operator for two 
selected chromosomes from the mating pool.  
 In figure 3, 7th gene of first parent is selected by random then all genes that are belong to this gene copies to 
first child, other genes of first children are completed with the remaining operation from second parent, for 
second child we repeated these stages by using parent 2 then parent 1. 

 

 
Fig. 3: POX operator. 
 
Mutation operator:  
 To prevent all solutions in population from falling into a local optimum, mutation takes place after a 
crossover is performed. In order to obtain a new offspring by using mutation operator in this paper, a machine is 
replaced with another machine which can do the same operation of a job as illustrated in figure 4. Figure 4 
shows the mutation operator have been applied on two genes, the machine 3 in the first gene is replaced with 
machine 2 and in the 7th gene the machine 1 is replaced with machine 2. 
 

 
Fig. 4: Mutation operator. 
 
Local search: 
 The local search is an iterative search process based which exploits the special structure of the problem as 
much as possible.  One can define the neighborhood of a solution as the set of solutions that are reachable by 
executing any possible move allowed by the neighborhood generation scheme. In order to produce a new 
neighborhood for a chromosome we exchange the location of to gene.   
 
Feasibility control of each chromosome: 
 In this paper we say a chromosome is feasible if and only if it consider the priority rule among all 
operations of a job. As mentioned above the initial population is created by random, although random 
generation could be result in producing unfeasible solution at first but we use simple approach to prevent this. 
However applying local search may be lead to an unfeasible solution therefore after apply the local search, 
feasibility of new chromosomes should be checked.   
                 
Stopping criteria: 
 The memetic algorithm stops when the maximal number of iterations is achieved. 
 
Computational results: 
 This section describes the computational experiments which are used to evaluate the effectiveness and 
performance of the proposed algorithm in finding good quality solutions. In order to illustrate the efficiency of 
proposed algorithm, we used 25 examples which have been created by Fattahi et al. These problems are divided 
into 3 classes as below:  
1. Small flexible job shop scheduling problem (SFJS 1:10); 
2. Medium flexible job shop scheduling problem (MFJS 1: 10); 
3. Large flexible job shop scheduling problem (LFJS 1: 5); 
 The overlapping rate is 0.1 that is the same with overlapping rate of Fattahi et al. These problems are solved 
on a personal computer with Pentium IV Intel Celeron 2GHz CPU and 512 Mb RAM. The results of  
these 3 classes of problems are shown in tables 1-3 and fig5.  
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Computational results for Memetic Algorithm: 
 
Table 1: Comparison of Cmax obtained by MA and Fattahi et al., (2008). 

Improvement (%) 
CMax  With overlapping 

Problem 
MA TS(2008) 

- 66 66 1: 2.2.2SFJS  

- 107 107 2 : 2.2.2SFJS  

- 221 221 3 : 3.2.2SFJS  

- 355 355 4 : 3.2.2SFJS  

- 119 119 5 : 3.2.2SFJS  

- 256 256 6 : 3.3.3SFJS  

- 233.5 233.5 7 : 3.3.5SFJS  

- 193 193 8 : 3.3.4SFJS  

- 171.7 171.7 9 : 3.3.3SFJS  

- 419.5 419.5 10 : 4.3.5SFJS  

- 441 441 1: 3.2.2MFJS  

- 316 315.5 2 : 4.3.5MFJS  

- 419.5 419.5 3 : 4.3.5MFJS  

0.58 374.6 376.8 4 : 5.3.6MFJS  

- 313.2 313.3 5 : 5.3.6MFJS  

3.58 346.8 360.7 6 : 5.3.7MFJS  

0.12 401.7 402.2 7 : 6.3.7MFJS  

0.06 430 430.3 8 : 6.3.7MFJS  

- 563 511.7 9 : 7.3.7MFJS  

- 530 504.5 10 : 7.3.7MFJS  

- 628 589.9 7.3.8:1LFJS  

8.27 791 862.3 7.4.8:2LFJS  

7.47 763 824.6 8.4.9:3LFJS  

5.83 797 846.4 8.4.11:4LFJS  

10.66 1148 1285 8.4.12:5LFJS  

 
Table 2: Comparison between time of MA and Fattahi et al., (2008). 

Problem 
Time (Second) Improvement 

(%) TS (2008) Ma Time 

7.3.8:1LFJS  390 63 83.84 

7.4.8:2LFJS  580 95 83.62 

8.4.9:3LFJS  690 327 52.61 

8.4.11:4LFJS  1055 655 37.91 

8.4.12:5LFJS  1250 980 21.6 

 

 
 

Fig5 .MFJS6 :a - Gant chart of fattahi et al  .b – Gant chart of memetic algorithm 
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Table 3: Example of five jobs-seven machines problem (MFJS6).  

3O  2O1O
 

 

150 4m
 

140 4m147 1m
 

1J
 

160 5m
 

130 2m123 2m
 

200 7m
 

123 1m145 3m
 

178 5m
 

87 3m214 1m
 

2J
 

95 6m
 

66 2m
150 3m

 
 150 7m

 
99 4m

190 4m
 

145 7m87 1m
 

3J
 

100 5m
 

180 3m
62 2m

 153 6m
 

105 4m

145 4m
 

250 3m87 1m
 

4J
 136 6m

 
173 5m65 2m

 

110 5m
 

86 3m123 2m
 5J

 

85 6m
 

65 4m145 3m
 

47 5m128 1m
 

 
Conclusion and Results: 
 In this paper a new approach for solving scheduling problem with considering flexibility and overlapping in 
operation is proposed.  Due to complexity of this problem, a memetic algorithm have been used to obtain a 
near–optimal solution within a reasonable amount of time. The proposed MA algorithm is compared with a 
heuristic method based on Tabu search(TS) algorithm.By applying memetic algorithm to mentioned problems, 
in the small size problems we obtained the optimal solution very fast and by increasing the size of problems our 
method shows the better minimum of makespan. Another importance of the proposed algorithm is less CPU 
time than TS algorithm wich has been used by Fattahi et al. The differences of time obtained  In the large scale 
problems is a good factor of proposed method which is emanate of using integrated approach to solve FJSP. The 
obtained results shows that the proposed memetic algorithm can find good quality solution without scarifying 
time when the scale of problems increases. 
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