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particular values in these formulae. 
 
Key words: Hypergeometric series, Lauricella function, Srivastava triple series.  

 
INTRODUCTION 

 
The generalized hypergeometric function of multivariable was highlighted by a number of mathematicians 

namely Srivastava Pankaj (2002) (Srivastava,   H.M., (1965a; 1970f; 1964a; 1980), Chandel and Gupta (1984), 
Exton, (1976a, 1982a), Saxena (1965), Pathan (1975, 1977, 1978b, 1978f, 1979c, 1981), Agarwal (1973), Denis 
(1969, 1972c), Singhal and Soni (1978), Singal (1970b), Rathie and Kim (2004), Kim et al., (2010, 2003), 
Lavoie et al., (1992, 1996, 1994). It includes not only Kampe' de Fe'riet function and Srivastava triple series but 

also most of the special functions like Appel functions 1F , 2F , 3F , 4F  and Lauricella functions. The objective 

of this paper is to establish transformation formulae for the generalized hypergeometric function of three and n 
variables. These transformation formulae will provide a number of new results and also some known results are 
verified on specializing the parameters. Also one can observe that all the results of Srivastava (2002) are 
obtained by taking suitable parameters in the transformations that are developed here and hence one believe 
these transformation formulae to be new and interesting. Therefore results established in this paper are of 
general in character and hence encompass several cases of interest. 
 
2  Definitions and Formulae: 

 The hypergeometric function ),,(3 zyxF  of three variables is defined by Srivastava in the form (see 

(Srivastava,   H.M. and  Karlsson, P.W., 1985), p. 44. 14):  
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Here )(a  is taken to denote the sequence of A  parameters Aaaa ,,, 21   . 

The multivariate Hypergeometric series (see (Srivastava,   H.M. and Karlsson, P.W., 1985), p. 38. 24) is 
defined as 
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 where )( pa  represents sequence of paaa ,,, 21   parameters )( 1

1s
d  represents sequence of 

1

1

1
2

1
1 ,,, sddd   parameters.The multiple Hypergeometric series is convergent if 

nkqpsr kk ,1,2,=0,1   the equality holds when, in addition, either rp >  and 

1<
11

1
rp

n
rp xx   , or rp   and max 1<},,{ 1 nxx  . 

Srivastava triple series, BH   ((Srivastava,   H.M. and Karlsson, P.W., 1985), p. 43. 12 ) is defined by  
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The Lauricella function, 12F  (Srivastava,   H.M. Karlsson, P.W., 1985, p. 42. 7 ) is defined by  

 

),,;,,;,,,,,( 22121112112 zyxF   
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 We use the following reduction formula  (Srivastava,   H.M. Karlsson, P.W., 1985, p. 39. 31 ) in some 

special cases,  
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3  Main Results: 

In this section we shall establish the following results.   
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4  Proof Of Main Results: 

Proof of (3.1) : In order to establish the main result (3.1) we proceed as follows. 
Making use of (2.1) on the left hand side of (3.1) we get   
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Now using (2.9)  in  (4.1)  we  get  
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substituting pwwnvvmuu  =,=,=  in (4.2) and after simplification we get   

  

wvu

pnmpnmpnm

pnmnmwpmvpnu

wvu

pnm

pnmmppnnmpnm

pnmmppnnmpnm

pnm

zyx
wvu

wvuwvu
pnmfffeeed

cccbbba

!!!)()()(

)()()()()()()()()(
!!!))(())(())(()(())(())(())((

))(())(())(())(())(())(())((

0=,,

0=,,


























  (4.3) 

       
Inter changing order of summation in (4.3) we get the main result (3.1). 

 
Proof of (3.2): 

One can establish (3.2) following the process adopted in (3.1). 
  

Proof of (3.3): 
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After simplification we get  
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Now replacing   =,,= 111 nnn mllmll    in (4.5) and after simplifying and changing order    of   

summation we get the result (3.3)  
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1

;,,;,,,[)(1




 xF

x

x
vwFx     (5.2) 

Put 0== ,= ,= ,= 11 wvcba   in  (5.2)  we  get  

 















 




















 

c

x

bca

F

c
x

x
ba

Fx a ;

,

=
1

;

,

)(1 1212        (5.3) 

 
This  is  known  result  ((Slater,  L.J., 1966), 1. 7. 1. 3) 
Put 1= x  in  (5.3)  we  get  

 





































c

bca

F

c

ba

Fa 1;

,

=
2

1
;

,

2 1212        (5.4) 

 
This is known result (Slater,  L.J., 1966, 1. 7. 1. 4) 

put bacx 1= ,
2

1
=  in (5.3) we get  

 









































ba

ba

F

ba

baa

Fa

1

1;

,

=

1
2

1
;

2,1

2 1212        (5.5) 

 
By applying (Slater,  L.J., 1966. III. 5)  to (5.5) we get  

 











































baa

aba

ba

baa

Fa

2

1
,11

2

1
,11

=

1
2

1
;

2,1

2 12        (5.6) 

 
 (II)  substituting  
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321

3
''

2

''

1

''''''''''

2
'

2

'

1

'''''

121

''''''
'

'''''''

''
3

21

,,

,,),,...1(,2

,,),,...1(,2

,,),,...,1(,2

),,...,1(,),,...1(

,),,...,1(,,,

,),,...,1(,3

''''

''




































vuw

fwfCicfCF

fvfCicfCF

fufCicfCF

BibeBEBibe

BEBibeBEa

aaDidaDA

CCii

CCii

CCii

iiii

iiD

DDii

 

 
 in (3.1)  we  get  
 

2;2;2:0;0;0::0

0;0;0:0;0;0::3
)(1)(1)(1 Fzyx     

  































321 ,;,;,:;;::
))(1)(1(1

,
))(1)(1(1

,
))(1)(1(1

;

;;:;;::,,






wvu
zyx

z

zyx

y

zyx

x  

  

1;1;1:0;0;0::0

0;0;0:1;1;1::0

!!!

)()()(
=

0=,,

Fzyx
wvu

wvuwvu

wvu


 

 

  





















321

321

;;:;;::

,,;

;;:;;::





 

  

!!!)()()(

)()()(

!!!

)()()(
=

321

321

0=,,0=,, pnm
zyx

wvu

pnm

pnm

mppnnm

pnm

wvuwvu

wvu





 


  

  

),,,;,,;,,(
!!!

)()()(
= 321321

0=,,


B

wvuwvu

wvu

Hzyx
wvu




    (5.7) 

 

 where BH  is  Srivastava  Triple  series (Srivastava,   H.M. and Karlsson, P.W., 1985, p. 43. 12). 

(III) Substituting  

2
''''''''''

2
'''

''
121

,11
''''''

'

''''
2

'

2

'

1

'''

''
3

21

),,...1(,,),,...1(

,,,),,...,1(

,2,,),,...,1(

,,,),,...1(

,2),,...,1(,,

,,),,...,1(,3

''

































wCicfCFvCicf

CFfufCicf

CFwvBibe

BEeueBibe

BEBibeBEa

aaDidaDA

iiii

CCii

ii

BBii

iiD

DDii

  

in (3.1) we get  
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2;0;0:0;2;0::0

0;0;0:0;0;0::3
)(1)(1)(1 Fzyx     

  































;;,:;,;::
))(1)(1(1

,
))(1)(1(1

,
))(1)(1(1

;

;;:;;::,,

12 




uu
zyx

z

zyx

y

zyx

x
 

  

1;0;0:0;1;0::0

0;1;1:1;0;1::0

!!!

)()()(
=

0=,,

Fzyx
wvu

wvuwvu

wvu


 

 

  





















;;:;;::

,,;

;;:;;::

12

2211





 

  

!!!)()(

)()()()(

!!!

)()()(
=

21

2121

0=,,0=,, pnm
zyx

wvu

pnm

pnm

pnmnpm

pnm

wvuwvu

wvu












  

  

),,,;,,;,,,,,(
!!!

)()()(
= 22121112112

0=,,


Fzyx

wvu
wvuwvu

wvu




   (5.8) 

 Where 12F  is Lauricella  function  (Srivastava,   H.M. and Karlsson, P.W., 1985, p. 42. 7).  

 
6  Special Cases of (3.2): 
(IV)  Substituting  

1=== ),',1,=( = ,= ),,1,=( = ,= 

),,1,=( = ,= ,= ),,1,=( = 1,=
'''''''''

1








BibeBEBibeBE

BibeBEkaDidaDA

iiii

iiDii




 

 
in  (3.2)  we  get  
 

''

''

;;:0;0;0::0

;;:0;0;0::1
)(1 




FFF

CCC
Fzyx k

 
  



































)();();(:;;::
)(1

,
)(1

,
)(1

;

)();();(:;;::

''

''

fff
zyx

z

zyx

y

zyx

x
ccck

 

  

''

''

0=,, ;;:0;0;0::0

11;1;:0;0;0::0

!!!
= 




 


FFF

CCC
Fzyx

wvu

k wvuwvu

wvu

 

  

























)();();(:;;::

;1,1,1

),(;),(;),(:;;::

''

''

fff

wcvcuc

 

  



Aust. J. Basic & Appl. Sci., 5(11): 496-517, 2011 

 

504 
 




 wvuwvu

wvu

zyx
wvu

k

!!!
=

0=,,

 

  

);1](;),[();1](;),[();1](;),[( ''
'1'

''
'1'1


  fwcFfvcFfucF

FCFCFC    (6.1) 

(V) substituting ''
1

''
11

''
1

''
11

'''' = ,= ,= ,= ,= ,= 1,======  ffffffccccccFFFCCC  in 

(6.1)  we  get 
 

1;1;1:0;0;0::0

1;1;1:0;0;0::1
)(1 Fzyx k  

  



































''

''

;;:;;::
)(1

,
)(1

,
)(1

;

;;:;;::

fff
zyx

z

zyx

y

zyx

x
ccck

 

  

1;1;1:0;0;0::0

1;1;1:0;0;0::1
= F  

  

























''

''''

;;:;;::

,,;

;;:;;::

fff

zyx

cfcfcfk

 

 
Now Taking 0== zy  in the above equation we get  

 

],;;,[=]
1

;;,[)(1 1212 xfcfkF
x

x
fckFx k 




         (6.2) 

Which is known  result  [Slater,  L.J., 1966, (1. 7. 1. 3)]. 
(VI) Substituting 
 

wafbafbcac

vafbafbcacuaf

bafbcacFFFCCC











''
2

'''
1

''
2

''
1

''
2

'''
1

''
2

''
12

121
''''

1= ,1= ,= ,=

 ,1= ,1= ,= ,= ,1=

 ,1= ,= ,= 2,======

 

 
in (6.1) we get 

 

2;2;2:0;0;0::0

2;2;2:0;0;0::1
)(1 Fzyx k  

  







































wabavaba

uaba
zyx

z

zyx

y

zyx

x
bababak

''''''

''''

,1;1,11

;,11:;;::
)(1

,
)1

,
)(1

;

,;,;,:;;::
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
























uaba

uba

Fzyx
wvu

k wvuwvu

wvu ,11

;1

,,

!!!
= 23

0=,,

 

  














































waba

wba

F

vaba

vba

F
'''

'

23
'''

'

23

,11

;1

,',

,11

;1

,',

 

 
By using (Slater,  L.J., 1966, p. 243. III. 9) and  substituting 0== zy  in the above equation we get  

 

,

,1
2

1
1

;
2

1
,1,1

=

,11
1

;

,,

)(1 2323













































 

baa

x

baak

F

uaba
x

x
bak

Fx k     (6.3) 

 
Which is known result (Pankaj, Srivastava, 2002, 3. 5). 

(VII)  Taking  
 

wbfbaf

bcacvbfbaf

bcacubfbaf

bcacFFFCCC













''
2

'''
1

''
2

''
1

''
2

'''
1

''
2

''
121

21
''''

21= ,1=

 ,= ,= ,21= ,1=

 ,= ,= ,21= ,1=

 ,= ,= 2,======

 

 
in  (6.1)  we  get 
 

2;2;2:0;0;0::0

2;2;2:0;0;0::1
)(1 Fzyx k  

  







































wbbavbba

ubba
zyx

z

zyx

y

zyx

x
bababak

''''''

''''

2,1;12,11

;2,11:;;::
)(1

,
)(1

,
)(1

;

,;,;,:;;::

 

  


























ubba

uba

Fzyx
wvu

k wvuwvu

wvu 2,11

;1

,,

!!!
= 23

0=,,

 

  














































wbba

wba

F

vbba

vba

F
'''

'

23
'''

''

23

2,11

;1

,',

2,11

;1

, ,

 

 
Using (Slater,  L.J., 1966, p. 244. III. 16) , we  have  
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





















































'''''

'''''

'''''

'''''

2,
2

1
,1

;2,
2

1
,1

;2,
2

1
,1:;;::

,,;

,
2

1
,12

;,
2

1
,12

;,
2

1
,12:;;::

3;3;3:0;0;0::0

3;3;3:0;0;0::1
=

bbaba

bbaba

bbaba

zyx

bbaba

bbaba

bbabak

F     (6.4) 

Substituting  0== zy  in  (6.4)  we  get  

 

,

2,
2

1
,1

;

,
2

1
,12,

=

2,11
1

;

,,

)(1 3423













































 

bbaba

x

bbabak

F

ubba
x

x
bak

Fx k     (6.5) 

Which  is  known  result  (Pankaj, Srivastava, 2002, 3. 6). 
(VIII)  Taking 
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bcacacubfbafaf
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
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1
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2

1

 ,,
2
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1= ,= 3,======

 

 In  (6.1)  we  get  
 

3;3;3:0;0;0::0

3;3;3:0;0;0::1
)(1 Fzyx k  
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



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1
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1
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2

1
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Using  (Slater,  L.J., 1966, p. 244. III. 17)  we  get  

 






















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
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zyx
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F  

 
Now substituting 0== zy  in  the above  equation we  get  

 

,
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;

,2,

 =
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1
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;

,
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1
,1,

 )(1 2334
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
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
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
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


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



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x
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F
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x

x

baak

Fx k     (6.6) 

 
Which  is  known  result  (Pankaj, Srivastava, 2002, 3. 7).  

(IX)  Taking  
 

wbfbafaf

bcacacvbfbafaf

bcacacubfbafaf

bcacacFFFCCC




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1
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1

 ,= ,
2
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2

1

 ,,
2

1
1= ,= 3,======

 

 In  (6.1)  we  get  
 

3;3;3:0;0;0::0

3;3;3:0;0;0::1
)(1 Fzyx k  
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Using  (Slater,  L.J., 1966, p. 244. III. 18)  and substituting 0== zy  we  get  

 

,
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2

1

2

1
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;

1,
2

1

2

1
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=
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1
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;

,
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)(1 3434
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
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x
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F
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x

x
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Fx k    (6.7) 

 
Which is known result (Pankaj, Srivastava, 2002, 3.8). 
(X)   Substituting 

 

''
3

''''
2

"''
1

''
3

''''
2

''
1

''
3

''
2

''
1

''
3

''
2

''
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''''

1= ,
2

1

2

1
=,

2
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2

1

2

1
,

2

1
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2

1

2

1
=,

2

1

 ,= ,
2

1

2

1
,

2

1
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2

1

2

1
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2

1

 ,,
2

1

2

1
= ,

2

1
= 3,======




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


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in  (6.1)  we  get  
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Using (Slater,  L.J., 1966, 245. III. 20) we  get  

,
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Which  is  known  result   (Pankaj, Srivastava, 2002, 3. 9). 
       (XI)  Substituting  
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      in  (6.1)  we  get 
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Using (Slater,  L.J., 1966, p. 244. III. 13)  we  get  
 











































''''

''''

''''

''''

,11

;,11

;,11:;;::

,,;

,11

;,11

;,11:;;::

2;2;2:0;0;0::0

2;2;2:0;0;0::1
=

caba

caba

caba

zyx

cbaa

cbaa

cbaak

F  

Now substituting 0== zy  we  get  

 



Aust. J. Basic & Appl. Sci., 5(11): 496-517, 2011 

 

511 
 

,

,11

;

,1,1

=

,11

,,1
2

1
1

;

,,
2

1
,1,

)(1 2345






















































 

caba

x

cbaak

F

uaca

baa

x

x

cbaak

Fx k                                             (6.9) 

Which is known result (Pankaj, Srivastava, 2002, 4). 
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Similarly  we  choose  for  ''''  , , ,  ffcc  in  (6.1)  we  get  
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



































































wawadddadaa

vavadddadaa

uauadddadaa

zyx

z

zyx

y

zyx

x

wdadaddaa

vdadaddaa

udadaddaak

'''''''''

'''''''''

''''''''

''''''''

,1,,1
2

1

2

1
,

2

1
,1

2

1

;,1,,1
2

1

2

1
,

2

1
,1

2

1

;,1,,1
2

1

2

1
,

2

1
,1

2

1
:;;::

)(1
,

)(1
,

)(1
;

2,1,
2

1

2

1
,

2

1
,

2

1
,1

;2,1,
2

1

2

1
,

2

1
,

2

1
,1

;2,1,
2

1

2

1
,

2

1
,

2

1
,1:;;::

 

  






































ua

uadddadaa

u

udadaddaa

Fzyx
wvu

k wvuwvu

wvu

1

,,,1
2

1

2

1
,

2

1
,1

2

1
;1

,2,1,
2

1

2

1
,

2

1
,

2

1
,1

 
!!!

= 67
0=,,

 

  



Aust. J. Basic & Appl. Sci., 5(11): 496-517, 2011 

 

512 
 



























vavadddadaa

vvdadaddaa

F
'''''''''

''''''''

67

,1,,1
2

1

2

1
,

2

1
,1

2

1
;1

,2,1,
2

1

2

1
,

2

1
,

2

1
,1

 

  






























wawadddadaa

wwdadaddaa

F
''''''''

''''''''

67

,1,,1
2

1

2

1
,

2

1
',1

2

1
1;

,2,1,
2

1

2

1
,

2

1
,

2

1
,1

 

Using  (Slater,  L.J., 1966, p. 244. III. 19)  we  get  
 

,

2,1;121

,;12,11:;;::

,,;

22,1;1221

,;122,11:;;::

2;2;2:0;0;0::0

2;2;2:0;0;0::1
=

''''''

''

'''''

'

































dadada

dadada

zyx

daada

adaak

F  

Substituting 0== zy  we  get  

                       

,

2,11

;

22,1,1

=

,1,,1
2

1

2

1
,

2

1
,1

2

1
1

;

2,1,
2

1

2

1
,

2

1
,

2

1
,1,

)(1

23

67

















































 

dada

x

daak

F

uauadddadaa

x

x

udadaddaak

Fx k

             (6.10) 

Which is known  result (Pankaj, Srivastava, 2002, 4. 1).  
 
7  Special Cases of (3.3): 

(XIII) Taking karicarp rii = ),,1,2=( = 1,= 1   in  (3.3) we  get  

 

 
n

nk
n ss

qq
Fxx

;;:0

;;:1
1

1

1
1






  

  



























)(;);(:0
)(1

,,
)(1

;

)(;);(:

1

1

11

11

1

1

n

nss

n

nn

n

n

nqq

dd
xx

x

xx

x

bbk











 

  















 















 







)(

;

),(

)(

;

),(

!!

)(
= 1

1

1

1

1
1

1

1
11

1

1
11

0=,,1 n

ns

n

n
n

nq

nsnq

s

q

s

qn

nl

n

l

nll

nll d

lb

F

d

lb

F
ll

xxk
 







   (7.1) 
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By taking suitable parameters in (7.1) we can obtain all the special cases of (3.2). 
(XIV)   Now    substituting   

  

nnnnnnnn

nnn

ddcdddcdbbabbbab

ssqq

= ,=,,= ,= ;= ,=,,= ,=

 2;====== 1;===

21
11

2
11

121
11

2
11

1

111



 
 

 
in  (7.1)  and using (Slater,  L.J., 1966, p. 243. III. 2) we  get  

 

 
;22;:0

;22;:1
1 1




 Fxx k

n
  

  


























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n

n

n
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x
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x
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,;;,:
)(1

,,
)(1

;

,;;,:
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1
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








 

  





















nnnn
n
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xx
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F

,;,:0

,,;

,;;,:

;22;:0
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=

1111
1

1111











     (7.2) 
 

(XV) Now substituting ddccbbaaxxxx n = ,= ,= ,= 0,=== ,= 1111
21   in (7.2) we get  

 

 ,;,;,,=
1

;,;,,)(1 2323 xbaccbcackF
x

x
dcbakFx k 








      (7.3) 

 (XVI) Now Substituting 
 

n
nnnnnn

nnn

nnnn

nnn

ladbada
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ababbbabab

ssqq







1= ,1= ,
2

1
=
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2

1
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,
2

1
1= ,= ,,= ,

2

1
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11
11

3
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2
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3
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2
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1
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



 

 

in  (7.1)  and  using (Slater,  L.J., 1966, P. 245. III. 26)  we  get  
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
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



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




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


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1
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1
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=
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








    (7.4) 

Now substituting nlbbaaxxxx n = ,= ,= 0,=== ,= 1
11

21   in   (7.4)  we  get  

 

,
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1
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1
,,1

=

,1,1
2

1
1

;

,
2

1
,1,

)(1 2334


















































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x
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F
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x

x
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 (XVII) Substituting  
 

nnnn
n
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in   (7.1)  and  using  (Slater,  L.J., 1966, p. 243. III. 5) we  get  
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=

1

1

1










       (7.6) 

 

Now substituting nlaaxxxx n = ,= 0,=== ,= 1
1

21   in (7.6) we  get  

,
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1
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1
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 (XVIII)    Now   substituting 
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in (7.1)  and  using (Slater,  L.J., 1966, p. 244. III. 11) we  get  
 

 
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




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      (7.8) 

Now substituting nlbbaaxxxx n = ,= ,= 0,=== ,= 1
11

21   in  (7.8)  we  get  
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=
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1
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



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



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
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F
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x

x
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Fx k      (7.9) 

(XIX)  Substituting  
 

n
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1
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
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in (7.1)  and  using  (Slater,  L.J., 1966, p. 245. III. 21)  we  get  
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

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;11;:1
=
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1

1










                 (7.10) 

Now substituting nlaaxxxx n = ,= 0,=== ,= 1
1

21   in (7.10) we  get  
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

 

a
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F
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x
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