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Abstract: In this paper the main objective is to investigate on chaotic behavior of fractional-order࢔ࢋࢎࢉ. 
It has been shown that this problem could lead to synchronization of two master and slave systems with 
the different fractional-order. We propose a controller based on active sliding mode control (ASMC) 
theory to synchronize chaotic fractional-order systems in master-slave structure based on stability 
theorems in the fractional calculus, analysis of stability is performed for the proposed method. Finally, 
numerical simulations (synchronizing fractional – order ࢔ࢋࢎࢉ –  n systems) are presented to showࢋࢎࢉ 
the effectiveness of the proposed controller. 
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INTRODUCTION  
 

Although many mathematicians have searched on the fractional calculus since many years ago, but is 
application in engineering, especially in modeling and control, does not have many antecedents. Because there 
are much freedom in choosing the order of differentiator and integrator in fractional calculus, it is possible to 
model the physical systems accurately also, there is the same reasoning in the control area. We can design such 
fractional controllers that have high performance.  Fractional calculus is a more than 300 years old topic. 
Fractional calculus has been known since the early 17th century (Butzer, P.L., 2000). It has useful application in 
many fields of science like engineering, physics, mathematical biology (Ahmed, E., 2007), psychological and life 
sciences (Ahmad, W.M., 2007). In physical chemistry, the current is proportional to the fractional derivative of 
the voltage when the fractional interface is put between a metal and an in ionic medium (A. Le Me´haute, 1990). 
In the fractional capacitor theory, if one of the capacitor electrodes has a rough surface, the current passing 
through it is proportional to the non-integer derivative of its voltage (R. de Levie, 1990). Also the existing 
memory in dielectrics used in capacitors is justified by fractional derivative based models (S. Westerlund, 1991). 
The electrode-electrotype interface is a sample of fractional-order processes because at metal-electrolyte 
interfaces the impedance is proportional to the non-integer order of frequency for small angular frequencies (T. 
Kaplan, 1987). Chaotic phenomena have been observed in many areas of science and engineering such as 
mechanics, electronics, physics, medicine, ecology, biology, and economy. To avoid troubles arising from 
unusual behaviors of a chaotic system, chaos control has received a great deal of interest among scientists from 
various research fields in the past few decades (E. Ott, 1990). In the recent years, emergence of effective methods 
in the differentiation and integration or non integer order equations makes fractional-order systems more and 
more attractive for the systems control community. It is verified that the fractional-order controllers can have 
better disturbance rejection ratio and less sensitivity to plant parameter variations compared to the traditional 
controllers (Y.G. Hong, 2004). Synchronization in chaotic dynamic systems has attracted increasing attention of 
scientists from various research fields for its advantages in practical application (S. Boccaletti, 2002). A wide 
variety of methods have been proposed for synchronization of chaotic systems, including linear feedback control 
(F. Liu, 2002), sliding mode control (H. Zhang, 2004), adaptive control (H. Fotsin, 2005) and so on. Most of the 
methods mentioned above are used to guarantee the asymptotic stability of chaotic systems. Among the fractional 
order controllers, the fractional order active sliding mode control h (FOASMC) has been dealt more than others. 
In this paper, we introduce a fractional-order systems chaotic ݄ܿ݁݊. To control and synchronization of chaotic 
fractional-order system a active sliding mode controller (ASMC) is proposed. This novel control law makes the 
system states asymptotically stable, simulation result show that the presented control method can easily eliminate 
chaos and stabilize the market. The rest of the paper is organized as follows. 
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Fractional-Order Derivative and its Approximation: 
A. Definition: 

The differintegral operator, represented by 0஽೟
ഀ

,  is a combined differentiation-integration operator 
commonly used in fractional calculus and general calculus operator, including fractional-order and integer is 
defined as: 

0஽೟
ഀ

ൌ ൞

ௗഀ

ௗ௧
ߙ                                  ൐ 0

ߙ                                    1 ൌ 0
׬ ሺ݀߬ሻିఈ                

௧
଴ ߙ     ൏ 0

         (1) 

 
There are several definitions of fractional derivatives (I. Podlubny, 1999). The best-known one is the 

Riemann-Liouvile definition, which is given by 
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Where n is an integer such that݊ െ 1 ൏ ߙ ൏  ሺ0ሻ is the Gamma function. The geometric and physical߁ ,݊

interpretation of the fractional derivatives was given as follows 
 

Γሺݖሻ ൌ ׬ ݁ି௧ݐ௭ିଵ݀ݐ
∞

଴
                                                             (3) 

 
The Laplace transform of the Riemann-Liouville fractional derivative is 

 

ܮ ቄ
ௗഀ௙ሺ௧ሻ

ௗ௧ഀ ቅ ൌ ሻሽݐሼ݂ሺܮఈݏ െ ∑ ௞ሾݏ
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௡ିଵ
௞ୀ௢ ሿ                (4) 

      
Where, L means Laplace transform, and s is a complex variable. Upon considering the initial conditions to 

zero, this formula reduces to 
 

L ቄୢα୤ሺ୲ሻ

ୢ୲α
ቅ ൌ sαLሼfሺtሻሽ                                                                  (5) 

 
The Caputo fractional derivative of order ߙ of a continuous function ݂ ׷  ܴା ՜ ܴ is defined as follows 
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Thus, the fractional integral operator of order ߙ can be represented by the transfer function ܪሺݏሻ ൌ
ଵ

௦ഀ in the 

frequency domain. 
The standard definition of fractional-order calculus does not allow direct implementation of the fractional 

operators in time-domain simulations. An efficient method to circumvent this problem is to approximate 
fractional operators by using standard integer-order operators. In (A. Charef, 1992), an effective algorithm is 
developed to approximate fractional-order  transfer functions, which has been adopted in (C.G. Li, 2004) and has 
sufficient accuracy for time-domain implementations. In Table 1 of (W.M. Ahmad, 2003), approximations for 
1

ఈൗݏ  with ߙ from 0.1 to 0.9 in step 0.1 were given with errors of approximately 2 dB. We will use the 1 ଴.ଽହൗݏ  

approximation formula (W.M. Ahmad, 2003) in the following simulation examples.  
 

ଵ

ୱ.వఱ ൎ ଵ.ଶ଼ଷଵୱమାଵ଼.଺଴଴ସୱାଶ.଴଼ଷଷ

ଵ.ଶ଼ଷଵୱయାଵ଼.ସ଻ଷ଼ୱమାଶ.଺ହ଻ସୱା଴.଴଴ଷ
          (7) 

 
In the simulation of this paper, we use approximation method to solve the fractional-order differential 

equations.  
 
III. Designing The Fractional-Orrder Active Sliding Mode Control And Analysis: 

To design the active sliding mode controller, we have procedure a combination of the active controller and 
the sliding mode controller. 
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A. Active Sliding Mode Controller Design: 
Let us, consider a chaotic fractional-order description of the system as follows 
 

0D౪
αభ

Xଵ ൌ AଵXଵ ൅ gଵሺXଵሻ    0 ൏ ߙ ൏ 1                               (8) 
 
Where ଵܺሺݐሻ ൌ ሺݔଵ, ,ଶݔ ଵܣ ,ଷሻ் are real state vectorݔ א ܴଷൈଷ  denotes the linear part of the system dynamics 

and ଵ݃: ܴଷ ՜ ܴଷ is nonlinear part of the system. Eq.(1) denotes the master system. Let ܺ଴ ൌ ሺݔଵ଴, ,ଶ଴ݔ  ଶ଴ሻ்  beݔ
the any initial conditions in the chaos attractor of fractional-orders system (8). 

Now the controller ݑሺݐሻ א ܴଷ  is added the slave system.                     
Thus: 
 

0D౪
αమ

Xଶ ൌ AଶXଶ ൅ gଶሺXଶሻ ൅ uሺtሻ    0 ൏ ߙ ൏ 1                       (9) 
 
That Xଶ, Aଶ and gଶ imply the same roles as ଵܺ, ଵ ܽ݊݀ ଵ݃ܣ  for the master system. Synchronization of the 

systems means finding a control signal ݑሺݐሻ א ܴଷ that makes state of the slave system to evolves as the states of 
the master system. 

Now we define errors dynamics as follows 
 

0஽೟
ഀమ

ܺଶ െ 0஽೟
ഀభ

ଵܺ ൌ ଶܺଶܣ ൅ ݃ଶሺܺଶሻ 
െܣଵ ଵܺ െ ଵ݃ሺ ଵܺሻ ൅  ሻ                                                          (10)ݐሺݑ
  
Now following sentence add to the equation (10)  
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Thus: 
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That:  ݁ ൌ ܺଶ െ ଵܺ  ܽ݊݀  ܣଵ ൌ ଶܣ ൌ   ܣ
 

Thus: 
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Now we assump: 

 
GሺXଵ, Xଶሻ ൌ gଶሺxଶሻ െ gଵሺxଵሻ ൅ 

ሺAଶ െ Aଵሻxଵ െ 0D౪
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Xଶ ൅ 0D౪
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The aim is to design the controller ݑሺݐሻ א  ܴଷ such that:   
 
lim୲՜∞ צ eሺtሻ ൌצ 0                                                                 (14) 

 
Then use with the active control design procedure (D. Matignon, 1996; G. Chen, 1999). 

U(t) change as following: 
 
ሻݐሺݑ ൌ ሻݐሺܪ െ ሺܩ ଵܺ, ܺଶሻ                                                        (15) 
 

Eq.(15) describe the newly defined control input H(t). 
Where H(t) is: 

 
Hሺtሻ ൌ Kwሺtሻ                                                                             (16) 
Where ݇ א  ܴଷ is a constant gain vector and ݓሺݐሻ א ܴ is the control input that satisfies in: 
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ܹሺݐሻ ൌ  ൜
ሺ݁ሻݏ    ሻݐାሺݓ ൒ 0
ሺ݁ሻݏ    ሻݐሺିݓ ൏ 0

                                                 (17) 

 
Where ݏ ൌ  ሺ݁ሻ is a switching surface that describes the desired dynamics. The resultant error is then writtenݏ

by: 
 

0D౪
αమ

e ൌ Ae ൅ K Wሺtሻ                                                                 (18) 
 

B. Constructing a Sliding Surface: 
Constructing a sliding surface which represents a desired system dynamics and the sliding surface described 

as follows 
 

ሺ݁ሻݏ ൌ  (19)                                                                                ݁ܥ
 
Where א ܥ  ܴଷis a constant vector. An equivalent control is found when ሶܵሺ݁ሻ ൌ 0 which is a necessary 

condition for the state trajectory to stay on the switching surface ܵሺ݁ሻ ൌ 0 Hence, the controlled system satisfies 
the following conditions in the steady state: 

 
ܵ ሺ݁ሻ ൌ 0     ܽ݊݀     ሶܵ ሺ݁ሻ ൌ 0                                                   (20) 

 
Based on equation (17) to (19), It could be deduced: 

 
ሶܵሺ݁ሻ ൌ ቀ 0ܥ஽೟

భష೜మ
ሺ݁ܣ ൅ ሻቁݐሺݓ݇ ൌ 0                                     (21) 

 
Thus, 
 

0஽೟
భషഀమ

ሻݐሺݓ ൌ െሺܿ݇ሻିଵܣܥ ൬0஽೟
భషഀమ

݁ሺݐሻ൰                             (22) 

 
A solution of Eq.21. is: 

 
ሻݐ௘௤ሺݓ ൌ െሺܭܥሻିଵ݁ܣܥሺݐሻ                                                      (23) 

     
C. Sliding Mode Control of Fractional Order System: 

We consider the constant plus proportional rate reaching law will be considered (H. Zhang, 2004). 
Accordingly the reaching law is obtained as: 

 

0D౪
αమ

S ൌ െρ sgn ሺsሻ െ rs                                              (24) 
 
That sgn(0) represents the sign function. The ρ , r  are gains that the sliding conditions Eq.(19) is satisfied. 

From Eqs. (17), (18) have: 
 

0D౪
αమ

S ൌ C0D౪
αమ

e ൌ CሾAe ൅ kwሺtሻሿ                              (25) 
    
From Eqs. (23) and (24), find control effort can be defined as:  
 

wሺtሻ ൌ െሺCKሻିଵሾCሺrI ൅ Aሻe ൅ ρsgnሺsሻሿ.                   (26) 
 
D. Stability: 

First, we represent stability theorems from the fractional calculus. 
 

Theorem 1:  (Matignon [19]). The following system: 
 

0D౪
α

ൌ Ax,     xሺ0ሻ ൌ x଴                                               (27) 
 
Where 0 ൏ ߙ ൏ 1, x א  R୬ and A א  R୬ൈ୬, is asymptotically stable iff  |argሺ݁݅݃ሻ |ܣ ൐ ߨߙ 2.⁄   
According to Theorem 1 , as long as all eigenvalues of ሾܣ െ ܫݎሺܥሻܭܥሺܭ ൅ ௜ߣሻሿ    ሺܣ    ൌ 1,2,3ሻ satisfy the 

conditions  |arg ሺߣ௜ሻ| ൐ ߨߙ 2⁄ , the system is asymptotically stable. 
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Fig. 1: Stability region of linear fractional-order system wih ߙ. 
 

IV. Numerical Simulations: 
A. Synchronization Between Two Fractional-Order Chen Systems: 

The Chen system was introduced by Chen and Ueta in 1999 . 
 

൞
0D౪

α
x ൌ aሺy െ xሻ                    

0D౪
α
y ൌ ሺc െ aሻx െ xz ൅ cy.

0D౪
α
z ൌ xy െ bz                      

                              (28) 

 
For this system matrix  A is 

 

ܣ ൌ ൥
െܽ ܽ 0

ܿ െ ܽ ܿ 0
0 0 െܾ

൩                                                          (29)

    
    In this section, we consider using (ASMC) technique to obtain synchronization. This controller guarantees 

the synchronization two fractional orders Chen systems with The following initial conditions:  
 

ሺxଵ଴, yଵ଴, zଵ଴ሻ ൌ ሺ1,1,1ሻ 
 

 and  
 

ሺxଶ଴, yଶ଴, zଶ଴ሻ ൌ ሺ3. െ6,9ሻ. 
 
Consider two fractional order Chen systems as master and slave systems respectively: 

 

Master system ൞
0D౪

αభ
xଵ ൌ 35ሺyଵ െ xଵሻ                    

0D౪
αభ

yଵ ൌ െ7xଵ െ xଵzଵ ൅ 28yଵ.

0D౪
αభ

zଵ ൌ xଵyଵ െ 3zଵ                      

            (30) 

 
 

Slave system ൞
0D౪

αమ
xଵ ൌ 35ሺyଶ െ xଶሻ                    

0D౪
αమ

yଶ ൌ െ7xଶ െ xଶzଶ ൅ 28yଶ.

0D౪
αమ

zଶ ൌ xଶyଶ െ 3zଶ                      

           (31) 

     
      Assume that order of the master is αଵ ൌ 0.88 and order the slave is αଶୀ0.9. Parameters of the controller 

are chosen as k ൌ ሾെ1.3, െ7.8, െ1ሿT, C ൌ ሾ1,1, െ1ሿ,  r ൌ 65 and ρ ൌ 0.28. This selection of parameters results 
in eigenvalues  ሾλଵ, λଶ, λଷሿ ൌ ሾെ65, െ63.4148, െ4.5852ሿwhich located in a stable region ሺหargሺλ୧ሻ|ሻ ൐ απ

2ൗ .  
Fig.  shows the effectiveness of the proposed controller to synchronize two fractional-order  modeled systems. It 
should be noted that control u(t) , has been activated at ݐ ൌ 0. The simulation results are shown in Fig.2. 
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Fig. 2: Results of simulaton. 
 
Concluation: 

This paper we have studied numerical methods in fractional calculus. Then, we have represented the active 
sliding mode control to synchronize. The control parameters ሺݎ, ݇ ܽ݊݀ ܿሻ,  the master and slave systems are 
synchronized. Numerical simulations show the efficiency of the proposed controller to synchronize chaotic 
fractional-order. 
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