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Abstract: In this study, we present two elementary proofs for special moods of Mordell's equation. We
prove that equation Y = x°+ (b®—a®) where a,b are integers and satisfy certain congruence

conditions, has no integer solution. However, many proofs have been presented for various states of
Mordell's equation but these proofs represented by difficult methods (Gebel, J., A. Petho and H. G.
Zimmer, 1998). In this paper we show valuable proofs by simple methods. We obtain numerous

integers K such that the Mordell's equation has no integer solution for them.
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INTRODUCTION

The following diophantine equation is known as Mordell's equation,

2

vy =x*+k, O0zkeZ. @

Mordell, in 1922, showed that this equation for each kK € Z has at most finitely many integer solutions
(Mordell, L.J., 1969). No general condition is known for the solubility of equation (1) in integers. Baker gave an
upper bound for max(| X|,| y|) when (X,Yy) satisfies (1) (Baker, A., 1968). He obtained the following
relation:

max (| x|, y[) < exp(10” [k ).

Later the upper bound for the integer solutions of (1) was strengthened by Stark (Stark, H., 1973) and
Sprindzuk (Sprindzuk, V. G., 1993). In (Gebel, J., A. Petho and H. G. Zimmer, 1998), by using an algorithm,
Mordell's equation has been solved in Z for all integers K within the range 0 < k <10000 and for many
integers K within the range 10000 < k <100000.

For some special states of Mordell's equation, by elementary methods, has been proven that this equation
has not integer solution (Hessami Pilehrood, Kh. and T. Hessami Pilehrood, 2004; Mordell, L. J., 1969; Rose,
H. E., 1988). In this paper, we present two other states of Mordell's equation such that has no integer solution.
Then, we prove these theorems using considering congruence properties. Finally, we present a table of some
integers to show the validity of these theorems.

2. Main Discussion and Some Results:
In this section, by extending some theorems given in (Hessami Pilehrood, Kh. and T. Hessami Pilehrood,
2004; Mordell, L. J., 1969; Rose, H. E., 1988), we state two theorems and prove them.

Theorem 1:
Suppose a,b are integers such that a=2(mod4), (a,3)=1, b=1(mod8) or
b=-1(mod 4) and prime p #1(mod 3) whenever p|(a,b). Then the equation

y?=x+(b*-a’), @)

has no solution in integers X, Y.
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Proof:
Suppose that integers X, Y satisfying (2). & is evenand 47f a then a = 2a,, where a, is odd.
If b=-1(mod 4), then

x* = y? +1=1(mod 4),
or
x* =y*+1=2(mod 4).

Therefore, in this case X isoddand Y is even.
If b=1(mod8) and suppose Y is odd, then X is even and X = 2X,, Yy =2y, +1,b=8b, +1 for

some X,, Yo,0, € Z . It follows that
(2y, +1)° = 8%, + (80, +1)° - (2a,)").

This implies that @, is even, but it is impossible. Hence, for both cases, we find X to be odd and Y is
even. Then, there exists Y, € Z such that y = 2Y,. Then using (2), we obtain:

y?+a’ =4y} +4a’ = (x+b)(x* —xb+b?).
Since (x> —xb+b?) is odd, we conclude that X +b =0 (mod 4) . Then
x* —xb+b® =3(mod 4).

Therefor, there exist a prime p =3 (Mod 4) and a positive integer N such that

x* —xb+b?=0(mod p*™), 3)
and
x* —xb+b* 0 (mod p™). @)

2n-1

Then, we have y* +a° =0 (mod p>"™") and in particular

y>+a?=0(mod p).

If (&, p) =1, then congruence y* =-a’ (mod p) implies that —1 is a quadratic residue modulo P .
That is a contradiction for p = 3(mod 4), because according to the Legendre symbol in this case, —1 is not

quadratic residue. Therefor p|y and p|a. Then y = py,,a = pa, for some Y,,a, €Z.If n>1, then
using (3), we obtain:

y>+aZ=0(mod p*).

In the same manner, we get

n

y: pnyn+l' a= p a'n+l’
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for some Y,.;,8,,, €Z,then y=a=0(mod p") and thus p # 3. Substituting these amounts in (2), we
have:

x? —xb +b?
P(Yra+8n,) = (x+b) o

Now, (3) implies that X+ b =0 (mod p) and therefore
0= x*—xb+b?*=3b* (mod p).
Since p # 3, then
y=a=b=x=0(mod p).
Rewriting (3) as follows:
(2x=b)? +3b* =0 (mod p*"?),
we find that if N >1, then b = pb,, X = px, for some b,, X, € Z , and we obtain:
(2x, —b,)? +3b2 =0 (mod p°"®).

If (b,, p) =1, then according to the last congruence —3 is a quadratic residue modulo P which is a
contradiction, since p =2 (mod 3) and Legendre symbol shows that

SR
p) LpAp) (8) (3] 7
i.e. —3 is not quadratic residue. This contradiction shows that ought to p|b,, p| X, . Repeating above

reason, we get X=b =0 (mod p"). It follows that
x* —xb+b®=0(mod p*").

But, by attention to (3), this is a contradiction. This contradiction proves the theorem.

Theorem 2:
Suppose @,b are integers such that b=2(mod 4), a is odd, (a,3) =1 and prime p #1(mod 3)

whenever p|(a,b). Then the equation
y? =x*+(b*-a’), )

has no solution in integers X, Y.
Proof:

Suppose that the integers X, Yy satisfy (5) and b = 2b, such that b, is odd. Since b is even and 4(fb.
Therefore, (5) implies that

y>+a®=x°+80’. (6)
If Y isodd, then X iseven and from (6) we obtain:
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2=y*+a’ =x>+8b’ =0(mod 4),
that is contradiction. Hence, Y isevenand X is odd. From (6), we have:

y®+a® = (x+20b)(x* - 2b,x + 4b?). )
Since

(x> —2b,x+4b%)=1-2+4=3(mod 4),

then, there exist a prime p =3 (mod 4) and positive integer N such that

x* —2b,x+4b/ =0 (mod p*"™), (8)
and
x> —2b,x+4b/ =0 (mod p*"). )

Therefore from (7), this implies that
y>+a’=0(mod p*"™).

In the same way (proof of Theorem 1), we obtain:

y=a=0(mod p").

Hence p # 3. From (7) and (8), we conclude that (X+2b,) =0 (mod p), therefore
0=x"-2bx+4b’ =12b’ (mod p).

Since p #3, p=3(mod4), we have b, =0 (mod p). Then
b,=x=y=a=0(mod p).

From (8), we have:

(x—b)*+3b/ =0 (mod p*"™).

If n>1,then X = pX,,b, = pb, forsome X,,b, € Z and we obtain:

(x, —b,)? +3bZ =0 (mod p*"®).

If (b,, p) =1, then this congruence shows that —3 is a quadratic residue modulo P that is impossible
because p =2 (mod 3) and Legendre symbol shows that

R
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i.e. —3 is not quadratic residue. This contradiction shows that ought to p | b2, P X, . Repeating above
reason, we get X="h, =0 (mod p"). It follows that
2 2 _ 2n
X“—2xb, +4b" =0(mod p").
But, by attention to (8), this is a contradiction. This contradiction proves the theorem.

3. Numerical Examples:
In this section, we present a table as follows. This table contains some integers a, b,k = (b® —a?) such
that | K |[<150 and they satisfy the above theorems.

@ b k=5 -¢* @ b k=b'-ua
21 =3 12 7

2 -1 -5 1 -2 -9
8 15 11 5 2 -17
017 13 5 -2 -33
2 3 23 31 10 39
26 9 53 7 2 —-41
110 23 a7 13 [ 47
10 3 -73 7 -2 - 57
10 1 —-00 33 14 - 65
10 -1 —-101 17 6 - 73
38 11 -113 11 [ 03

2 -5 -129 77 18 -97
82 19 135 272 42 104
322 47 139 19 [ —145
22 7 -141

i.e. the Mordell's equation
2 3
y =x"+k, 0#keZ,

has no integer solution for above integers K .
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