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Abstract: In this paper, we present eighth-order families of new iterative methods for solving
nonlinear equations. Per iteration the obtained methods require three evaluations of the function and
one evaluation of its first derivative. Therefore this family of methods has the efficiency index which
equals 1.682 and by Kung and Traub conjectured has the optimal convergence order 8. Several
numerical examples are given the efficiency and performance of the presented methods.
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INTRODUCTION
In this paper, we consider iterative methods to find a simple root a, i.e., f(@)=0 and f'(a)#0 , of a
nonlinear equation f{x)=0.
Newton's method is the well-known iterative method for finding a by using

IN(CAY
f'(x,)
that converges quadratically in some neighborhood of a (Ostrowski, 1973).
To improve the local order of convergence, many modified methods have been proposed in open literatures,
see (Ostrowski, 1973; Chun, 2007; Grau and Diaz-Barrero, 2006; Sharma and Guha, 2007; Chun and Ham,
2007; Traub, 1977) and references therein. Chun (2007) developed a one-parameter family of fourth-order
methods, which is written as:

@
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f(x,)' G,
S 8,3, v ) 2B (1,)'S5(x,,3,) (%)

xn+l = yn -

@
where S,(x,,,)= f(x,)—Bf(y,)and BeR is a constant. We note that the family (2) reduce to the Traub-

Ostrowski method (Traub, 1977) when f=0. The family of methods (2) is very interesting, since it only adds
evaluation of the function at another point iterated by Newton's method but its order of convergence increases
from two to four, and is free from second derivative.

Kung and Traub (1974) conjectured an iteration method without memory based on n evaluations of f or
its derivatives could achieve optimal convergence order 2"'. Moreover, they proved that Newton's method (1)
and Steffensen's method (Steffensen, 1933) achieve optimal convergence order two based on two evaluations.
Ostrowski's method, King's methods (King, 1973), Chun's methods (2) and Jarratt's method (Jarratt, 1969) agree
with the conjecture of Kung-Traub for the case n=3. Recently, based on these methods some iterative methods
have been proposed and analyzed for solving nonlinear equations (Grau and Diaz-Barrero, 2006; Sharma and
Guha, 2007; Chun and Ham, 2007; Bi et al, 2009). Grau and Diaz-Barrero (Grau and Diaz-Barrero, 2006)
developed a sixth-order variant of Ostrowski's method. Sharma and Guha, (2007) considered a sixth-order
family of modified Ostrowski's methods based on above sixth-order method.
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Chun and Ham (2007) presented a sixth-order family method which includes the above-mentioned sixth-
order variants as particular cases

yn = xn _w’
f (xn) (3)

ACH AN

fx)=2f(,) f1(x,)

zZ
xn+1 - Zn _H(ﬂn) f,( n) ’
f(x,)
pieh) and H(t) represents a real-valued function with H(0)=1, H{0)=2 and | H"(0)|< o

Some other methods with sixth-order convergence have been developed in (Chun and Ham, 2007; Kou, 2007;
Kou et al., 2007; Chun, 2007).

Kou et al. (2007) presented a family of variants of Ostrowski's method with seventh-order convergence,
which is given by:

Zrl:yn

where 1,

_ S
PTG
Hy(x,, y)=1f(x)=2/ )" f(3,),
z, =y, —H,(x,,y,)(x,—,), (4)

Hy(,,2,) =/ ()= Bf )] f(z,),

X = 2, (14 Hy(1,09,) + H,y (2,)] )

f(x,)
where SR is a constant. Bi et al. (2008) developed a family of variant of King's methods with seventh-order
convergence. Kung and Traub (1974), constructed an iterative method of eighth-order with four evaluations.

Bi et al. (2009) presented the new family of eighth-order methods based on King's fourth-order methods (King,
1973) and the family of sixth-order iteration methods (3) which is given by:

)
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B (CALY J{CANNLLN -
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1(z)
=z —H L ,
Yo = En ) T o 1G—)
where
/)
SENTER
f[zn,yn]=%§(y"), (©)
_Szpx,]-f1(5,)
£12,%,5%,] e

and H(?) represents a real-valued function with H(0)=1, H{0)=2 and |H"(0)|<o and ﬁ:—%. In this paper,
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based on two families of methods (2), (3) and (5), we construct a new family of eighth-order methods free
from second derivative. The important characteristic of the new family of methods is that it only adds
evaluation of the function at another point iterated by (2), but its order of convergence increases from four to
eight. Finally, some numerical examples are provided to show the performance of the methods presented in
this contribution.

2 Derivation of methods and convergence analysis:
We consider the iteration scheme of the form,

S(x,)
yn = xn - ,—’
()
. f(x,) S
Zn yn 2 2 ’ > (7)
J ) 8%, v+ 281 (3,)"Sp(x,,3,) f1(x,)
f(z,)
X =2, —H(u,) =7,
1 1'(z,)
where S,(x,,y,)=f(x)-Bf(y,), 4, = % and H(t) represents a real-valued function.
x)’l
By using the Taylor expansion, f(z,) and f'(z,) in (7) can be approximated by
! 1 n
fe)= )+ 1)z, —yn)+5f )z, =2,), (®)
f,(Zn)zf'(yn)-i_f"(yn)(Zn_yn)' (9)
Therefore
£ = LEIZLU) L Ly )z, 3= 12,0, 45 S 00, 0, (10)
By Taylor expansion of f"'(y,) about X, , we have
f)= (), (11

(where the higher order derivatives are neglected).
Again by Taylor expansion, we can get

FE)= £+ £z, = %) 2 160z, =, ) (12)
implies

o~ ) = 21Tz xx ] = 2 e 7 /)

Z}’l _x)’l

(13)

Substituting (13) into (10) and replacing f'(z,) with approximation in (10), we can construct a new family
of methods by (7), (10) and (13) as follows:

_ . S
f(x,) S )
J) 8,3, 3+ 281 (3,) S5 (x,0,) f1(x,)
f(z)

X, =z,—H .
n+l n (/un)f[Z"’yn]"'f[znaxnb'xn](zn _y”)

z,=y,~ (14)
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We can state the following convergence theorem for the family of methods (14).

Theorem 2.1.
Let ael be a simple zero of sufficiently differentiable function f:7 — R for an open interval / and H

any real-valued function with H(o)=1 and H {0)=1. If x, is sufficiently close to a, then the method defined by
1
(14) have eighth-order convergence for £ = > and satisfy the error equation

e, =lescs (26,0, +365 ¢, )les + O(e)), (15)
1 /%)
K (@)

where ¢, =x —a and ¢, =

Proof:
Let a be a simple zero of f. Using Taylor expansion and taking into account f{a)=0, we have

fGx) = f(@e, +e,e; +cie, +cie, +0(e)), (16)
f'(x)= f'(@)[1+2c,e, +3ce; +4c,e +0(e))). (17)
f(x,)’ = fl(@)[e +2c,e + (cf +2c, )ej + O(ef, )], (18)
1 f%a) . .
where e, =x,—a and ¢, = —-———— . By a simple calculation, we get
k- f(a)
% =e, —ce +2(022 —c3)ej +(7czc3 —4c; —304)e: +O(ej), (19)
and hence, we have
é =e _ L&) c,e; +2(c3 —czz)e3 +(—7czc3 +4c; +3c4)e4 +0(€5), (20)
n n f{(xn) n n n n
where é, =y, —a . By expanding f(y,) about a, we have
)= (@lee +2(e;=¢; e +(3¢, - Te,e +5¢3 )es +0(e) )], 1)
S0, = f'(@)[cies —4(c; —¢;)ere; +O(ef 1. (22)

From (16)-(18), (21) and (22), we obtain

f(x,)
S8, (%, y)+28f(¥,)’ S4(x,.,)

=1+2c,e, +(4c, 2 B+1)c] )l +(282+ B)es —4(1+2) ey, +6c, ) e, + O(ey), (23)

and

f(yn): 2 _~.2)\ 3 _ 3\ 4 5

—f'( ) czen+2(c3 2c2)en+(3c4 14czc3+13c2)en+0(en). (24)
‘xn

So from (14), (23) and (24), it follows that
é — ’é _ f(xn)3 f(yn)
! ! f(‘xn)zSZ(‘xnﬁyn)+2ﬁf(yn)2Sﬁ(‘xnﬁyn)f’(xn)
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=c,((1+2B) e} —c )¢t +(-2c,0, + (8+128) e —(4+128+28° )¢} =263 )¢ + O(e)),
where ¢, =z, —a . Similarly to (21), we obtain

fE)= @l ((1+28) ¢t -, e,

(26,0, +(8+128) e} —(4+128+2 )¢ —2¢] )} + O(e))],

and

flz,.9,] = LEI L)

el’l _en

= f(@)[1+cie —2(c§ —c3)cze2 +c, (304 ~Tc,e,+5¢; +2ﬂc§)e: +O(e,f )],
_JE)-fx)
é’l _e’l

= f'(@)[1+ce, +c,e +c,e +(c5 —cC) +(1+2,B)c§)e§ +O(e§ )]

flz,.x,]

From (17) and (28) we can get
!
z.,x |—f(x
f[Zn’xn’xn]:f[ n An] f( n)
eﬂ - e}’l
Dividing (26) by (16), we have

m= el

= f'(a@)[c, +2c,e, +3c,e; +4ce + O(e;1 )].

(26,0, +(9+128) cic} ~(5+14B+258 ) ¢} =267 ) e + O(e)).
Using the Taylor expansion, we get
H(u,)=H(0)+H'(0)u, +O(u}) = H(0)+ H'(0)c, ((1+28) ¢ —cy)e;

+H'(0)(-2c,¢, +(9+12B) ccl —(5+148+28° ) et =26} ) el + O(e)).

Now from (14), (26)-(29) and (31) we have
f(z,)
f[Zn,yn]+f[Zn,Xn,xn](én _én)

=K.l +K.e +Ke' +Ke +Ke +0(e),

en+l = én - H(lun)

where

K, ==¢,(H(©0)=1)(-c; +¢ +2/5¢3),

K =2(H(©0)=1)(c,c; —(4+68)cicl +(2+6 8+ )3 +¢3),

K, =(H(0)-1)(-18fc,c,” +84Bc,c,’ +16 5°c,’c, —24¢, Bey’ +30¢,c,” +T¢qe,
—18¢,c,” +3c,c, —10c,” —12¢,c,” =44 B¢, —148°¢,”),
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K, =72Bc,c,c, +52¢,c,c, —deye, +12¢; —20¢s — 6c; —40c,c; —10c,c, +16¢,c5
—80c;c; +80c,c; —128Bcs —568°cS +16Bc; —216 Bcic; +352Bc,c; — 4837 cics
+1248%cye, =120 Bcie, =24 5% cie, + 24 fcic, +88°cy + H(0)[-52¢,c,c, + 216 Bcic;
=356 c,c; +48B°cic; —124 B cyc, +120cic, + 24 B cie, — 24 Bcic, — T2 Beye,c,
+4e,c, +40c,c; +10c,c, —16c,cs +82c5¢; —82¢,¢; +128 Bt +56 °c —16fc;
—8°cy —12¢; +20cs +6¢; 1+ H'(0)[4Bcycs —cics +2¢,c; —4Bcy —4°cs —ci], (36)

1
so that if H(0)=1 , H'(0)=2 and = 5 then from (32)-(36), we obtain the error equation

e,.. = Kge, +0(e), (37)
where
K, =c,c; (20203 +3c; —c4). (38)

This completes the proof.

3 The concrete iterative methods:
In what follows, we give some concrete iterative forms of (14).

Method 1:
For the function H(t) defined by

2t

1+ At

where A€R . It can easily be seen that H(0)=1 and H {0)=2. Using Theorem 2.1, we get a new one-parameter
eighth-order family of methods

H()=1+ (39)

_ &)
DTGy
- : f(x) : f,(yn), “0)
Sx) 8, (x,,y)-f(3,)S 1 (x,,5,) f'(x,)
N ACALICER)VIEN f(z,) '
T S )+ AS(z) Lz flz,.%,x, 10z, — )
Method 2:

For the function H(¢) defined by
H(t)=1+2t+ A% +yt’ (41)

where 1,7€R . It can easily be seen that H(0)=1 and H {0)=2. Using Theorem 2.1, we get a new two-parameter
eighth-order family of methods
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A
PTG
S | A ) W
S(x) 8(x,,y)=f(,)S  (x,,»,) f(x,)
NPV LCA PP (CA WA CA /) |
f&x) S ST Sz v+ flzx,.x, 02, - )
Method 3:
For the function H(¢) defined by
H(t)= 1 (43)

=2+ A+
where A4,yeR. It can easily be seen that H(0)=1 and H (0)=2. Using Theorem 2.1, we get another new two-
parameter eighth-order family of methods

)
SRV
Y | 1) )
S S, 00,n) = [0S (5w f1(5,)
N /) /() |
T G 2 G GO AL G G G Ty Sz x50 )

Method 4:
For the function H(¢) defined by
2

H(t)=(1+At)* (45)

where A€R. It can easily be seen that H(0)=1 and H (0)=2. Using Theorem 2.1, we get another new one-
parameter eighth-order family of methods

)
PTG

£(x,) 102
S 2~ LGS L ) £1(5,)

z,=,- (46)

f(xn)+/1f(zn))§ f(z) ‘
yACH Sz 3,1+ 112, %,,%,1(2, = »,)

X1 = 2, _(

Remark 3.1:
Any method of the family (14) uses four evaluations per iteration, and has eighth-order convergence with

1
H(0)=1, H(0)=2 and B = _E , which accord with the conjecture of Kung-Traub that a multipoint iteration

without memory based on n evaluations achieves optimal convergence order 2" for n=4.

324



Aust. J. Basic & Appl. Sci., 5(11): 318-328, 2011
Remark 3.2:
The families (40), (42), (44) and (46) achieve eighth-order convergence. Per iteration the presented methods
require three evaluations of the function and one evaluation of its first derivative. We consider the definition
1

of efficiency index (Gautschi, 1997) as 7= p* , where p is the order of the method and w is the number of

function evaluations per iteration required by the method. If we assume that all the evaluations have
the same cost as function one, we have that the family of methods (14) has the efficiency index

1= \/g ~1.682 which is better than [/ = %/5 ~1.414 of Newton's method, [/ = %/Z ~1.587of Chun's
methods (2), 1 = 4/6 ~1.565 of some methods with sixth-order convergence (Grau and Diaz-Barrero, 2006;

Sharma and Guha, 2007; Chun and Ham, 2007), and [ = \/7 ~1.6270f some variants of Ostrowski's method
with seventh-order convergence (Kou et al., 2007).

4 Numerical examples:
Now, we give some numerical examples that confirm the theoretical results. We compare the methods

defined by (40) with A=1 (PM1), (42) with A=y=1 (PM2), (44) with A=y=1 (PM3) and (46) with A=2 (PM4)
1
with Newton's method (1) (NM), Chun and Ham methods (3) with H(¢) = m (CM), Kou et al.'s methods

(4) with =0 (KM) and Bi et al.'s methods (5) with H(¢) =

= (BM).

All computations were done using MAPLE 12 using 750 digit floating point arithmetics (Digits := 750).
We accept an approximate solution rather than the exact root, depending on the precision (¢) of the computer.

We use the following stopping criteria for computer programs: (i)|x x, <&, ()] f(x,,,)|<e and so,

ntl

when the stopping criterion is satisfied, x,,, is taken as the exact root a computed. For numerical illustrations
in this section we used the fixed stopping criterion e=107°. We used the test functions as (Chun and Ham,
2007).

fi(x)=x"+4x* =10, x. =1.3652300134140968457608068290,

fi(x)=x"—e" =3x+2, x. =0.25753028543986076045536730494,

fi(x) = xe” —sin’(x)+3cos(x)+5,  x. =—1.2076478271309189270094167584,

£,(x) =sin(x)e* +In(x* +1), x. =0,

fi(x)= (x—1)’ -2, X, =2.2599210498948731647672106073,

Je(x)=(x+2)e" -1, x. =—0.44285440100238858314132800000,

(%) =sin*(x) = x> +1, x, =1.4044916482153412260350868178,

As convergence criterion, it was required that the distance of two consecutive approximations ¢ for the
zero was less than 10, Also displayed are the number of iterations to approximate the zero (IT), the number
of functional evaluations (NFE) counted as the sum of the number of evaluations of the function itself plus
the number of evaluations of the derivative, the approximate zero x., and the value f{x.). Note that the

approximate zeroes were displayed only up to the 28th decimal places, so making all look the same though
they may in fact differ.
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The test results in Table 1 show that for most of the functions we tested, the methods introduced in the
present presentation for numerical tests have equal or better performance compared to the other methods.

Table 1: Numerical results for different function.

f IT NFE |/ (x) 5
[px=1

NM 7 14 47 1e-87 2.4 le-44
cM 4 16 0 5.67¢-145
KM 3 12 8.95¢-214 4.04e-31
BM 3 12 5.38-322 9.26e-41
PM 1 3 12 8.23e-327 2.32e-41
PM 2 3 12 1.89¢-326 2.57¢-41
PM 3 3 12 3.30e-326 2.76e-41
PM 4 3 12 1.43¢-326 2.48e-41
1 x, =18

NM 7 14 1.566-93 139c-47
cM 4 16 0 2.25¢-154
KM 3 12 7.78¢-234 5.50e-34
BM 3 12 4770-426 9.11e-54
PM 1 3 12 1.58-427 5.96e-54
PM 2 3 12 1.58-427 5.96e-54
PM 3 3 12 1.59-427 5.96e-54
PM 4 3 12 1.58-427 5.96e-54
fox=-17

NM 7 14 4.88¢-82 3.72¢-41
cM 4 16 0 1.18¢-138
KM 3 12 7.37e-237 5.87¢-34
BM 4 16 0 2.90e-245
PM 1 3 12 3.20e-245 9.42¢-31
PM 2 3 12 4.54e-245 9.42¢-31
PM 3 4 16 0 1.51e-245
PM 4 3 12 4.05¢-245 9.70e-31
Loxo =1

NM 6 12 2.61e-94 2.72¢-47
M 3 12 1.21e-190 7.51e-32
KM 3 12 1.48¢-350 3.36e-50
BM 3 12 6.01e-484 1.36e-60
PM 1 3 12 1.32¢-483 1.50¢-60
PM 2 3 12 8.24¢-484 1.41e-60
PM 3 3 12 6.00e-484 136¢-60
PM 4 3 12 9.66¢-484 1.44e-60
.f} > Xo = 2

NM 10 20 3.81e-81 I.12¢-41
M 5 20 3.00e-749 1.02¢-149
KM 4 16 3.53¢-280 84le-41
BM 7 28 3.00e-749 2.92¢-172
PM 1 5 20 3.00e-749 1.17¢-192
PM 2 5 20 3.00e-749 2.92¢-169
PM 3 5 20 3.00e-749 4.04e-148
PM 4 5 20 3.00e-749 1.02¢-192
Liox=-1

NM 7 14 2.27¢-63 8.63¢-33
cM 4 16 3.00e-749 1.25¢-156
KM 3 12 1.20e-264 1.39¢-38
BM 4 16 3.00e-749 8.95¢-212
PM 1 4 16 3.00e-749 8.45¢-225
PM 2 4 16 3.00e-749 7.34e-221
PM 3 4 16 3.00e-749 2.14e-218
PM 4 4 16 3.00e-749 3.53e-222
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Table 1: Continue

Lo X =-25

NM 8 16 2.21e-80 1.05e-40
CM 5 20 5.90e-202 2.21e-34
KM 4 16 1.08e-371 6.94e-54
BM 4 16 2.65e-621 1.72¢-78
PM 1 4 16 1.01e-654 1.44e-82
PM 2 4 16 3.21e-632 7.43e-80
PM 3 4 16 7.08e-620 2.59¢e-78
PM 4 4 16 9.51e-639 1.14¢-80
fi%=05

NM 8 16 1.92e-77 3.10e-39
CM 4 16 4.89¢-334 1.43e-56
KM 4 16 1.10e-570 1.76e-82
BM 3 12 2.24e-315 2.30e-40
PM 1 3 12 2.75e-258 4.07¢-33
PM 2 3 12 2.86e-279 9.77e-36
PM 3 3 12 1.87e-320 6.95e-41
PM 4 3 12 3.42¢-270 1.33e-34
f; k) XO = 2

NM 7 14 4.92¢-80 1.14e-40
CM 4 16 2.00e-749 5.83e-136
KM 4 16 2.00e-749 1.98e-201
BM 3 12 2.80e-284 3.53e-36
PM 1 3 12 7.65e-291 5.34e-37
PM 2 3 12 3.89¢-290 6.55e-37
PM 3 3 12 1.15e-289 7.49¢-37
PM 4 3 12 2.26e-290 6.11e-37
[ix -28

NM 7 14 5.32e-62 1.19e-31
CM 4 16 1.35e-609 3.05e-102
KM 4 16 2.00e-749 3.81e-154
BM 4 16 1.61e-339 4.40e43
PM 1 3 12 3.175e-365 2.69e-46
PM 2 3 12 3.175e-365 2.69¢-46
PM 3 3 12 3.175e-365 2.69¢-46
PM 4 3 12 3.175e-365 2.69¢e-46
fe.%=0

NM 7 14 9.53e-73 9.13e-37
CM 4 16 0 1.89e-131
KM 4 16 0 6.42e-204
BM 3 12 8.35e-264 1.51e-33
PM 1 3 12 2.12e-264 1.27e-33
PM 2 3 12 3.05e-264 1.33e-33
PM 3 3 12 3.88e-264 1.37e-33
PM 4 3 12 2.70e-264 1331e-33
L% =2

NM 10 20 9.53e-75 9.13e-38
CM 5 20 4.53e-665 2.6le-111
KM 5 20 0 4.65e-196
BM 4 16 4.15¢e-461 3.27e-58
PM 1 4 16 3.73e-577 1.02e-72
PM 2 4 16 4.15e-577 1.04e-72
PM 3 4 16 4.45e-577 1.04e-72
PM 4 4 16 4.01e-577 1.03-72
fr, Xo=12

NM 7 14 1.37e-94 8.40e-48
CM 4 16 0 6.80e-154
KM 3 12 3.52e-288 2.98e-33
BM 3 12 2.47e-354 7.57e-45
PM 1 3 12 5.33e-358 2.64e-45
PM 2 3 12 8.66e-358 2.80e-45
PM 3 3 12 1.20e-357 2.92e-45
PM 4 3 12 7.36e-358 2.75e-45

327



Aust. J. Basic & Appl. Sci., 5(11): 318-328, 2011

Table 1: Continue

f7 ) XO = 2

NM 7 14 1.62e-64 9.11e-33
CM 4 16 8.18¢-568 2.98¢-95
KM 4 16 0 1.04e-141
BM 4 16 7.88¢-285 3.69¢-36
PM 1 4 16 3.93e-286 2.54e-36
PM 2 4 16 5.41e-285 3.52¢-36
PM 3 4 16 2.30e-284 4.36e-36
PM 4 3 12 2.26e-285 3.16e-36
Conclusions:

In this work we presented some new eighth-order iterative methods for solving nonlinear equations. Per
iteration each class member requires three function and one first derivative evaluations. Some of the obtained
methods were compared in their performance to several existing methods, and it was observed that they have
at least equal performance. Our approach can be continuously applied to develop higher order iterative
methods.
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