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Abstract. Two new Abelian groups are introduced in this paper. These Abelian groups are constructed
based on the two families JR — 2CN and JR — 3CN. The elements of these Abelian groups are ordered
pairs, each ordered pair represents an integer that can be represented as a summation of two signed
cubic numbers which belongs to JR — 2CN or three signed cubic numbers which belongs to JR — 3CN.
Two new binary operations have been defined to be associated with each family to form an Abelian
group. Properties and propositions have been introduced. A one to one corresponding homomorphism
function on JR — 2CN and JR — 3CN has been successfully defined.
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INTRODUCTION

The motivation behind constructing such groups was based on an unusual question: How to create new
groups whose elements are ordered pair to employ them in public key Cryptography. The only known groups
whose elements are ordered pairs are those which related to Elliptic curve cryptography. Elliptic curve
cryptography groups are only used in Elliptic curve cryptography and cannot employ them in public key
cryptography in general.

In (Rand Alfaris and Hailiza Kamarulhaili, 2010), we introduced two new families JR — 2CN and JR — 3CN
that generate two infinite subsets of integer numbers as a sum of two and three signed cubes respectively. Based
on these two families, two new binary operations have been defined, followed by constructing two new Abelian
groups.

When constructing new groups, we start with defining the binary operation. Some subgroups, normal
subgroups and fractional groups are introduced for each family. Most importantly, we found an isomorphism
from JR — 2CN to JR — 3CN.

This paper contains two main results. The first result is defining two new binary operations. These two new
Abelian groups are based on special kind of numbers which they are the integer numbers that can be represented
as a summation of two and three cubic numbers, The elements of the two groups are not numbers but they are
ordered pairs which are considered rare in group theory. The second result is constructing an Isomorphism
between the two Abelian groups. The Isomorphism indicates that there is a one to one correspondence between
the two families. Isomorphism means transferring the properties and the features from one Abelian group to
another. Finding an isomorphism between the two groups is suffice to study only one group and applied the
results to the other.

The work been done in this research, emerged the two areas, the number theory and group theory under one
roof. As we mentioned earlier, the motivation behind constructing new Abelian groups, in addition to add two
new Abelian groups to the list of the Abelian groups have been constructed so far, is to apply them in
cryptography and to be specific, in public key cryptography and this will be our next step. The first application,
as in (Andreas Enge, 2002) and (Eriault, 2003), is working on the Jacobian of hyperelliptic curve where the
Jacobian is an Abelian group and as such it can serve as group for the discrete logarithm problem (DLP). The
second application is using the Abelian groups in factorization methods in cryptography (Montgomery, 1987),
such as elliptic curve, P + 1 and P — 1 methods where each operates in an Abelian group. On the other hand, an
application has been going on these new Abelian groups to construct finite Abelian groups based on JR — 2CN
and JR — 3CN.

This paper is organized as follows. The second section is on construction of the Abelian group that is
related to the summation of two signed cubes as in (Rand Alfaris and Hailiza Kamarulhaili, 2010), denoted by
(JR — 2CN, ®1RZCN)- The third section is on construction of an Abelian group that is related to the summation of
three signed cubes, denoted by (]R— 3CN, @IRSCN), we mostly depend on (Stroppel, 2006) and (Zassenhaus,
1999). Section four is allocated to introducing the properties of each Abelian group, where we discussed some
subgroups, normal subgroups and the fractional groups of each Abelian group. The last section discusses the
Isomorphism between (JR — 2CN, @gzcn) and (JR — 3CN, @jgscn ), the main reference was (Krylov, 2003).
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The Abelian Group JR — 2CN:

We have defined the elements of the set JR — 2CN in (Rand Alfaris and Hailiza Kamarulhaili 2010) as
ordered pairs (j,7) such that, (j,r) € JR — 2CN if and only if j3 + r3 = 6ax? + 2a3, where j =x + a,7 =
a —x; Vx,a € Z. Orin the form of set definition, we say,

JR—2CN ={(j,r) €Zx Z:j3 4+ 13 = 6ax? + 2a® Wherej=x+a,r=x—a, Va,x € Z}

We will define a binary operation on this set, we call it the addition on JR — 2CN.

Definition 2.1:

let @jrocn represents a relation on the set of Cartesian product of JR —2CN X JR — 2CN. We define
®jrzcn ON JR — 2CN, such that for i = 1,2, let j; = x; + a; and r; = a; — x;, V (ji, 1), (j2,72) € JR—2CN
then,

U m)®r2en U2 12) = (1 + jo, 11 +12) iff
1 +72% + (1 +1)° = 6(a; + ap)(x; + %) + 2(ay + )3,

We call ®g,cn the addition on JR — 2CN.
With simple algebra we can prove that:
Ui +J2)° + (rn +12)° = 6(ay + ay) (%1 + %)% + 2(; + @3)3.

By using the properties of the family JR — 2CN that have been discussed in (Rand Alfaris and Hailiza
Kamarulhaili 2010), we can define the equality of two ordered pairs in JR — 2CN.

Proposition 2.1:
V (i, 1), (2, 12) € JR—2CN, with j; = x; + a; and r; = a; — x; ,fori = 1,2. We say (j;, 1) = (jp, 1p) if
and only if x; = x, and a; = a,.

Proof:

On the left hand side we have (j;,77) = (i, 12).
(ji,71) € JR— 2CN means j;® + 1,3 = 6a,x,% + 2a,3. But, from the assumption we have j, = j, and r; = 15,
so that,

Xt ap =Xt ay, (2.1)

A — X = Ay — Xy (2.2)
From the first equation we can find that

a; =X, +a, — X1 (2.3)

Now to put this result in the second equation, we can conclude that x; = x, and substituting this result in
equation (2.2), we can conclude that a; = a,.

On the same manner we can prove that if x; = x, and a; = a, then (j;, ) = (Jz, 12).
Proposition (2.1) will be helpful to prove that @jr,cy is well define on JR — 2CN in the next proposition.

Proposition 2.2:
®jrzcn is well define on JR — 2CN.

Proof:

v ((jl,rl), (kl,sl)), ((jz,rz), (kz,sz)) € JR—2CN xJR—2CN, where j,=x;+a; 1n=a;—x; and
ki=y;+p; and s;=y; — By fori=1.2. Let ((j, ), (ky,51)) = ((ar 7). (ka,52)), then we have the
following,

U1 1)®raen k1, 51) = (i + ky, 1y +59),

Thus we have,

Ui+ ki)®+ (1 +51)% = 6(a; + B (x4 +y1)% + 2(a; + B1)3.

2273



Aust. J. Basic & Appl. Sci., 5(11): 2272-2281, 2011

But we already have ((j;, 71), (k1,51)) = (G2, 72), (k2. s5)). By using proposition (2.1), we have (j;,7;) =
(j,, 1) and (kq,s1) = (k, s,) which means,

6(ay + B)(x1 +y1)* + 2(aq + 1) = 6(ay + B2)(x2 + ¥2)* + 2(a + B2)3
Ui+ ki) + (ry +50)° = o + ky)? + (ry + 52)3,

and this leads to

Ui tkur+51) = (o +kymy t+s;)
= (1, T)®jroen k1, 51) = (2, 72) @jracn (2, 52)

Then @,y is well defined.

Proposition 2.3:
@jrzcn is closed, associative and commutative over JR — 2CN.

Proof:
Y (ji,71), (2, 72) € JR — 2CN with j; = x; + a;, r; = a; — x;,for i = 1,2 then

U1 1) ®jracn U2, 12) = (1 + 2011 +172)
= (1 +72)° + (rn +12)° = 6(ay + ) (g + %)% + 2(a; + @3)3,

But, j, +j,=jandr, + 1, =71, a; + @, = a and x; + x, = x for some j,r,x,a € Z and j = x + « and
r =a — x, then
j3 4713 =6ax?+2a®
®jracn is closed over JR — 2CN.

Also, ®jrac is associative because it can be easily proven that

[(71:7‘1)@JRZCN02v7”2)] ®jr2cN (si13) = Ulvrl)&)]RZCN[(jZ:r2)®]R2CN(j3vr3)]-

To prove @z is cOmmutative over JR — 2CN, we need to show that
(jllrl)('D]RZCN(jZ'rZ) = (jZ'rZ)@]RZCN(jl'rl)

By the definition of @ jrycn
U1 m)®r2enU2,12) = (1 + 211 +12)

If and only if

U1 +j2)3 +(n+nr)?= 6(ay + ax)(x, + x2)% + 2(ay + ay)?
= (p +j1)? + (2 +11)% = 6(ay + 1) (% + %)% + 2(a; + 1,)?

If and only if
U2 2)®jr2en G, 71) = (G2 +ji, 12 +11)
Which proves that @jg,cy is commutative over JR — 2CN.
Proposition 2.4:
Under the binary operation @jr,cn 0N the set JR — 2CN, the unique identity element is (0,0) and the unique
inverse element is (—j, —r) for each element (j, ).
Proof:

Easily we can prove that (0,0) is identity and it is unique under the summation on JR — 2CN. Also, it is
easy to prove that V(j,r) € JR — 2CN, there is a unique inverse element which is (—j, —).
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Proposition 2.5:
(JR — 2CN, @jr,cn ) is an Abelian group.

Proof:
By using definition (2.1) and the propositions (2.2, 2.3 and 2.4) we can prove that (]R — 2CN, @IRZCN) is
Abelian group.

The Abelian Group JR — 3CN:

In (Rand Alfaris and Hailiza Kamarulhaili 2010), it has been defined that the elements which belong to the
set JR — 3CN as ordered pairs (j, 1), such that (j, r), € JR — 3CN if and only if j3 + r3 — a3 = 3ar? — 3a?r,
wherej = a — 1,V j,r,a € Z, in other word, we say,

JR=3CN={(j,r) €ZxZ:j3+7%—a® =3ar? - 3a?r, VYa,r € Z}

Now we define the addition on the set JR — 3CN as a binary operation. And later we will prove that it is
well define and provide all the properties of the binary operation on the set to form a group.

Definition 3.1:
let @jrscn represents a relation on the set of Cartesian product of JR — 3CN X JR — 3CN. We define
®jracn 0N JR — 3CN such that, for i = 1,2, let j; = a; — 11, V (j1,71)q,, (2, 72)a, € JR — 3CN then,

U "), ®racn U2:12)a, = U1 + 211 + ey +a, U f
U1 +J2)2 + (n +12)3 — (a1 + a3)? = 3(ay + @) (ry +15)% = 3(ay + a,)*(ry + 12).

We call ®jgscn the addition on JR — 3CN.

With simple algebra we can prove that
(1 +72)° + (1% = (@ + @)® = 3(a; + @) (ry + 1) — 3(ay + ) (ry +1).

Next proposition is on the equality of ordered pairs in JR — 3CN.
Proposition 3.1:

For all (ji,71) e, (2, 172)a, € JR—3CN with j; = a; — ry,for i = 1,2, we say that (j;,71)q, = (j2,72)q, If
andonly ifr;, =, and ; = a,.

Proof:

On the left hand side we have (ji,71)q, = (2,72)a,, Which directly implies r; = r, and from the first
component we get j; = j,. By using the definition of the elements in JR — 3CN, we get a; — r; = a, — 1, Which
gives a; = a;.

On the other side, as long as we have r;, =r, and a; = a, then definitely j; = j, which leads to

(i1;7’1)a1 = (/'2;7’2)042-
Now we need to prove that @jrscy is well define over JR — 3CN.

Proposition 3.2:
®jracn is well define on JR — 3CN.

Proof:

V (G1may (k1 51)6,)s (Gar72)ayr (kar $2)5,) € JR — 3CN X JR — 3CN, where j; = a; —r; and k; = f; —
si, fori = 1,2. Let (G, ) ey (k1, 51, ) = (G20 72) ey, (k2. 52) g, ), then we have to prove the following,
Ul:rl)a1®]R3CN (k1’51)/31 = (jz:rz)az('B]RSCN (kz'sz)[i’z-

By the definition of ®jg3cn;,

(jl; rl)(x1®]R3CN (kllsl)ﬁl = (jl + k]_, m + 31)a1+ﬂ1if and Only if
Ui+ ki)®+ (ry +51)% — (a; + ﬁ1)3 = 3(ay + B + $1)% = 3(ay + B)?(r + 51)
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But we already have ((jy, 1) e, (k1,51),) = (G2 72)a, (k2,55)p,). By using the normal equality of the
ordered pairs and proposition (3.1), we get,

U, = (2:72)a, and (kq,s1)p, = (k2,5,)p, Which gives the first two pairs, r; =, and @, = a, and for
the second two pairs, s; = s, and B, = f3,.

Now we have,

3(ay + B (11 +51)% = 3(aq + B1)? (11 + 51) = 3(az + B2) (12 + 55)° — 3(a + B2)*(r2 + 53)
= (1 + k)P + (1 +50° = (a0 + 1) = (o + k2)* + (1, +55)° — (ap + B2)3,

and this leads to

Ui +kum + 51)a1+ﬂ1 =@z thyr + 52)a2+ﬁ2
= (jl!rl)a1®]R3CN (k1'51)ﬁ1 = Uz'rz)az@]Rsm (kz'Sz)ﬁz

Then @)grscy is well defined.

Proposition 3.3:
@jr3cn IS closed, associative and commutative over JR — 3CN.

Proof:
V (1 ")ay U2:72)a, € JR—3CN with j; = a; — r;,for i = 1,2, we have

U1 a, ®racn Uz 2)a, = Ui +J211 + 12y 4a, I f
(1 +72)° + (n +12)% = (a1 + @) = 3(ay + az)(r +15)* = 3(ay + @) (ry + 1)

Now, there exist some j = j, + j,, r =1, + 1, and @ = ay + a, and we get,
(1 +J2)® + (p +15)% — (q + @)% = 3ar? —3a%r € JR— 3CN.

Then @grscy is closed over JR — 3CN.

We will leave the proof of showing that ®@jrscy is associative over JR — 3CN as it is directly from the
definition.

Now we prove that ®@r3cy is commutative over JR — 3CN, we need to show that
(jl:rl)oq@]RSCN (jZ'rZ)az = (jz'rz)a2®]R3CN(jl:r1)a1
By the definition of @jr3cn
U "), ®raen U2:12)a, = U1 + 2,11 + 1) gy +ay
If and only if
i+ + (g +71)% = (g + a3)% = 3(ay + ay)(ry +12)% = 3(ay + a3)%(ry + 13).
Thus implies,
ot j1)3+(p+1)3 = (ap + @) =3(a, + ), + 11)? — 3(ay + @) (r, + 11)
“If and only if
(U272, ®pracn Ui T)a, = Uz + 172 + M) aytay-

Which proves that @jrscy is commutative over JR — 3CN.
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Proposition 3.4:
Under the binary operation ®@gscy 0N the set JR — 3CN, the unique identity element is (0,0), and the
unique inverse element is (—j, —r)_,, for each element (j,7),.

Proof:
The proof of the uniqueness of (0,0), is elementary and so that we will leave it. (0,0), provides the basic
feature of the identity element which is, for all (j,r), € JR — 3CN, we have

(U, 1)a®jr3en(0,0) = (G + 0,7 + 0) 449
=, e
Also it is easy to prove that (—j, —r)_, is unique for each (j, ), € JR — 3CN and
(=, =1)a®rscnU Mo = (= +J,—T +T)_asa
= (0,0)o
Proposition 3.5:
(JR — 3CN, @rscy) is an Abelian group.

Proof:
By using definition (3.1) and the propositions (3.2, 3.3 and 3.4) we can prove that (]R — 3CN, ®]R3CN) isan
Abelian group.

Subgroups, Normal Subgroups and Fractional Groups of (JR — 2CN, @;gzcy) and (JR — 3CN, @jp3cy ):
Some of The Subgroups In JR — 2CN:
(H, ®jracn) When H = {(j,j) € JR—2CN: ¥ j € Z}.

Proposition 4.1:
(H, ®jracn) is a subgroup in JR — 2CN.

Proof:

(0,0) € Hand if (j,j) € H then (—j,—j ) € H it means each element in H has its own inverse. It is only left
to show that,

V(. (1) €H= (j,j) ®jroen (r, 1) €H
We have

G.J) ®praen (1)1 = (J,)) @jracn (=7, —T)

= (] - T',j - T)

€H

(L, ®jracn) When L = {(j, —j) € JR— 2CN,V j € Z}.

Proposition 4.2:
(L, ®jrzcn) is @ subgroup in JR — 2CN.

Proof:
It is easy to see that (0,0) € L and if (j,—j) € L then (j,—j)~* = (—j,j ) € L. Now, we only need to show,

VG, =), (r,=1) € L = (j,—)) @jreen (r,—1) 1 EL
We have

G, @jra2cn (1) -t =0,—N @jrzen (—7,7)

=(-r-j+r)
=0-n-0G-1)
€L

2277



Aust. J. Basic & Appl. Sci., 5(11): 2272-2281, 2011

The Normal Subgroups in JR — 2CN:
Every subgroup in JR — 2CN is a normal subgroup because JR — 2CN is an Abelian group.

The Fractional Groups Related To JR — 2CN:
As long as every normal subgroup can formulate a fractional group, then we have:

(@*) with H = {(j,j) € JR — 2CN: V j € Z} is fractional group with the binary operation * that defined as:

v (j,r), (k,s) € JR — 2CN then, we have
() ®jracnH * (k, )@ jra2enH = (j, 7)@jr2en (K, S)DjraenH.

The elements o

JR —2CN . .

———— = {(, ") ®jrzenHa: (j,7) € JR — 2CN}

= {(], T)@]RZCN(IC, k) (j, T') € ]R - ZCN,V(k, k) (S H,
j=x+ar=a—xk=f}
={(+kr+k)=0G+k3+ @ +k)3}

={6(a+ p)x?*+ 2(a + B)3,Vx,a,B € Z}.

f@ take the following form:

(@*) with L = {(j,—j) € JR—2CN,Vj € Z} is fractional group with the same binary operation that
defined above.

The elements of @

take the following form:
JR—2CN . _
I = {(]'r)®]R2CNL: U, r) EJR— 2CN}
= {(/,")®jracn(k, —k): (j,7) € JR = 2CN,V(k,—k) € L,
j=x+ar=a—xk=y}
={(+kr—k) =0 +k?®+ T -k
= {6a(x +y)* +2a Vx,y,a € Z}.

Some of The Subgroups In JR — 3CN:
Each element in JR — 3CN is written in the form of (j,r), with j = a —r. We will consider now the
following subsets.
The subset of all the elements in JR — 3CN that have two equal components.
Let P be the subset of JR — 3CN that defined as the following
P ={(,r)g €JR—3CN: wherej =rVr,a € Z}.
According to this definition we have j = a — r and j = r then,
a—r=r = a=2r.
So that, the ordered pairs that belong to P must have the form (r,7),,., then we can write,

P ={(r,7), €JR—3CN:Vr € Z}.

Proposition 4.3:
(P, ®jr3cn) is a subgroup in JR — 3CN.

Proof:
First we have (0,0), € P and if (r,7),, € p then (—r,—r)_,, € P it means each element in P has its own
inverse. Also we can easily prove that,

v (T', 7")Zr! (1.’]')2]‘ EP= (T, 7")Zr ®]R3CN (j!j)zj_l EP

The subset of all the elements in JR — 3CN that have the ordered pairs in the form of (—j, j), -
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Now we need to find what « is. If the second component is r then, then the first component j = a« — r and
we have the first component is the negative of the second then we have, —j = j which gives,

—a+r=r = a=0.
Now, let S be a subset of JR — 3CN such that
S={(-r,r)y €EJR-3CN:Vr € Z}

Proposition 4.4:
(S, ®jrscn) is subgroup in JR — 3CN.

Proof:
The identity element (0,0)q€S. If (—7r,1)o €S then ((—7,1)y) "t €S because ((—r,7)y)" 1=
(r,—1)o, Vr € Z.

Now, V (—7,7)o, (—j,j)o ES =

(=710 ®Opracn((—/, o)™ = (=7,7)0 Bpraen (s =)o
= (_(T —j),T _])0

eES

The Normal Subgroups In JR — 3CN:
Every subgroup in JR — 3CN is a normal subgroup because JR — 3CN is an Abelian group.

The Fractional Groups Related To JR — 3CN:
The both subgroups P and S are normal and so that we can construct fractional groups out of them that
related to JR — 3CN.

(@*) with P = {(r,1),, € JR — 3CN: Vr € Z} is fractional group with the binary operation * that defined
as:

VY (j,")q (k,s)p € JR — 3CN then, we have

(1, 1) 2r®jr3enP * (,1)2j®jrsenP = (1,7)2r®Ojracn U /)2 ®@jracn P
The elements of @ take the following form:

JR —3CN . .

———— = {0, Ma®jrscnP: (,7)a € JR — 3CN}

={(,1)a®jracnk, k) 2i: (j,7)q €JR = 3CN,V(k, k) EP,j = a — 1}

={(+kr+k)giax = (G+Ek)+ (r+k)® - (a+2k)3}

= {3(a + 2k)(r + k)? — 3(a + 2k)*(r + k),Va, k, 7 € Z}.

(]R_jCN,*) with S= {(—r,7), € JR — 3CN: Vr € Z} is fractional group with the binary operation * that defined

as.
vV (, M (k, s)ﬁ € JR — 3CN then, we have
(=7, 7)o®jracnS * (=, o @jracnS = (=7, 7)o ®jr3cn (=1, /)0 ®jr3cnS-

R—-3CN
f] 3C
N

The elements o take the following form:

R — 3CN
]— = {(]‘ r)a®]R3CNS: (jl T)a € ]R - 3CN}

= {(1' r)a®]R3CN(_k’ k)O: (jvr)a € ]R - 3CN! v(_kv k)O € S’
j=a-1)
={(-kr+k),=0G-k3+ @ +k)?3-a%}

= {3a(r + k)?> — 3a?(r + k),Va,k, 7 € Z}.
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The Isomorphism between JR — 2CN and JR — 3CN:

The isomorphism between JR-2CN and JR-3CN is important because it helps to study the features of the
Abelian group JR-3CN through the Abelian group JR-2CN. It helps to transfer the properties of the group JR-
2CN to the group JR-3CN.

Proposition 5.1:
Consider the function f from (JR — 2CN, ®jrzcn ) t0 (JR — 3CN, @jracn ). We define £ as the following
£:JR— 2CN - JR — 3CN,
such that,
f(r+a,a—1)=(a—rr)oV@r+aa—r)€e JR—2CN.
Then £ is one-to-one correspondence from (JR — 2CN, @jgzcn) t0 (JR — 3CN, @jracn )-
Proof:

f:JR—2CN > JR—3CN,let(r+a,a —r1),(s+ 8,8 —s) € JR—2CN.
We have

f(+aa=—1)=f((s+pL-5)
And we need to prove that (r + a,a — ) = (s + 8,8 — 5)
Recall,
f(C+aa-71))=(@-rr)_qandf((s+BB—5)=(B—s5)p
But, we have,
f(taa=1)=f((s+pL-5)
That means
(@=7,1)_a=B-55_

By using proposition (3.1) we get that r = s and @ = . Now by using proposition (2.1) we get,
rtaa—-r)=(s+B,B—s)

Then £ is one to one function.

Now, let (8 —s,s)_g € JR — 3CN such that f((r +a,a-— r)) = (B — s5,5)_p. According to the definition of f
we have

(a—7,1)_q=(B—s,s)_g= r=sand a = B, which there is problem of chosen such ordered pair in the
domain.

Then f is onto function.

Proposition 5.2:
f is Isomorphism.

Proof:
First we need to proof f is homomorphism, and to do that we need to show,

f((r+a,a =N@paen(s + 8,8 = 5)) = f((r + a,a = 1))®jracnf ((s + 8,8 —5))
Vir+a,a—r1),(s+B,8—s) € JR—2CN.

To prove that, we have to recall the definition of f,

f(r+aa—1)=(a—-771)q

and,
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f(s+B.8—5) = (B —55)p.

Now,

f(r+aa=—1)@paen(s +B,8-5)) = f(((r+5)+ (@+p),(@+p) = (r+5)))
=(a+pB)—(+5)T+S) (a+p)
=(a-r, T)—a@]R3CN(.B =S, 3)—ﬁ
=f(r+aa—1)®rsenf((s+B8.8—5))
Which means, f is homomorphism.

By using proposition (5.1) we get f is homomorphism and one-to-one correspondence. Then f is
isomorphism.

With this isomorphism, we accomplish two purposes, the first one is classifying which integers belong to
JR-3CN through JR-2CN and the second one is we can classify and categorize which integers that resulted from
the summation of two signed cubes can also be resulted as a summation of three signed cubes. For instance, the
ordered pair (0,2), with r = —1 and @ = 1 that belongs to JR-2CN, under this isomorphism,

f(A-114+1D)=(1+1-1)_,,

gives the ordered pair (2,—1)_; that belongs to JR-3CN and both of the ordered pairs give the same integer
which is 8.

Conclusion:

We constructed two new Abelian groups based on the two families that generate infinite subsets of integers
as a sum of two and three signed cubes. Some of the subgroups, normal subgroups have been introduced in
section four. Defining an isomorphism between the two families was one of our main results and we introduced
it in section five. The future works regarding the groups JR2CN and JR3CN is to cover all the possible proper
normal sub groups, which leads to cover all the fractional groups. Our main goal in the future is constructing
two new rings and then fields to be associated with these two families. As hyperelliptic curve cryptography
involved operations on Jacobian Abelian groups, thus has become part of our motivation to look into the
application of these two new Abelian groups in the area of cryptography. Another motivation is to pursue our
work into integer factorization methods that utilize Abelian groups.
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