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Abstract. Two new Abelian groups are introduced in this paper. These Abelian groups are constructed 
based on the two families JR െ 2CN and JR െ 3CN. The elements of these Abelian groups are ordered 
pairs, each ordered pair represents an integer that can be represented as a summation of two signed 
cubic numbers which belongs to JR െ 2CN or three signed cubic numbers which belongs to JR െ 3CN. 
Two new binary operations have been defined to be associated with each family to form an Abelian 
group. Properties and propositions have been introduced. A one to one corresponding homomorphism 
function on JR െ 2CN and JR െ 3CN has been successfully defined.  
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INTRODUCTION 

 
 The motivation behind constructing such groups was based on an unusual question: How to create new 
groups whose elements are ordered pair to employ them in public key Cryptography. The only known groups 
whose elements are ordered pairs are those which related to Elliptic curve cryptography. Elliptic curve 
cryptography groups are only used in Elliptic curve cryptography and cannot employ them in public key 
cryptography in general.  
 In (Rand Alfaris and Hailiza Kamarulhaili, 2010), we introduced two new families JR െ 2CN and JR െ 3CN 
that generate two infinite subsets of integer numbers as a sum of two and three signed cubes respectively. Based 
on these two families, two new binary operations have been defined, followed by constructing two new Abelian 
groups.  
 When constructing new groups, we start with defining the binary operation. Some subgroups, normal 
subgroups and fractional groups are introduced for each family. Most importantly, we found an isomorphism 
from JR െ 2CN to JR െ 3CN.  
 This paper contains two main results. The first result is defining two new binary operations. These two new 
Abelian groups are based on special kind of numbers which they are the integer numbers that can be represented 
as a summation of two and three cubic numbers, The elements of the two groups are not numbers but they are 
ordered pairs which are considered rare in group theory. The second result is constructing an Isomorphism 
between the two Abelian groups. The Isomorphism indicates that there is a one to one correspondence between 
the two families. Isomorphism means transferring the properties and the features from one Abelian group to 
another. Finding an isomorphism between the two groups is suffice to study only one group and applied the 
results to the other. 
 The work been done in this research, emerged the two areas, the number theory and group theory under one 
roof. As we mentioned earlier, the motivation behind constructing new Abelian groups, in addition to add two 
new Abelian groups to the list of the Abelian groups have been constructed so far, is to apply them in 
cryptography and to be specific, in public key cryptography and this will be our next step. The first application, 
as in (Andreas Enge, 2002) and (Eriault, 2003), is working on the Jacobian of hyperelliptic curve where the 
Jacobian is an Abelian group and as such it can serve as group for the discrete logarithm problem (DLP). The 
second application is using the Abelian groups in factorization methods in cryptography (Montgomery, 1987), 
such as elliptic curve, ܲ ൅ 1 and ܲ െ 1 methods where each operates in an Abelian group. On the other hand, an 
application has been going on these new Abelian groups to construct finite Abelian groups based on JR െ 2CN 
and JR െ 3CN. 
 This paper is organized as follows. The second section is on construction of the Abelian group that is 
related to the summation of two signed cubes as in (Rand Alfaris and Hailiza Kamarulhaili, 2010), denoted by 
൫JR െ 2CN, ۩JRଶCN൯. The third section is on construction of an Abelian group that is related to the summation of 
three signed cubes, denoted by ൫JR െ 3CN, ۩JRଷCN൯, we mostly depend on (Stroppel, 2006) and (Zassenhaus, 
1999). Section four is allocated to introducing the properties of each Abelian group, where we discussed some 
subgroups, normal subgroups and the fractional groups of each Abelian group. The last section discusses the 
Isomorphism between ൫JR െ 2CN, ۩JRଶCN൯ and ൫JR െ 3CN, ۩JRଷCN൯, the main reference was (Krylov, 2003). 
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The Abelian Group ࡾࡶ െ ૛ࡺ࡯: 
 We have defined the elements of the set JR െ 2CN in (Rand Alfaris and Hailiza Kamarulhaili 2010) as 
ordered pairs ሺ݆, ,ሻ such that, ሺ݆ݎ ሻݎ א JR െ 2CN if and only if ݆ଷ ൅ ଷݎ ൌ ଶݔߙ6 ൅ ݆ ଷ, whereߙ2 ൌ ݔ ൅ ,ߙ ݎ ൌ
ߙ െ ,ݔ׊ ;ݔ ߙ א ܼ. Or in the form of set definition, we say,  
JR െ 2CN ൌ ሼሺ݆, ሻݎ א ܼ ൈ ܼ: ݆ଷ ൅ ଷݎ ൌ ଶݔߙ6 ൅ ଷ Where jߙ2 ൌ x ൅ a, r ൌ x െ a,, ,ߙ׊ ݔ א ܼሽ 
 
 We will define a binary operation on this set, we call it the addition on JR െ 2CN. 
  
Definition 2.1:  
 let ۩JRଶCN represents a relation on the set of Cartesian product of JR െ 2CN ൈ JR െ 2CN. We define 
۩JRଶCN on JR െ 2CN, such that for ݅ ൌ 1,2, let ݆௜ ൌ ௜ݔ ൅ ௜ݎ ௜ andߙ ൌ ௜ߙ െ ,ሺ݆ଵ ׊ ,௜ݔ ,ଵሻݎ ሺ݆ଶ, ଶሻݎ א  JR െ 2CN 
then, 
  
ሺ݆ଵ, ,ଵሻ۩JRଶCNሺ݆ଶݎ ଶሻݎ ൌ ሺ݆ଵ ൅ ݆ଶ, ଵݎ ൅  ݂݂݅ ଶሻݎ
ሺ݆ଵ ൅ ݆ଶሻଷ ൅ ሺݎଵ ൅ ଶሻଷݎ ൌ  6ሺߙଵ ൅ ଵݔଶሻሺߙ ൅ ଶሻଶݔ ൅ 2ሺߙଵ ൅  .ଶሻଷߙ
 
 We call ۩JRଶCN the addition on JR െ 2CN. 
 
 With simple algebra we can prove that: 
 
ሺ݆ଵ ൅ ݆ଶሻଷ ൅ ሺݎଵ ൅ ଶሻଷݎ ൌ 6ሺߙଵ ൅ ଵݔଶሻሺߙ ൅ ଶሻଶݔ ൅ 2ሺߙଵ ൅  .ଶሻଷߙ
 
 By using the properties of the family JR െ 2CN that have been discussed in (Rand Alfaris and Hailiza 
Kamarulhaili 2010), we can define the equality of two ordered pairs in JR െ 2CN. 
 
Proposition 2.1:  
,ሺ݆ଵ ׊  ,ଵሻݎ ሺ݆ଶ, ଶሻݎ א  JR െ 2CN, with ௜݆ ൌ ௜ݔ ൅ ௜ݎ ௜ andߙ ൌ ௜ߙ െ , ௜ݔ for ݅ ൌ 1,2. We say ሺ݆ଵ, ଵሻݎ ൌ  ሺ݆ଶ,  ଶሻ ifݎ
and only if ݔଵ ൌ ଵߙ ଶ andݔ ൌ  .ଶߙ
 
Proof:  
 On the left hand side we have ሺ݆ଵ, ଵሻݎ ൌ  ሺ݆ଶ,  .ଶሻݎ
ሺ݆ଵ, ଵሻݎ א  JR െ 2CN means ݆ଵ

ଷ ൅ ଵݎ
ଷ ൌ ଵݔଵߙ6

ଶ ൅ ଵߙ2
ଷ. But, from the assumption we have ݆ଵ ൌ ݆ଶ and ݎଵ ൌ  ,ଶݎ

so that, 
ଵݔ ൅ ଵߙ ൌ ଶݔ ൅  ଶ,          (2.1)ߙ
 
ଵߙ െ ଵݔ ൌ ଶߙ െ  ଶ          (2.2)ݔ
 From the first equation we can find that 
ଵߙ ൌ ଶݔ ൅ ଶߙ െ  ଵ          (2.3)ݔ
 
 Now to put this result in the second equation, we can conclude that ݔଵ ൌ  ଶ and substituting this result inݔ
equation (2.2), we can conclude that ߙଵ ൌ  .ଶߙ
 
 On the same manner we can prove that if ݔଵ ൌ ଵߙ ଶ andݔ ൌ ,ଶ then ሺ݆ଵߙ ଵሻݎ ൌ  ሺ݆ଶ,  .ଶሻݎ
 Proposition (2.1) will be helpful to prove that ۩JRଶCN is well define on JR െ 2CN in the next proposition. 
 
Proposition 2.2:  
۩JRଶCN is well define on JR െ 2CN. 
 
Proof:  
,൫ሺ݆ଵ ׊  ,ଵሻݎ ሺ݇ଵ, ,ଵሻ൯ݏ ൫ሺ݆ଶ, ,ଶሻݎ ሺ݇ଶ, ଶሻ൯ݏ א  JR െ 2CN ൈ JR െ 2CN, where ݆௜ ൌ ௜ݔ ൅ ௜ݎ ,௜ߙ ൌ ௜ߙ െ  ௜ andݔ
݇௜ ൌ ௜ݕ ൅ ௜ݏ ௜ andߚ ൌ ௜ݕ െ ,௜ߚ for ݅ ൌ 1,2. Let ൫ሺ݆ଵ, ,ଵሻݎ ሺ݇ଵ, ଵሻ൯ݏ ൌ ൫ሺ݆ଶ, ,ଶሻݎ ሺ݇ଶ,  ଶሻ൯, then we have theݏ
following, 
 
ሺ݆ଵ, ,ଵሻ۩JRଶCNሺ݇ଵݎ ଵሻݏ ൌ ሺ݆ଵ ൅ ݇ଵ, ଵݎ ൅  ,ଵሻݏ
 
 Thus we have, 
 
ሺ݆ଵ ൅ ݇ଵሻଷ ൅ ሺݎଵ ൅ ଵሻଷݏ ൌ  6ሺߙଵ ൅ ଵݔଵሻሺߚ ൅ ଵሻଶݕ ൅ 2ሺߙଵ ൅  .ଵሻଷߚ
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 But we already have ൫ሺ݆ଵ, ,ଵሻݎ ሺ݇ଵ, ଵሻ൯ݏ ൌ ൫ሺ݆ଶ, ,ଶሻݎ ሺ݇ଶ, ,ଶሻ൯. By using proposition (2.1), we have ሺ݆ଵݏ ଵሻݎ ൌ
ሺ݆ଶ, ,ଶሻ and ሺ݇ଵݎ ଵሻݏ ൌ ሺ݇ଶ,  ,ଶሻ which meansݏ
  
6ሺߙଵ ൅ ଵݔଵሻሺߚ ൅ ଵሻଶݕ ൅ 2ሺߙଵ ൅ ଵሻଷߚ ൌ 6ሺߙଶ ൅ ଶݔଶሻሺߚ ൅ ଶሻଶݕ ൅ 2ሺߙଶ ൅  ଶሻଷߚ
ሺ݆ଵ ൅ ݇ଵሻଷ ൅ ሺݎଵ ൅ ଵሻଷݏ ൌ ሺ݆ଶ ൅ ݇ଶሻଷ ൅ ሺݎଶ ൅  ,ଶሻଷݏ
 
and this leads to  
 
ሺ݆ଵ ൅ ݇ଵ, ଵݎ ൅ ଵሻݏ ൌ ሺ݆ଶ ൅ ݇ଶ, ଶݎ ൅  ଶሻݏ
֜ ሺ݆ଵ, ,ଵሻ۩JRଶCNሺ݇ଵݎ ଵሻݏ ൌ ሺ݆ଶ, ,ଶሻ۩JRଶCNሺ݇ଶݎ  ଶሻݏ
 
 Then ۩JRଶCN is well defined. 
 
Proposition 2.3:  
 ۩JRଶCN is closed, associative and commutative over JR െ 2CN. 
 
Proof: 
,ሺ݆ଵ ׊   ,ଵሻݎ ሺ݆ଶ, ଶሻݎ א  JR െ 2CN with ݆௜ ൌ ௜ݔ ൅ ௜ݎ ,௜ߙ ൌ ௜ߙ െ ,௜ݔ for ݅ ൌ 1,2 then  
 
ሺ݆ଵ, ,ଵሻ۩JRଶCNሺ݆ଶݎ ଶሻݎ ൌ ሺ݆ଵ ൅ ݆ଶ, ଵݎ ൅  ଶሻݎ
֜ ሺ݆ଵ ൅ ݆ଶሻଷ ൅ ሺݎଵ ൅ ଶሻଷݎ ൌ 6ሺߙଵ ൅ ଵݔଶሻሺߙ ൅ ଶሻଶݔ ൅ 2ሺߙଵ ൅  ,ଶሻଷߙ
 
 But, ݆ଵ ൅ ݆ଶ ൌ ݆ andݎଵ ൅ ଶݎ ൌ ଵߙ ,ݎ ൅ ଶߙ ൌ ଵݔ and ߙ ൅ ଶݔ ൌ ,݆ for some ݔ ,ݎ ,ݔ א ߙ ܼ and ݆ ൌ ݔ ൅  and ߙ
ݎ ൌ ߙ െ  then ,ݔ
݆ଷ ൅ ଷݎ ൌ ଶݔߙ6 ൅  ଷߙ2
۩JRଶCN is closed over JR െ 2CN. 
 
 Also, ۩JRଶCN is associative because it can be easily proven that  
 
ൣሺ݆ଵ, ,ଵሻ۩JRଶCNሺ݆ଶݎ ,ଶሻ൧ ۩JRଶCN ሺ݆ଷݎ ଷሻݎ ൌ ሺ݆ଵ, ,ଵሻ۩JRଶCNൣሺ݆ଶݎ ,ଶሻ۩JRଶCNሺ݆ଷݎ  .ଷሻ൧ݎ
 
 To prove ۩JRଶCN is commutative over JR െ 2CN, we need to show that  
 
ሺ݆ଵ, ,ଵሻ۩JRଶCNሺ݆ଶݎ ଶሻݎ ൌ ሺ݆ଶ, ,ଶሻ۩JRଶCNሺ݆ଵݎ  ଵሻݎ
 
 By the definition of ۩ JRଶCN 
 
ሺ݆ଵ, ,ଵሻ۩JRଶCNሺ݆ଶݎ ଶሻݎ ൌ ሺ݆ଵ ൅ ݆ଶ, ଵݎ ൅  ଶሻݎ
  
 If and only if  
 
ሺ݆ଵ ൅ ݆ଶሻଷ ൅ ሺݎଵ ൅ ଶሻଷݎ ൌ 6ሺߙଵ ൅ ଵݔଶሻሺߙ ൅ ଶሻଶݔ ൅ 2ሺߙଵ ൅  ଶሻଷߙ
ฺ ሺ݆ଶ ൅ ݆ଵሻଷ ൅ ሺݎଶ ൅ ଵሻଷݎ ൌ 6ሺߙଶ ൅ ଶݔଵሻሺߙ ൅ ଵሻଶݔ ൅ 2ሺߙଶ ൅  ଵሻଷߙ
 
 If and only if   
 
ሺ݆ଶ, ,ଶሻ۩JRଶCNሺ݆ଵݎ ଵሻݎ ൌ ሺ݆ଶ ൅ ݆ଵ, ଶݎ ൅  ଵሻݎ
 
 Which proves that ۩JRଶCN is commutative over JR െ 2CN. 
 
Proposition 2.4:  
 Under the binary operation ۩JRଶCN on the set JR െ 2CN, the unique identity element is ሺ0,0ሻ and the unique 
inverse element is ሺെ݆, െݎሻ for each element ሺ݆,   .ሻݎ
 
Proof:  
 Easily we can prove that ሺ0,0ሻ is identity and it is unique under the summation on JR െ 2CN. Also, it is 
easy to prove that ׊ሺ݆, ሻݎ א JR െ 2CN, there is a unique inverse element which is ሺെ݆, െݎሻ. 
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Proposition 2.5:  
൫JR െ 2CN, ۩JRଶCN൯ is an Abelian group. 
 
Proof:  
 By using definition (2.1) and the propositions (2.2, 2.3 and 2.4) we can prove that ൫JR െ 2CN, ۩JRଶCN൯ is 
Abelian group. 
 
The Abelian Group ࡾࡶ െ ૜ࡺ࡯: 
 In (Rand Alfaris and Hailiza Kamarulhaili 2010), it has been defined that the elements which belong to the 
set JR െ 3CN as ordered pairs ሺ݆, ,ሻఈ such that ሺ݆ݎ ሻఈݎ א JR െ 3CN if and only if ݆ଷ ൅ ଷݎ െ ଷߙ ൌ ଶݎߙ3 െ  ,ݎଶߙ3
where ݆ ൌ ߙ െ ,ݎ ,݆ ׊ ,ݎ ߙ א ܼ, in other word, we say, 
 
JR െ 3CN ൌ ሼሺ݆, ሻݎ א ܼ ൈ ܼ: ݆ଷ ൅ ଷݎ െ ଷߙ ൌ ଶݎߙ3 െ ,ݎଶߙ3 ,ߙ׊ ݎ א ܼሽ 
 
 Now we define the addition on the set JR െ 3CN as a binary operation. And later we will prove that it is 
well define and provide all the properties of the binary operation on the set to form a group. 
 
Definition 3.1:  
 let ۩JRଷCN represents a relation on the set of Cartesian product of JR െ  3CN ൈ JR െ 3CN. We define 
۩JRଷCN on JR െ 3CN such that, for ݅ ൌ 1,2, let ௜݆ ൌ ௜ߙ െ ,ሺ݆ଵ ׊ ,௜ݎ ,ଵሻఈభݎ ሺ݆ଶ, ଶሻఈమݎ א  JR െ 3CN then,  
 
ሺ݆ଵ, ,ଵሻఈభ۩JRଷCN ሺ݆ଶݎ ଶሻఈమݎ ൌ ሺ݆ଵ ൅ ݆ଶ, ଵݎ ൅  ݂݂݅ ଶሻఈభାఈమݎ
ሺ݆ଵ ൅ ݆ଶሻଷ ൅ ሺݎଵ ൅ ଶሻଷݎ െ ሺߙଵ ൅ ଶሻଷߙ ൌ  3ሺߙଵ ൅ ଵݎଶሻሺߙ ൅ ଶሻଶݎ െ 3ሺߙଵ ൅ ଵݎଶሻଶሺߙ ൅  .ଶሻݎ
 
 We call ۩JRଷCN the addition on JR െ 3CN. 
 
 With simple algebra we can prove that 
 
ሺ݆ଵ ൅ ݆ଶሻଷ ൅ ሺݎଵ ൅ ଶሻଷݎ െ ሺߙଵ ൅ ଶሻଷߙ ൌ 3ሺߙଵ ൅ ଵݎଶሻሺߙ ൅ ଶሻଶݎ െ 3ሺߙଵ ൅ ଵݎଶሻଶሺߙ ൅  .ଶሻݎ
 
 Next proposition is on the equality of ordered pairs in JR െ 3CN. 
                                
Proposition 3.1:  
 For all ሺ݆ଵ, ,ଵሻఈభݎ ሺ݆ଶ, ଶሻఈమݎ א  JR െ 3CN with ݆௜ ൌ ௜ߙ െ ,௜ݎ for ݅ ൌ 1,2, we say that ሺ݆ଵ, ଵሻఈభݎ ൌ  ሺ݆ଶ,  ଶሻఈమ ifݎ
and only if ݎଵ ൌ ଵߙ ଶ andݎ ൌ  .ଶߙ
 
Proof:  
 On the left hand side we have ሺ݆ଵ, ଵሻఈభݎ ൌ  ሺ݆ଶ, ଵݎ ଶሻఈమ, which directly impliesݎ ൌ  ଶ and from the firstݎ
component we get ݆ଵ ൌ ݆ଶ. By using the definition of the elements in JR െ 3CN, we get ߙଵ െ ଵݎ ൌ ଶߙ െ  ଶ whichݎ
gives ߙଵ ൌ  .ଶߙ
 
 On the other side, as long as we have ݎଵ ൌ ଵߙ ଶ andݎ ൌ ଶ then definitely ݆ଵߙ ൌ ݆ଶ which leads to 
ሺ݆ଵ, ଵሻఈభݎ ൌ  ሺ݆ଶ,   .ଶሻఈమݎ
 
 Now we need to prove that ۩JRଷCN is well define over JR െ 3CN. 
 
Proposition 3.2:  
 ۩JRଷCN is well define on JR െ 3CN. 
 
Proof:  
,൫ሺ݆ଵ ׊  ,ଵሻఈభݎ ሺ݇ଵ, ,ଵሻఉభ൯ݏ ൫ሺ݆ଶ, ,ଶሻఈమݎ ሺ݇ଶ, ଶሻఉమ൯ݏ א  JR െ 3CN ൈ JR െ 3CN, where ݆௜ ൌ ௜ߙ െ ௜ and ݇௜ݎ ൌ ௜ߚ െ
݅ ௜, forݏ ൌ 1,2. Let ൫ሺ݆ଵ, ,ଵሻఈభݎ ሺ݇ଵ, ଵሻఉభ൯ݏ ൌ ൫ሺ݆ଶ, ,ଶሻఈమݎ ሺ݇ଶ,  ,ଶሻఉమ൯, then we have to prove the followingݏ
ሺ݆ଵ, ,ଵሻఈభ۩JRଷCN ሺ݇ଵݎ ଵሻఉభݏ ൌ ሺ݆ଶ, ,ଶሻఈమ۩JRଷCN ሺ݇ଶݎ  .ଶሻఉమݏ
 
 By the definition of ۩JRଷCN, 
 
ሺ݆ଵ, ,ଵሻఈభ۩JRଷCN ሺ݇ଵݎ ଵሻఉభݏ ൌ ሺ݆ଵ ൅ ݇ଵ, ଵݎ ൅  ଵሻఈభାఉభif and only ifݏ
ሺ݆ଵ ൅ ݇ଵሻଷ ൅ ሺݎଵ ൅ ଵሻଷݏ െ ሺߙଵ ൅ ଵሻଷߚ ൌ  3ሺߙଵ ൅ ଵݎଵሻሺߚ ൅ ଵሻଶݏ െ 3ሺߙଵ ൅ ଵݎଵሻଶሺߚ ൅  ଵሻݏ
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 But we already have ൫ሺ݆ଵ, ,ଵሻఈభݎ ሺ݇ଵ, ଵሻఉభ൯ݏ ൌ ൫ሺ݆ଶ, ,ଶሻఈమݎ ሺ݇ଶ,  ଶሻఉమ൯. By using the normal equality of theݏ
ordered pairs and proposition (3.1), we get, 
 
ሺ݆ଵ, ଵሻఈభݎ ൌ ሺ݆ଶ, ,ଶሻఈమ and ሺ݇ଵݎ ଵሻఉభݏ ൌ ሺ݇ଶ, ଵݎ ,ଶሻఉమ which gives the first two pairsݏ ൌ ଵߙ ଶ andݎ ൌ  ଶ and forߙ
the second two pairs, ݏଵ ൌ ଵߚ ଶ andݏ ൌ  .ଶߚ
 
 Now we have,  
 
3ሺߙଵ ൅ ଵݎଵሻሺߚ ൅ ଵሻଶݏ െ 3ሺߙଵ ൅ ଵݎଵሻଶሺߚ ൅ ଵሻݏ ൌ 3ሺߙଶ ൅ ଶݎଶሻሺߚ ൅ ଶሻଶݏ െ 3ሺߙଶ ൅ ଶݎଶሻଶሺߚ ൅  ଶሻݏ
ฺ ሺ݆ଵ ൅ ݇ଵሻଷ ൅ ሺݎଵ ൅ ଵሻଷݏ െ ሺߙଵ ൅ ଵሻଷߚ ൌ ሺ݆ଶ ൅ ݇ଶሻଷ ൅ ሺݎଶ ൅ ଶሻଷݏ െ ሺߙଶ ൅  ,ଶሻଷߚ
 
and this leads to  
 
ሺ݆ଵ ൅ ݇ଵ, ଵݎ ൅ ଵሻఈభାఉభݏ ൌ ሺ݆ଶ ൅ ݇ଶ, ଶݎ ൅  ଶሻఈమାఉమݏ
֜ ሺ݆ଵ, ,ଵሻఈభ۩JRଷCN ሺ݇ଵݎ ଵሻఉభݏ ൌ ሺ݆ଶ, ,ଶሻఈమ۩JRଷCN ሺ݇ଶݎ  ଶሻఉమݏ
 
 Then ۩JRଷCN is well defined. 
 
Proposition 3.3:  
 ۩JRଷCN is closed, associative and commutative over JR െ 3CN. 
 
Proof:  
,ሺ݆ଵ ׊  ,ଵሻఈభݎ ሺ݆ଶ, ଶሻఈమݎ א  JR െ 3CN with ݆௜ ൌ ௜ߙ െ ,௜ݎ for ݅ ൌ 1,2 , we have  
 
ሺ݆ଵ, ,ଵሻఈభ۩JRଷCN ሺ݆ଶݎ ଶሻఈమݎ ൌ ሺ݆ଵ ൅ ݆ଶ, ଵݎ ൅  ݂݂݅ ଶሻఈభାఈమݎ
ሺ݆ଵ ൅ ݆ଶሻଷ ൅ ሺݎଵ ൅ ଶሻଷݎ െ ሺߙଵ ൅ ଶሻଷߙ ൌ  3ሺߙଵ ൅ ଵݎଶሻሺߙ ൅ ଶሻଶݎ െ 3ሺߙଵ ൅ ଵݎଶሻଶሺߙ ൅   ଶሻݎ
 
 Now, there exist some ݆ ൌ ݆ଵ ൅ ݆ଶ, ݎ ൌ ଵݎ ൅ ߙ ଶ andݎ ൌ ଵߙ ൅  ,ଶ and we getߙ
ሺ݆ଵ ൅ ݆ଶሻଷ ൅ ሺݎଵ ൅ ଶሻଷݎ െ ሺߙଵ ൅ ଶሻଷߙ ൌ ଶݎߙ3  െ ݎଶߙ3 JR א െ 3CN. 
 
 Then ۩JRଷCN is closed over JR െ 3CN. 
 
 We will leave the proof of showing that ۩JRଷCN is associative over JR െ 3CN as it is directly from the 
definition. 
 
 Now we prove that ۩JRଷCN is commutative over JR െ 3CN, we need to show that  
 
ሺ݆ଵ, ,ଵሻఈభ۩JRଷCN ሺ݆ଶݎ ଶሻఈమݎ ൌ ሺ݆ଶ, ,ଶሻఈమ۩JRଷCNሺ݆ଵݎ  ଵሻఈభݎ
  
 By the definition of ۩JRଷCN 
 
ሺ݆ଵ, ,ଵሻఈభ۩JRଷCN ሺ݆ଶݎ ଶሻఈమݎ ൌ ሺ݆ଵ ൅ ݆ଶ, ଵݎ ൅  ଶሻఈభାఈమݎ
 
 If and only if  
 
ሺ݆ଵ ൅ ݆ଶሻଷ ൅ ሺݎଵ ൅ ଶሻଷݎ െ ሺߙଵ ൅ ଶሻଷߙ ൌ  3ሺߙଵ ൅ ଵݎଶሻሺߙ ൅ ଶሻଶݎ െ 3ሺߙଵ ൅ ଵݎଶሻଶሺߙ ൅   .ଶሻݎ
 
 Thus implies, 
 
ሺ݆ଶ ൅ ݆ଵሻଷ ൅ ሺݎଶ ൅ ଵሻଷݎ െ ሺߙଶ ൅ ଵሻଷߙ ൌ 3ሺߙଶ ൅ ଶݎଵሻሺߙ ൅ ଵሻଶݎ െ 3ሺߙଶ ൅ ଶݎଵሻଶሺߙ ൅  ଵሻݎ
 
 `If and only if  
 
ሺ݆ଶ, ,ଶሻఈమ۩JRଷCN ሺ݆ଵݎ ଵሻఈభݎ ൌ ሺ݆ଶ ൅ ݆ଵ, ଶݎ ൅  .ଵሻఈమାఈభݎ
 
 Which proves that ۩JRଷCN is commutative over JR െ 3CN.  
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Proposition 3.4:  
 Under the binary operation ۩JRଷCN on the set JR െ 3CN, the unique identity element is ሺ0,0ሻ଴ and the 
unique inverse element is ሺെ݆, െݎሻିఈ for each element ሺ݆,   .ሻఈݎ
 
Proof:  
 The proof of the uniqueness of ሺ0,0ሻ଴ is elementary and so that we will leave it. ሺ0,0ሻ଴ provides the basic 
feature of the identity element which is, for all ሺ݆, ሻఈݎ א JR െ 3CN, we have  
 
ሺ݆, ሻఈ۩JRଷCNሺ0,0ሻ଴ݎ ൌ ሺ݆ ൅ 0, ݎ ൅ 0ሻఈା଴ 
          ൌ ሺ݆,  .ሻఈݎ
 
 Also it is easy to prove that ሺെ݆, െݎሻିఈ is unique for each ሺ݆, ሻఈݎ א JR െ 3CN and  
ሺെ݆, െݎሻିఈ۩JRଷCNሺ݆, ሻఈݎ ൌ ሺെ݆ ൅ ݆, െݎ ൅  ሻିఈାఈݎ

          ൌ ሺ0,0ሻ଴ 
Proposition 3.5:  
 ൫JR െ 3CN, ۩JRଷCN൯ is an Abelian group. 
 
Proof:  
 By using definition (3.1) and the propositions (3.2, 3.3 and 3.4) we can prove that ൫JR െ 3CN, ۩JRଷCN൯ is an 
Abelian group. 
 
Subgroups, Normal Subgroups and Fractional Groups of ൫ࡾࡶ െ ૛ࡺ࡯, ࡾࡶ൯ and ൫ࡺ࡯૛ࡾࡶ۩ െ ૜ࡺ࡯,  :൯ࡺ࡯૜ࡾࡶ۩
 
Some of The Subgroups In ࡾࡶ െ ૛ࡺ࡯: 
 
൫ܪ, ۩JRଶCN൯ when ܪ ൌ ሼሺ݆, ݆ሻ א JR െ 2CN: ׊ ݆ א ܼሽ. 
 
Proposition 4.1:  
 ൫ܪ, ۩JRଶCN൯ is a subgroup in JR െ 2CN.  
 
Proof:  
 ሺ0,0ሻ א ,and if ሺ݆ ܪ ݆ሻ א ,then ሺെ݆ ܪ െ݆ ሻ א  has its own inverse. It is only left ܪ it means each element in ܪ
to show that, 
 
,ሺ݆ ׊ ݆ሻ, ሺݎ, ሻݎ א ܪ ฺ ሺ݆, ݆ሻ ۩JRଶCN ሺݎ, ሻିଵݎ א  ܪ
 
 We have 
 
 ሺ݆, ݆ሻ ۩JRଶCN ሺݎ, ሻିଵݎ ൌ ሺ݆, ݆ሻ ۩JRଶCN ሺെݎ, െݎሻ 
ൌ ሺ݆ െ ,ݎ ݆ െ  ሻݎ
א  ܪ
൫ܮ, ۩JRଶCN൯ when ܮ ൌ ሼሺ݆, െ݆ሻ א JR െ 2CN, ݆ ׊ א ܼሽ. 
 
Proposition 4.2:  
൫ܮ, ۩JRଶCN൯ is a subgroup in JR െ 2CN.  
 
Proof:  
 It is easy to see that ሺ0,0ሻ א ,and if ሺ݆ ܮ െ݆ሻ א ,then ሺ݆ ܮ െ݆ሻିଵ ൌ ሺെ݆, ݆ ሻ א  ,Now, we only need to show .ܮ
 
,ሺ݆ ׊ െ݆ሻ, ሺݎ, െݎሻ א ܮ ฺ ሺ݆, െ݆ሻ ۩JRଶCN ሺݎ, െݎሻିଵ א  ܮ
 
We have 
 
 ሺ݆, െ݆ሻ ۩JRଶCN ሺݎ, െݎሻିଵ ൌ ሺ݆, െ݆ሻ ۩JRଶCN ሺെݎ,  ሻݎ
ൌ ሺ݆ െ ,ݎ െ݆ ൅  ሻݎ
ൌ ሺ݆ െ ,ݎ െሺ݆ െ  ሻሻݎ
א  ܮ
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The Normal Subgroups in ࡾࡶ െ ૛ࡺ࡯: 
 Every subgroup in JR െ 2CN is a normal subgroup because JR െ 2CN is an Abelian group. 
 
The Fractional Groups Related To ࡾࡶ െ ૛ࡺ࡯: 
 As long as every normal subgroup can formulate a fractional group, then we have:  
 

ቀJRିଶCN

ு
ܪ ቁ withכ, ൌ ሼሺ݆, ݆ሻ א JR െ 2CN: ׊ ݆ א ܼሽ is fractional group with the binary operation כ that defined as: 

 
,ሺ݆ ׊ ,ሻݎ ሺ݇, ሻݏ א JR െ 2CN then, we have 
ሺ݆, ܪሻ۩JRଶCNݎ כ ሺ݇, ܪሻ۩JRଶCNݏ ൌ ሺ݆, ,ሻ۩JRଶCNሺ݇ݎ  .ܪሻ۩JRଶCNݏ
 

 The elements of 
JRିଶCN

ு
 take the following form: 

JR െ 2CN
ܪ

ൌ ൛ሺ݆, :ଶܪሻ۩JRଶCNݎ ሺ݆, ሻݎ א JR െ 2CNൟ 

ൌ ሼሺ݆, ,ሻ۩JRଶCNሺ݇ݎ ݇ሻ: ሺ݆, ሻݎ א JR െ 2CN, ,ሺ݇׊ ݇ሻ א  ,ܪ
݆ ൌ ݔ ൅ ,ߙ ݎ ൌ ߙ െ ,ݔ ݇ ൌ   ሽߚ
ൌ ሼሺ݆ ൅ ݇, ݎ ൅ ݇ሻ ൌ ሺ݆ ൅ ݇ሻଷ ൅ ሺݎ ൅ ݇ሻଷሽ 
ൌ ሼ6ሺߙ ൅ ଶݔሻߚ ൅ 2ሺߙ ൅ ,ሻଷߚ ,ݔ׊ ,ߙ ߚ א ܼሽ. 
 

ቀ
JRିଶCN

௅
ܮ ቁ withכ, ൌ ሼሺ݆, െ݆ሻ א JR െ 2CN, ݆ ׊ א ܼሽ is fractional group with the same binary operation that 

defined above. 
 

 The elements of 
JRିଶCN

௅
 take the following form: 

 
JR െ 2CN

ܮ
ൌ ൛ሺ݆, :ܮሻ۩JRଶCNݎ ሺ݆, ሻݎ א JR െ 2CNൟ 

              ൌ ሼሺ݆, ,ሻ۩JRଶCNሺ݇ݎ െ݇ሻ: ሺ݆, ሻݎ א JR െ 2CN, ,ሺ݇׊ െ݇ሻ א   ,ܮ
                  ݆ ൌ ݔ ൅ ,ߙ ݎ ൌ ߙ െ ,ݔ ݇ ൌ   ሽݕ
              ൌ ሼሺ݆ ൅ ݇, ݎ െ ݇ሻ ൌ ሺ݆ ൅ ݇ሻଷ ൅ ሺݎ െ ݇ሻଷሽ 
              ൌ ሼ6ߙሺݔ ൅ ሻଶݕ ൅ ,ଷߙ2 ,ݔ׊ ,ݕ ߙ א ܼሽ. 
 

Some of The Subgroups In ࡾࡶ െ ૜ࡺ࡯: 
 Each element in JR െ 3CN is written in the form of ሺ݆, ݆ ሻఈ withݎ ൌ ߙ  െ  We will consider now the .ݎ
following subsets. 
 

The subset of all the elements in JR െ 3CN that have two equal components. 
 Let ܲ be the subset of JR െ 3CN that defined as the following 
ܲ ൌ ሼሺ݆, ሻఈݎ א JR െ 3CN: where ݆ ൌ ,ݎ ׊ݎ ߙ א ܼሽ. 
According to this definition we have ݆ ൌ ߙ  െ ݆ and ݎ ൌ  ,then ݎ
 
ߙ െ ݎ ൌ ฺ ݎ ߙ  ൌ  .ݎ2
 
 So that, the ordered pairs that belong to ܲ must have the form ሺݎ,  ,ሻଶ௥, then we can writeݎ
 
ܲ ൌ ሼሺݎ, ሻଶ௥ݎ א JR െ 3CN: ݎ׊ א ܼሽ. 
 
Proposition 4.3:  
 ൫ܲ, ۩JRଷCN൯ is a subgroup in JR െ 3CN.  
 
Proof:  
 First we have ሺ0,0ሻ଴ א ܲ ܽ݊݀ if ሺݎ, ሻଶ௥ݎ א ,ݎthen ሺെ ݌ െݎሻିଶ௥ א ܲ it means each element in ܲ has its own 
inverse. Also we can easily prove that,  
 
,ݎሺ ׊ ,ሻଶ௥ݎ ሺ݆, ݆ሻଶ௝ א ܲ ฺ ሺݎ, ,ሻଶ௥ ۩JRଷCN ሺ݆ݎ ݆ሻଶ௝

ିଵ א ܲ 
 
 The subset of all the elements in JR െ 3CN that have the ordered pairs in the form of ሺെ݆, ݆ሻఈ .  
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 Now we need to find what ߙ is. If the second component is ݎ then, then the first component ݆ ൌ ߙ  െ  and ݎ
we have the first component is the negative of the second then we have, െ݆ ൌ ݆ which gives, 
 
െߙ ൅ ݎ ൌ ฺ ݎ ߙ  ൌ 0. 
 
 Now, let ܵ be a subset of JR െ 3CN such that  
 
ܵ ൌ ሼሺെݎ, ሻ଴ݎ א JR െ 3CN: ݎ׊ א ܼሽ 
 
Proposition 4.4:  
 ൫ܵ, ۩JRଷCN൯ is subgroup in JR െ 3CN. 
 
Proof:  
 The identity element ሺ0,0ሻ଴ א ܵ. If ሺെݎ, ሻ଴ݎ א ܵ then ሺሺെݎ, ሻ଴ሻିଵݎ א ܵ because ሺሺെݎ, ሻ଴ሻିଵݎ ൌ
ሺݎ, െݎሻ଴, ݎ׊ א ܼ. 
 
Now, ׊ ሺെݎ, ,ሻ଴ݎ ሺെ݆, ݆ሻ଴ א ܵ ฺ 
ሺെݎ, ,ሻ଴ ۩JRଷCNሺሺെ݆ݎ ݆ሻ଴ሻିଵ ൌ ሺെݎ, ,ሻ଴ ۩JRଷCNሺ݆ݎ െ݆ሻ଴ 
ൌ ሺെሺݎ െ ݆ሻ, ݎ െ ݆ሻ଴ 
א ܵ  
 
The Normal Subgroups In ࡾࡶ െ ૜ࡺ࡯: 
 Every subgroup in JR െ 3CN is a normal subgroup because JR െ 3CN is an Abelian group. 
 
The Fractional Groups Related To ࡾࡶ െ ૜ࡺ࡯: 
 The both subgroups ܲ and ܵ are normal and so that we can construct fractional groups out of them that 
related to JR െ 3CN. 
 

ቀJRିଷCN

௉
ܲ ቁ withכ, ൌ ሼሺݎ, ሻଶ௥ݎ א JR െ 3CN: ݎ׊ א ܼሽ is fractional group with the binary operation כ that defined 

as: 
 
,ሺ݆ ׊ ,ሻఈݎ ሺ݇, ሻఉݏ א JR െ 3CN then, we have 
ሺݎ, ሻଶ௥۩JRଷCNܲݎ כ ሺ݆, ݆ሻଶ௝۩JRଷCNܲ ൌ ሺݎ, ,ሻଶ௥۩JRଷCNሺ݆ݎ ݆ሻଶ௝۩JRଷCNܲ. 

 The elements of 
JRିଷCN

௉
 take the following form: 

 
JR െ 3CN

ܲ
ൌ ൛ሺ݆, :ሻఈ۩JRଷCNܲݎ ሺ݆, ሻఈݎ א JR െ 3CNൟ 

ൌ ሼሺ݆, ,ሻఈ۩JRଷCNሺ݇ݎ ݇ሻଶ௞: ሺ݆, ሻఈݎ א JR െ 3CN, ,ሺ݇׊ ݇ሻଶ௞ א ܲ, ݆ ൌ ߙ െ   ሽݎ 
ൌ ሼሺ݆ ൅ ݇, ݎ ൅ ݇ሻఈାଶ௞ ൌ ሺ݆ ൅ ݇ሻଷ ൅ ሺݎ ൅ ݇ሻଷ െ ሺߙ ൅ 2݇ሻଷሽ 
ൌ ሼ3ሺߙ ൅ 2݇ሻሺݎ ൅ ݇ሻଶ െ 3ሺߙ ൅ 2݇ሻଶሺݎ ൅ ݇ሻ, ,ߙ׊ ݇, ݎ א ܼሽ. 
 

ቀ
JRିଷCN

ௌ
ቁ with Sൌכ, ሼሺെݎ, ሻ଴ݎ א JR െ 3CN: ݎ׊ א ܼሽ is fractional group with the binary operation כ that defined 

as: 
,ሺ݆ ׊ ,ሻఈݎ ሺ݇, ሻఉݏ א JR െ 3CN then, we have 
ሺെݎ, ሻ଴۩JRଷCNܵݎ כ ሺെ݆, ݆ሻ଴۩JRଷCNܵ ൌ ሺെݎ, ,ሻ଴۩JRଷCNሺെ݆ݎ ݆ሻ଴۩JRଷCNܵ. 
  

 The elements of 
JRିଷCN

ௌ
 take the following form: 

 
JR െ 3CN

ܵ
ൌ ൛ሺ݆, :ሻఈ۩JRଷCNܵݎ ሺ݆, ሻఈݎ א JR െ 3CNൟ 

ൌ ሼሺ݆, ,ሻఈ۩JRଷCNሺെ݇ݎ ݇ሻ଴: ሺ݆, ሻఈݎ א JR െ 3CN, ,ሺെ݇׊ ݇ሻ଴ א ܵ, 
݆ ൌ ߙ െ   ሽݎ 
ൌ ሼሺ݆ െ ݇, ݎ ൅ ݇ሻఈ ൌ ሺ݆ െ ݇ሻଷ ൅ ሺݎ ൅ ݇ሻଷ െ  ଷሽߙ
ൌ ሼ3ߙሺݎ ൅ ݇ሻଶ െ ݎଶሺߙ3 ൅ ݇ሻ, ,ߙ׊ ݇, ݎ א ܼሽ. 
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The Isomorphism between ࡾࡶ െ ૛ࡺ࡯ and ࡾࡶ െ ૜ࡺ࡯: 
 The isomorphism between JR-2CN and JR-3CN is important because it helps to study the features of the 
Abelian group JR-3CN through the Abelian group JR-2CN. It helps to transfer the properties of the group JR-
2CN to the group JR-3CN.  
 
Proposition 5.1:  
 Consider the function ݂ from ൫JR െ 2CN, ۩JRଶCN൯ to ൫JR െ 3CN, ۩JRଷCN൯. We define ݂ as the following 
݂: JR െ 2CN ՜ JR െ 3CN, 
 such that, 
݂ሺሺݎ ൅ ,ߙ ߙ െ ሻሻݎ ൌ ሺߙ െ ,ݎ ,ሻିఈݎ ݎሺ׊ ൅ ,ߙ ߙ െ ሻݎ א  JR െ 2CN. 
 
 Then ݂ is one-to-one correspondence from ൫JR െ 2CN, ۩JRଶCN൯ to ൫JR െ 3CN, ۩JRଷCN൯. 
 
Proof:  
 ݂: JR െ 2CN ՜ JR െ 3CN, let ሺݎ ൅ ,ߙ ߙ െ ,ሻݎ ሺݏ ൅ ,ߚ ߚ െ ሻݏ א  JR െ 2CN.  
We have  
 
݂൫ሺݎ ൅ ,ߙ ߙ െ ሻ൯ݎ ൌ ݂ሺሺݏ ൅ ,ߚ ߚ െ  ሻሻݏ
 
 And we need to prove that ሺݎ ൅ ,ߙ ߙ െ ሻݎ ൌ ሺݏ ൅ ,ߚ ߚ െ  ሻݏ
 
Recall, 
 
݂൫ሺݎ ൅ ,ߙ ߙ െ ሻ൯ݎ ൌ ሺߙ െ ,ݎ ݏሻି௔ and ݂൫ሺݎ ൅ ,ߚ ߚ െ ሻ൯ݏ ൌ ሺߚ െ ,ݏ  ሻିఉݏ
 
But, we have, 
 
݂൫ሺݎ ൅ ,ߙ ߙ െ ሻ൯ݎ ൌ ݂ሺሺݏ ൅ ,ߚ ߚ െ  ሻሻݏ
 
That means 
 
ሺߙ െ ,ݎ ሻି௔ݎ ൌ ሺߚ െ ,ݏ  ሻିఉݏ
 
By using proposition (3.1) we get that ݎ ൌ ߙ and ݏ ൌ  ,Now by using proposition (2.1) we get .ߚ
ሺݎ ൅ ,ߙ ߙ െ ሻݎ ൌ ሺݏ ൅ ,ߚ ߚ െ  ሻݏ
 
Then ݂ is one to one function. 
Now, let ሺߚ െ ,ݏ ሻିఉݏ א JR െ 3CN such that ݂൫ሺݎ ൅ ,ߙ ߙ െ ሻ൯ݎ ൌ ሺߚ െ ,ݏ  ݂ ሻିఉ. According to the definition ofݏ
we have  
 ሺߙ െ ,ݎ ሻି௔ݎ ൌ ሺߚ െ ,ݏ ሻିఉݏ ฺ ݎ  ൌ ߙ and ݏ ൌ  which there is problem of chosen such ordered pair in the ,ߚ
domain.  
Then ݂ is onto function. 
 
Proposition 5.2: 

 ݂ is Isomorphism. 
 
Proof:  

First we need to proof ݂ is homomorphism, and to do that we need to show, 
 

݂൫ሺݎ ൅ ,ߙ ߙ െ ݏሻ۩JRଶCNሺݎ ൅ ,ߚ ߚ െ ሻ൯ݏ ൌ  ݂൫ሺݎ ൅ ,ߙ ߙ െ ݏሻ൯۩JRଷCN݂൫ሺݎ ൅ ,ߚ ߚ െ  ሻ൯ݏ
 
ݎሺ׊ ൅ ,ߙ ߙ െ ,ሻݎ ሺݏ ൅ ,ߚ ߚ െ ሻݏ א  JR െ 2CN. 
 
To prove that, we have to recall the definition of ݂,  
 
݂ሺሺݎ ൅ ,ߙ ߙ െ ሻሻݎ ൌ ሺߙ െ ,ݎ   ,ሻିఈݎ
 
and, 
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݂ሺሺݏ ൅ ,ߚ ߚ െ ሻሻݏ ൌ ሺߚ െ ,ݏ  .ሻିఉݏ
 
Now,  
 
 ݂൫ሺݎ ൅ ,ߙ ߙ െ ݏሻ۩JRଶCNሺݎ ൅ ,ߚ ߚ െ ሻ൯ݏ ൌ ݂ሺሺሺݎ ൅ ሻݏ ൅ ሺߙ ൅ ,ሻߚ ሺߙ ൅ ሻߚ െ ሺݎ ൅  ሻሻሻݏ
                                                                   ൌ ሺሺߙ ൅ ሻߚ െ ሺݎ ൅ ,ሻݏ ݎ ൅  ሻିሺఈାఉሻݏ
                                                                   ൌ ሺߙ െ ,ݎ ߚሻିఈ۩JRଷCNሺݎ െ ,ݏ  ሻିఉݏ
                                                                   ൌ ݂൫ሺݎ ൅ ,ߙ ߙ െ ݏሻ൯۩JRଷCN݂൫ሺݎ ൅ ,ߚ ߚ െ  ሻ൯ݏ
Which means, ݂ is homomorphism. 

By using proposition (5.1) we get ݂ is homomorphism and one-to-one correspondence. Then ݂ is 
isomorphism. 

With this isomorphism, we accomplish two purposes, the first one is classifying which integers belong to 
JR-3CN through JR-2CN and the second one is we can classify and categorize which integers that resulted from 
the summation of two signed cubes can also be resulted as a summation of three signed cubes. For instance, the 
ordered pair ሺ0,2ሻ, with ݎ ൌ െ1 and ߙ ൌ 1 that belongs to JR-2CN, under this isomorphism, 
 
݂൫ሺ1 െ 1,1 ൅ 1ሻ൯ ൌ ሺ1 ൅ 1, െ1ሻିଵ, 
 
gives the ordered pair ሺ2, െ1ሻିଵ that belongs to JR-3CN and both of the ordered pairs give the same integer 
which is 8. 
 
Conclusion:  
 We constructed two new Abelian groups based on the two families that generate infinite subsets of integers 
as a sum of two and three signed cubes. Some of the subgroups, normal subgroups have been introduced in 
section four. Defining an isomorphism between the two families was one of our main results and we introduced 
it in section five. The future works regarding the groups JR2CN and JR3CN is to cover all the possible proper 
normal sub groups, which leads to cover all the fractional groups. Our main goal in the future is constructing 
two new rings and then fields to be associated with these two families. As hyperelliptic curve cryptography 
involved operations on Jacobian Abelian groups, thus has become part of our motivation to look into the 
application of these two new Abelian groups in the area of cryptography. Another motivation is to pursue our 
work into integer factorization methods that utilize Abelian groups.  
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