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Abstract: This paper establishes a numerical-probabilistic algorithm based on a discretization scheme 
and a simulation method for solving a two-dimensional inverse heat conduction problem with two 
unknown boundary conditions. At the beginning of the algorithm, alternative direction implicit scheme is 
used as a numerical method to discretize the problem domain and then an approach of Monte Carlo 
method is employed as a probabilistic simulation technique to solve the obtained large sparse systems of 
linear algebraic equations. The random search algorithm in Monte Carlo method for global optimization 
is adopted to find the solution of our interest inverse problem. Numerical results show that an excellent 
estimation on the unknown boundary conditions can be obtained within a couple of minutes CPU time at 
pentium IV-2.4 GHz PC. 
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INTRODUCTION 

 
 Inverse heat conduction problems (IHCP's) have a variety of applications in many industries such as 
spacecraft, nuclear reactors, superconductive generators, etc. There have been numerous applications of IHCP in 
various branches of science and engineering, such as the prediction of the inner wall temperature of a reactor, the 
determination of the heat transfer coefficients and the outer surface conditions of a space vehicle, and the 
prediction of temperature or heat flux at the tool-workpiece interface of machine cutting. The estimation for the 
boundary conditions in IHCP's has received a great deal of attention in recent years.  
 To date various methods have been developed for the analysis of the IHCP's involving the estimation of 
boundary condition or diffusion coefficient from measured temperature inside the material (Shidfar, A. et al., 
2006; Ebrahimi, M., 2011; Chen, H.T. et al., 2001; Lai, C.H., 2001). Shidfar et al., have applied a numerical 
algorithm based on finite differences method and least-squares scheme for solving a nonlinear diffusion problem. 
Recently Ebrahimi (Ebrahimi, M., 2011) has been investigated a stochastic algorithm based on Feynman-Kac 
formula for an inverse heat conduction problem with unknown diffusion coefficient. However, most analytical 
and numerical methods were only employed to deal with one-dimensional inverse problems. Few works were 
presented for two-dimensional parabolic inverse problems because the difficulty of these problem was more 
pronounced. The literature reviews showed that Chen et al., (2001) have applied a numerical method for solving a 
two-dimensional parabolic inverse problem. C.H. Lai et al., (2001) have studied a two dimensional nonlinear, 
parabolic IHCP for welding of metals and alloys.  
 In the present study, a two-dimensional linear parabolic inverse heat conduction problem is solved using a 
numerical-probabilistic algorithm involving the combined use of the finite differences method and Monte Carlo 
simulation based on random sampling. The functional forms of the boundary conditions are unknown priori. The 
unknown boundary conditions are approximated by the polynomial forms and Monte Carlo optimization method 
is used for estimation unknown coefficients of the polynomials. Numerical experiments confirm the accuracy and 
efficiency of the present numerical-probabilistic algorithm for a parabolic inverse problem in a finite region. 
According to latest information from the research works it is believed that the solution of the present two 
dimension IHCP with two unknown boundary condition based on numerical-probabilistic algorithm included the 
Monte Carlo optimization has been investigated for the first time in the present study. 

 
Statement of the Problem: 
 Consider an infinitely long bar with constant thermal properties and with a square cross section of unit 
side.The adiabatic conditions are applied at the side of ݔ ൌ 0 and ݕ ൌ 1. The condition on the side of ݕ ൌ 0 is 
isothermal and the temperature is one unit. It is initially at a uniform temperature ଴ܶ ൌ 1 and then suddenly two 
temperature functions ܨሺݕ, ሻݐ  and ܩሺݔ, ሻݐ  are applied to the sides ݔ ൌ 1  and ݕ ൌ 0 , respectively. The 
mathematical formulation of the two dimensional linear parabolic problem concerned to the above mentioned 
physical model can be given as: 
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௧ܷ ൌ ܷ௫௫ ൅ ܷ௬௬, 0 ൏ ݔ ൏ 1,0 ൏ ݕ ൏ 1, ݐ ൐ 0, (1) 
 
ܷሺ1, ,ݕ ሻݐ ൌ ,ݕሺܨ ,ሻݐ 0 ൑ ݕ ൑ 1, ݐ ൐ 0, (2) 
 
ܷ௫ሺ0, ,ݕ ሻݐ ൌ 0, 0 ൑ ݕ ൑ 1, ݐ ൐ 0, (3) 
 
ܷሺݔ, 0, ሻݐ ൌ ,ݔሺܩ ,ሻݐ 0 ൑ ݔ ൑ 1, ݐ ൐ 0, (4) 
 
ܷ௬ሺݔ, 1, ሻݐ ൌ 0, 0 ൑ ݔ ൑ 1, ݐ ൐ 0, (5) 
 
ܷሺݔ, ,ݕ 0ሻ ൌ 0, 0 ൑ ݔ ൑ 1,0 ൑ ݕ ൑ 1. (6) 
 
 The direct problem considered here is concerned with the determination of the medium temperatures when 
the surface temperatures ܨሺݕ, ,ݔሺܩ ሻ andݐ  ሻ, the initial and boundary conditions on the boundaries of squareݐ
plane ܦ ൌ ሼሺݔ, :ሻݕ 0 ൑ ݔ ൑ 1,0 ൑ ݕ ൑ 1ሽ are known. For the inverse problem, the surface temperatures ܨሺݕ,  ሻݐ
and ܩሺݔ,  ሻ are regarded as being unknown. In addition, temperature measurements taken at some grid locationsݐ
and time on the square plane ܦ are also considered available. In fact, to estimate the unknown functions ܨሺݕ,  ሻݐ
and ܩሺݔ,  ሻ the additional information of discrete temperature measurements is required. Therefore, for theݐ
inverse problem of finding ܨሺݕ, ,ݔሺܩ ሻ andݐ ,௣ݔሻ, measurements of ܷሺݐ ,௤ݕ  ሻ are assumed to be available on aݐ
grid of size ܰ ൈ ܰ. Let the temperature measurements taken at these grid points over the time period ݐ௙ be 
denoted by: 
 
ܷ௣,௤

௠௘௔ሺݔ௣, ,௤ݕ ሻݐ ൌ ܷ௣,௤
௠௘௔ሺݐሻ, ݌ ൌ 1ሺ1ሻܰ, ݍ ൌ 1ሺ1ሻܰ, (7) 

 
 where ݐ௙ is the final time for temperature measurements and ܰ represents the number of grid in ݔ and ݕ 
directions. 
 The measured data ܷ௣,௤

௠௘௔ could be obtained as 
 

ܷ௣,௤
௠௘௔ ൌ ܷ௣,௤

௘௫௔ ൅ ܷ߱௣,௤
௘௫௔, 

 
 where ߱ is average random error that may be is considered within -0.5 to 0.5 and ܷ௣,௤

௘௫௔ obtained from the 
solution of the direct problem (1)-(6). 
 We note that the measured temperature ܷ௣,௤

௠௘௔ሺݐሻ should contains measurements errors. 
 Therefore the inverse problem can be stated as follows: by utilizing the above-mentioned measured 
temperature data ܷ௣,௤

௠௘௔ሺݐሻ, estimate the unknown functions ܨሺݕ, ,ݔሺܩ ሻ andݐ  ሻ over the entire space and timeݐ
domain. 
 
Overview of the Numerical-Probabilistic Algorithm: 
 At first, we will consider a numerical problem as a mapping  
 
:ܭ ଴ܨ ՜ ܴ, 

 
 where ܨ଴ ؿ  ଴ areܨ is a solution operator. The elements of ܭ is some Banach space. We will call ܧ and ܧ
the data, for which the problem has to be solved and for Υ א ሺΥሻ is the exact solution. For a given Υܭ ,଴ܨ א  ܧ
we want to compute (or approximate) ܭሺΥሻ. 
 Now, the application of the present numerical-probabilistic algorithm to find the solution of the inverse 
problem (1)-(7) can be divided into the following steps. 
 
Step 1: Finite Differences Method: 
 Let us consider the direct problem (1)-(6). The discrete problem can be considered as a mapping of function 
Υ ൌ ሺܨ,  ሻ onto ܴ. In fact, the purpose of this section is to describe the implementation of the solution operatorܩ
(or discrete operator) ܭ that maps ܨሺݍ, ,݌ሺܩ ሻ andݎ ,݌ሻ, as an input, onto an output ܷሺݎ ,ݍ  ሻ. For a givenݎ
Υ ൌ ሺܨ, ,ܨሺܭ ሻ we want to compute (or approximate)ܩ  ,ሻ. Since the problem (1)-(6) is a well-posed problemܩ
the linear operator ܭ, mapping the data ܨሺ1, ,ݕ ,ݔሺܩ ሻ andݐ 0, ,ݔሻ onto ܷሺݐ ,ݕ  ሻ, is well defined. Now, solvingݐ
the inverse problem (1)-(7), is thus equivalent to solving the operator equation, ܭΥ ൌ ܷ. By discretizing the 
direct problem (1)-(6) we can compute an approximation of the operator ܭ. In the present work we use finite 
differences method and an equidistant grid on ܦ. Therefore, define the co-ordinates ሺݔ, ,ݕ  ሻ of the mesh pointsݐ
of the solution domain by ݔ ൌ ݔߜ݌ ݕ , ൌ ݕߜݍ  and ݐ ൌ ݍ ,݌ where ,ݐߜݎ  and ݎ  are positive integers. Also, 
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denote the values of ܷሺݔ, ,ݕ ,ݔߜ݌ሻ at these mesh points by ܷሺݐ ,ݕߜݍ ሻݐߜݎ ൌ ܷ௣,௤,௥ . Now, We use Alternate 
Direction Implicit (ADI) method for discretize equation (1) and central-differences approximation for equations 
(3) and (5). 
 We assume the solution is known for time ݐ ൌ  ,then replacing only one of the second-order derivatives ݐߜݎ
பమ௎

ப௫మ  say, by an implicit finite differences approximation in terms of unknown pivotal values of ܷ from the 

ሺݎ ൅ 1ሻ݄ݐ time level. The other second-order derivative, 
பమ௎

ப௬మ, being replaced by an explicit finite differences 

approximation. Therefore the equations 
 

௎೛,೜,ೝశభି௎೛,೜,ೝ

ఋ௧
ൌ

௎೛షభ,೜,ೝశభିଶ௎೛,೜,ೝశభା௎೛శభ,೜,ೝశభ

ሺఋ௫ሻమ  (8) 

  

൅
ܷ௣,௤ିଵ,௥ െ 2ܷ௣,௤,௥ ൅ ܷ௣,௤ାଵ,௥

ሺݕߜሻଶ , 

 
ܷே,௤,௥ ൌ ,௤,௥ܨ ݔߜܰ ൌ 1, (9) 
 

ଵܷ,௤,௥ ൌ ܷିଵ,௤,௥, ݌ ൌ 0, (10) 
 

ܷ௣,଴,௥ ൌ ,௣,௡ܩ ݍ ൌ 0, (11) 
 

ܷ௣,ேିଵ,௥ ൌ ܷ௣,ேାଵ,௥, ݕߜܯ ൌ 1, (12) 
 

and  
 
Up,q,0 = 0, r=0,  (13) 

 
 where ݌ ൌ 0ሺ1ሻܰ െ 1 and ݍ ൌ 1ሺ1ሻܰ ′, are used to advance the solution from the ݄ݐݎ to the ሺݎ ൅ 1ሻ݄ݐ 

time step. Now, we consider ݔߜ ൌ ݊ and ݕߜ ൌ ఋ௧

ఋ௫మ then equations (8)-(13) may be written in the following 

matrix form:  
 
ଵܷ௤ܤ

௥ାଵ ൌ െܷ݊௤ିଵ
௥ െ ሺ1 െ 2݊ሻܷ௤

௥ െ ܷ݊௤ାଵ
௥ െ ,௤ܥ݊ ݍ ൌ 1ሺ1ሻܰ, (14) 

 
where 
 

,

)12(

)12(

...

)12(

2)12(

1































nn

nnn

nnn

nn

B  

 
 

ܷ௤
௥ାଵ ൌ ൬

଴,௤,௥ାଵݑ ଵ,௤,௥ାଵݑ . . . ேିଵ,௤,௥ାଵݑ ൰
்

, 

 

ܷ௤
௥ ൌ ൬

଴,௤,௥ݑ ଵ,௤,௥ݑ . . . ேିଵ,௤,௥ݑ ൰
்

, 

 

ଵܥ ൌ ൬
଴,௥ܩ ଵ,௥ܩ . . . ேିଶ,௥ܩ ேିଵ,௥ܩ ൅ ଵ,௥ାଵ൰ܨ

்

, 

 
and  
 

௤ܥ ൌ ൬
0 . . . 0 ௤,௥ାଵܨ ൰

்

, ݍ ൌ 2, . . . , ܰ. 
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 We note that in equation (14), U ଴
௥ ൌ 0 and U ேାଵ

௥ ൌ U ேିଵ
௥ . 

 
 By the Gerschgorins circle theorem, matrix method [5], we concluded that the finite differences scheme (8) is 
unconditionally stable.  
 Now, we assume the solution is known for time ݐ ൌ ሺݎ ൅ 1ሻݐߜ then advancement of the solution to the 

ሺݎ ൅ 2ሻ݄ݐ time level is obtained by replacing 
பమ௎

ப௬మ by an implicit finite differences approximation and 
பమ௎

ப௫మ, by an 

explicit one. Hence the equation 
 

௎೛,೜,ೝశమି௎೛,೜,ೝశభ

ఋ௧
ൌ

௎೛షభ,೜,ೝశభିଶ௎೛,೜,ೝశభା௎೛శభ,೜,ೝశభ

ሺఋ௫ሻమ  (15) 

  

൅
ܷ௣,௤ିଵ,௥ାଶ െ 2ܷ௣,௤,௥ାଶ ൅ ܷ௣,௤ାଵ,௥ାଶ

ሺݕߜሻଶ , 

 
 In conjunction with the equations (9)-(13), while ݌ ൌ 0ሺ1ሻܰ െ 1  and ݍ ൌ 1ሺ1ሻܰ ′ , are used for 
advancement the solution from the ሺݎ ൅ 1ሻ݄ݐ to the ሺݎ ൅ 2ሻ݄ݐ time step. 

 In this case, if we consider ݔߜ ൌ ሺܰ ݕߜ ൌ ܰ ′ሻ and ݊ ൌ ఋ௧

ఋ௫మ then may by we use the following matrix form: 

 
ଶܷ௣ܤ

௥ାଶ ൌ െܷ݊௣ିଵ
௥ାଵ െ ሺ1 െ 2݊ሻܷ௣

௥ାଵ െ ܷ݊௣ାଵ
௥ାଵ െ ,௣ܥ݊ ݌ ൌ 0ሺ1ሻܰ െ 1, (16) 

 
where  
 

,

)12(2

)12(

...

)12(

)12(

2































nn

nnn

nnn

nn

B  

 
 

ܷ௣
௥ାଶ ൌ ൬

௣,ଵ,௥ାଶݑ ௣,ଶ,௥ାଶݑ . . . ௣,ே,௥ାଶݑ ൰
்

, 

 

ܷ௣
௥ାଵ ൌ ൬

௣,ଵ,௥ାଵݑ ௣,ଶ,௥ାଵݑ . . . ௣,ே,௥ାଵݑ ൰
்

. 

 
And 
 

௣ܥ ൌ ൬
௣,௥ାଶܩ 0 . . . 0

൰
்

. 

 
 We note that in equation (16),  
 

U ே
௥ାଵ ൌ ൬

ଵ,௥ାଵܨ ൅ ேିଵ,௥ାଶܩ ଶ,௥ାଵܨ . . . ே,௥ାଵ൰ܨ
்

, 

 
and U ିଵ

௥ାଵ ൌ U ଵ
௥ାଵ. 

 
 Note that based on Gerschgorins circle theorem, unconditionally stability of the finite differences scheme 
(15) will be obtained, easily. 
 
Step 2. Monte Carlo Simulation: 
 we assume  
 
ܺ ൌ ௤ܷ

௥ାଵ ൅ ଵܤ݊
ିଵܥ௤, 
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and  
 
ܻ ൌ െܷ݊௤ିଵ

௥ െ ሺ1 െ 2݊ሻܷ௤
௥ െ ܷ݊௤ାଵ

௥ , 
 
 Therefore from equation (14) we obtain 

 
ܺܤ ൌ ܻ, (17) 
 
 where Bൌ B ଵ. To solve the linear system (17), we consider the following iterative method 

 

௜ܷ
ሺ௞ሻ ൌ ሺ1 െ ሻߛ ௜ܷ

ሺ௞ିଵሻ ൅ ఊ

஻೔೔
ሼ ௜ܻ െ ∑  ௜ିଵ

௝ୀଵ ௜௝ܤ ௝ܷ
ሺ௞ሻ െ ∑  ே

௝ୀ௜ାଵ ௜௝ܤ ௝ܷ
ሺ௞ି1ሻሽ, (18) 

 
 where Ni ,...,1  and ]1,0( . This is called the Jacobi overrelaxation iterative method with relaxation 

parameter ]1,0( . 

 Equation (18) may be written in the following matrix form 
 

,...2,1,)1()(   kfLUU kk
 (19) 

 

 where 
tk

N
kk uuU ),...,( )()(

1
)(   is the k-th iterative solution of (18), DYfDAIL  ,_ , and  

),,...,(
,11 NNBB

diagD


  

 
 is a diagonal matrix. In fact, we convert the system (17) into an equivalent system of the following form 

 

fLUU    (20) 

 
 Now, we consider the Markov chain  
 

......210  kxxxxX  (21) 

 
 with state space  N,...,2,1 and transition matrix NjipP ji ,...,1,,,  . Let 

ijNNi pixjxPpixP   )(,)( 210 , where ip  and ijp  are the initial distribution and the transition 

probabilities of the Markov chain, respectively. The weight function mW , for Markov chain (21) with N  states, 

is defined by using the recursion formula 
 

.,...2,1,,1
,1

,1

10 




 m
p

l
WWW

mm

mm

x

x

mm

 
 
 Now the following random variable is defined 

 

,][
0

0

0

mx

k

m
m

x

x

k cW
p

H
H 


  

 
 which is associated with the sample path 

 

kxxxx  ...210  
 

 where k  is a given integer number and ),...,( 1 N
t hhH   is a given vector. We also consider the 

problem of finding the inner product  
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,..., 11 NN uhuhUH 
 

 
 where U  is the solution of problem (1)-(6). The solution operator for the above formulated problem can be 
written in the following form:  
 

 UHGFK ,),(  
 

 Now, we define an adjoint operator *K  and try to find the numerical solution of UGFK ),(*

. 

Theorem 1: 
 The mathematical expectation value of the random variable ][Hk  is equal to the inner product 

,..., 11
)(

NN
k uhuhUH  , i.e., 

 

  .,][ )(k
k UHHE 

 
 
 Proof. see reference (Rubinstein, R.Y., 1981). 

 
 To estimate 
 

,..., )()(
11

)( k
NN

kk uhuhUH   

  
 We simulate N  random paths 

 

,)1(1,... )()(
2

)(
1

)(
0 Msxxxx s

k
sss   

 
 Each with the length of k , and evaluate the sample mean 
 

  .,][][][ )()(1 k
k

k
kNk UHHEHH    

 In fact, from Theorem 1 we conclude tha ][Hk  is an unbiased estimator of the inner product ., )(kUH

. It is readily seen that by setting )0,...,0,1,0,...,0( 
j

tH   we obtain .,...,1,, )()( NjuUH k
j

k   Hence 

][Hk  is an unbiased estimator of the 
)(k

ju . 

 
Step 3. Monte Carlo Optimization Technique: 
 In this work the polynomial form proposed for the unknown functions ),( tyF  and ),( txG  before 

performing the inverse calculations. Therefore ),( tyF  and ),( txG  are approximated as  

 
1

212
2

654321 )(...)()()(),( 
  

 ytaaytaaytaataatyF app  

 
and  
 

1
212

2
654321 )(...)()()(),( 

  
 xtbbxtbbxtbbtbbtxG app  

 

 where ),...,( 21 aa  and ),...,( 21 bb  are constants which remain to be determined simultaneously. These 

unknown coefficients can be determined in such a way that the following functional is minimized: 
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2
1 2 1 2 , ,

1 10

( ,...., , ,...., ) [ ( , , ) ( , , )] ,
ft N N

cal mea
p q p q p q p q

p qt

J a a b b U x y t U x y t dt 
 

   

 Here, cal
qpU ,  are the calculated temperatures on the plan at the grid locations ),( qp yx . These quantities are 

determined from the solution of the direct problem given previously by using an approximated ),( tyF app  and 

),( txG app  for the exact ),( tyF  and ),( txG , respectively. The estimated values of 2,...,1, ja j  and 

2,...,1, ibi are determined until the value of ),...,,,...,( 2121  bbaaJ  is minimum. The computational 

procedure for estimating unknown coefficients ja  and ib  are described as follows: 

 Consider the following deterministic optimization problem  
 

2( ) 2

* *min ( ) ( ) ,
A R

J A J A J
   

 


  (22) 

 
 where )(AJ is real-valued bounded function defined on ܴଶሺఐା఑ሻାଶ and Aൌ ሺܽଵ, . . . , ܽଶఐ, ܾଵ, . . . , ܾଶ఑ሻ. It is 

assumed that ܬ achieves its maximum value at a unique point A כ. The function )(AJ  may have many local 

maximum in ܴଶሺఐା఑ሻାଶ but only one global maximum. 
 

Random Search Algorithm: 
 For solving problem (22) we consider the following random search algorithm: 

1. Generate 2ሺߡ ൅ ሻߢ ൅ 2 െ dimensional random variables ,..., 21 ZZ  from an n-dimensional normal 

distribution with zero mean and covariance matrix C  that is ),0(~ CNZ  Zൌ ሺ ,..., 21 ZZ ሻ. 

2. Select an initial point ܣଵ א ܴଶሺఐା఑ሻାଶ. 

3. Compute )( 1AJ . 
4. Set ݅ ൌ 1. 
5. If ܣ௜ ൅ ܼ௜ א ܦ ك ܴଶሺఐା఑ሻାଶ, go to step 8. 
6. Set A ௜ ൌ A ௜ାଵ. 
7. Go to step 10. 

8. Compute 
)( ii ZAJ 

. 

9. If  )()( iii AJZAJ  then (where ߝ ൐ 0) 

set A ௜ାଵ ൌ A ௜ ൅ Z ௜. 
else 

set A ௜ାଵ ൌ A ௜. 
10. If the stopping criterion is met, stop; otherwise, set ݅ ൌ ݅ ൅ 1. 
11. Go to step 5. 
 
Numerical Experiment: 
 In this section, we are going to demonstrate some numerical results for determine 

)),0,(),,,1(),,,(( txGtyFtyxU  in the inverse problem (1)-(7). All the computations are performed on the 

PC. However, to further demonstrating the accuracy and efficiency of this method, the present problem is 
investigated and the following example is considered. 
 
Example: Consider (1)-(7) with. 
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and  
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Conclusion: 
 In this paper a numerical-probabilistic algorithm involving the finite differences method in conjunction with 
the Monte Carlo optimization is employed to solve a two-dimensional parabolic inverse problem, successfully and 
the following results are obtained: 
 
1. Monte Carlo methods are preferable for solving large sparse systems, such as those arising from 

approximations of partial differential equations. 
2. One of the most important advantages of Monte carlo methods is that they can be used to evaluate only one 

component of the solution or some linear form of the solution. This advantage is of great practical interest. 
3. From the illustrated example it can be seen that the proposed method is efficient and accurate to estimate the 

unknown boundary conditions in a two-dimensional IHCP. 
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