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Abstract: This paper establishes a numerical-probabilistic algorithm based on a discretization scheme
and a simulation method for solving a two-dimensional inverse heat conduction problem with two
unknown boundary conditions. At the beginning of the algorithm, alternative direction implicit scheme is
used as a numerical method to discretize the problem domain and then an approach of Monte Carlo
method is employed as a probabilistic simulation technique to solve the obtained large sparse systems of
linear algebraic equations. The random search algorithm in Monte Carlo method for global optimization
is adopted to find the solution of our interest inverse problem. Numerical results show that an excellent
estimation on the unknown boundary conditions can be obtained within a couple of minutes CPU time at
pentium IV-2.4 GHz PC.
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INTRODUCTION

Inverse heat conduction problems (IHCP's) have a variety of applications in many industries such as
spacecraft, nuclear reactors, superconductive generators, etc. There have been numerous applications of IHCP in
various branches of science and engineering, such as the prediction of the inner wall temperature of a reactor, the
determination of the heat transfer coefficients and the outer surface conditions of a space vehicle, and the
prediction of temperature or heat flux at the tool-workpiece interface of machine cutting. The estimation for the
boundary conditions in IHCP's has received a great deal of attention in recent years.

To date various methods have been developed for the analysis of the IHCP's involving the estimation of
boundary condition or diffusion coefficient from measured temperature inside the material (Shidfar, A. et al.,
2006; Ebrahimi, M., 2011; Chen, H.T. et al., 2001; Lai, C.H., 2001). Shidfar et al., have applied a numerical
algorithm based on finite differences method and least-squares scheme for solving a nonlinear diffusion problem.
Recently Ebrahimi (Ebrahimi, M., 2011) has been investigated a stochastic algorithm based on Feynman-Kac
formula for an inverse heat conduction problem with unknown diffusion coefficient. However, most analytical
and numerical methods were only employed to deal with one-dimensional inverse problems. Few works were
presented for two-dimensional parabolic inverse problems because the difficulty of these problem was more
pronounced. The literature reviews showed that Chen et al., (2001) have applied a numerical method for solving a
two-dimensional parabolic inverse problem. C.H. Lai et al., (2001) have studied a two dimensional nonlinear,
parabolic IHCP for welding of metals and alloys.

In the present study, a two-dimensional linear parabolic inverse heat conduction problem is solved using a
numerical-probabilistic algorithm involving the combined use of the finite differences method and Monte Carlo
simulation based on random sampling. The functional forms of the boundary conditions are unknown priori. The
unknown boundary conditions are approximated by the polynomial forms and Monte Carlo optimization method
is used for estimation unknown coefficients of the polynomials. Numerical experiments confirm the accuracy and
efficiency of the present numerical-probabilistic algorithm for a parabolic inverse problem in a finite region.
According to latest information from the research works it is believed that the solution of the present two
dimension IHCP with two unknown boundary condition based on numerical-probabilistic algorithm included the
Monte Carlo optimization has been investigated for the first time in the present study.

Statement of the Problem:

Consider an infinitely long bar with constant thermal properties and with a square cross section of unit
side.The adiabatic conditions are applied at the side of x = 0 and y = 1. The condition on the side of y = 0 is
isothermal and the temperature is one unit. It is initially at a uniform temperature Ty, = 1 and then suddenly two
temperature functions F(y,t) and G(x,t) are applied to the sides x =1 and y = 0, respectively. The
mathematical formulation of the two dimensional linear parabolic problem concerned to the above mentioned
physical model can be given as:
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Uy =Up + Uy, 0<x<1,0<y<1,t>0, (1)
ULy, t)=Ft),0<y<1t>0, )
Uy(0,y,6)=0,0<y<1,t>0, 3)
U(x,0,t) = G(x,£),0 <x < 1,t >0, ()
Uy(x, 1,t) =0,0 < x < 1,t >0, (5)
U(x,y,00=0,0<x<10<y<1. (6)

The direct problem considered here is concerned with the determination of the medium temperatures when
the surface temperatures F(y,t) and G(x,t), the initial and boundary conditions on the boundaries of square
plane D = {(x,y):0 < x < 1,0 <y < 1} are known. For the inverse problem, the surface temperatures F(y, t)
and G(x,t) are regarded as being unknown. In addition, temperature measurements taken at some grid locations
and time on the square plane D are also considered available. In fact, to estimate the unknown functions F(y, t)
and G(x,t) the additional information of discrete temperature measurements is required. Therefore, for the
inverse problem of finding F(y,t) and G(x, t), measurements of U(x,,¥,,t) are assumed to be available on a
grid of size N X N. Let the temperature measurements taken at these grid points over the time period t; be
denoted by:

Upq® (xp, Yg, ) = Upg®(®),p = 1(1)N,q = 1(DN, (7

where t; is the final time for temperature measurements and N represents the number of grid in x and y
directions.

The measured data Up7* could be obtained as

mea — exa exa

Upq" = Upqg' +wUpg

where w is average random error that may be is considered within -0.5 to 0.5 and U;%* obtained from the
solution of the direct problem (1)-(6).

We note that the measured temperature Uy (t) should contains measurements errors.

Therefore the inverse problem can be stated as follows: by utilizing the above-mentioned measured
temperature data Uy (t), estimate the unknown functions F(y,t) and G(x,t) over the entire space and time
domain.

Overview of the Numerical-Probabilistic Algorithm:
At first, we will consider a numerical problem as a mapping

K:Fy - R,

where Fy € E and E is some Banach space. We will call K is a solution operator. The elements of F,, are
the data, for which the problem has to be solved and for Y € F,,, K(Y) is the exact solution. For a given Y € E
we want to compute (or approximate) K(Y).

Now, the application of the present numerical-probabilistic algorithm to find the solution of the inverse
problem (1)-(7) can be divided into the following steps.

Step 1: Finite Differences Method:

Let us consider the direct problem (1)-(6). The discrete problem can be considered as a mapping of function
Y = (F,G) onto R. In fact, the purpose of this section is to describe the implementation of the solution operator
(or discrete operator) K that maps F(q,r) and G(p,r), as an input, onto an output U(p,q,r). For a given
Y = (F,G) we want to compute (or approximate) K(F,G). Since the problem (1)-(6) is a well-posed problem,
the linear operator K, mapping the data F(1,y,t) and G(x,0,t) onto U(x,y,t), is well defined. Now, solving
the inverse problem (1)-(7), is thus equivalent to solving the operator equation, K'Y = U. By discretizing the
direct problem (1)-(6) we can compute an approximation of the operator K. In the present work we use finite
differences method and an equidistant grid on D. Therefore, define the co-ordinates (x,y,t) of the mesh points
of the solution domain by x = péx, y = qéy and t = rdt, where p, q and r are positive integers. Also,
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denote the values of U(x,y,t) at these mesh points by U(pédx, g8y, r6t) = U, 4. Now, We use Alternate
Direction Implicit (ADI) method for discretize equation (1) and central-differences approximation for equations
(3) and (5).
We assume the solution is known for time t = r§t then replacing only one of the second-order derivatives,
2
3712] say, by an implicit finite differences approximation in terms of unknown pivotal values of U from the

2
(r + 1)th time level. The other second-order derivative, ZTZ’ being replaced by an explicit finite differences

approximation. Therefore the equations

Upgr+1=Upgqr _ Up-1qr+1—2Upqgr+1tUp+1,qr+1 (8)
St (8x)2

Upg-1r = 2Upqr + Upgeir

(6y)? '
Ungr = Fyr NO6x =1, )
Upgr =U-197P =0, (10)
Upor = Gpn, g =0, (11)
Upn-1r = Upn+1, MSy =1, (12)
and
Upq0=0,1=0, (13)

where p = 0(1)N — 1 and g = 1(1)N, are used to advance the solution from the 7th to the (r + 1)th
time step. Now, we consider dx = §y and n = :th then equations (8)-(13) may be written in the following

matrix form:
31U5+1 =-—nUj_; — (1 —2n)U; —nlUg,; —nCyq = 1(N, (14)
where
[—(2n+1) 2n i
n —-(2n+1) n
B, = :
n -(2n+1) n
L n -(2n+1)]
T
U+l = (uO,q,r+1 Urgr+1 - . . UN-1,gr+1 )
q )
T
Ur = <u0,q,r ul,q,r . . . uN—l,q,r )
q )
C, = (Go,r Gir - - Gy-2r Gy-1r + F1,r+1>T
and
T
qu(o 0 Fgri1 ) q=2,..,N
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We note that in equation (14), Uy =0 and U}, ; = Uj_;.

By the Gerschgorins circle theorem, matrix method [5], we concluded that the finite differences scheme (8) is
unconditionally stable.

Now, we assume the solution is known for time t = (r + 1)8t then advancement of the solution to the
. . . .92 T L a2
(r + 2)th time level is obtained by replacing ﬁ by an implicit finite differences approximation and ﬁ, by an

explicit one. Hence the equation

Upgr+2-Upgr+i _ Up-14r+1-2Upgr+1tUptigr+1 (15)
St (8x)2

Up,q—l,r+2 - 2Up,q,r+2 + Up,q+1,r+2
(6y)? '

In conjunction with the equations (9)-(13), while p = 0(1)N—1 and q = 1(1)N', are used for
advancement the solution from the (r + 1)th to the (r + 2)th time step.
In this case, if we consider §x = 8y (N =N") and n = :th then may by we use the following matrix form:

+

B,Up*? = —nUp* — (1 = 2n)Up*' — nUptT —nC,,p = O(1)N — 1, (16)
where
[—(@2n+1) n i
n -(2n+1) n
B, = ,
n -(2n+1) n
i 2n —(2n+1) |
T
Ur+2 — <up,1,r+2 up,z,r+2 . . . up,N,r+2 )
Y4 )
T
Ur+1 — <up,1,r+1 up,z,r+1 . . . up,N,r+1 )
- .
And
T
Gprin 0o . . . 0
G, = (or ).

We note that in equation (16),

U ;‘V+1 — (Fl,r+1 + GN—l,r+2 FZ,r+1 . . . FN,r+1)

and U™t = U™,

Note that based on Gerschgorins circle theorem, unconditionally stability of the finite differences scheme
(15) will be obtained, easily.

Step 2. Monte Carlo Simulation:
W€ assume

X =Ur"+nB,7'C,
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and

Y =-nUg_; — (1 -2n)U; —nUg,,,

Therefore from equation (14) we obtain
BX =Y, (17)
where B= B ;. To solve the linear system (17), we consider the following iterative method
k k— i— k k—1
Ul = @ =UE + L - T2 ByUY - B By, (18)
where i =1,...,N and y €(0,1]. This is called the Jacobi overrelaxation iterative method with relaxation
parameter ¥ € (0,1].
Equation (18) may be written in the following matrix form
k k-1
U®=LU*Y+f k=12,.. (19)
where U ) — (ufk),...,u(Nk))‘ is the k-th iterative solution of (18), L=1 _ DA, f =DY , and

: /4 /4
D =diag(—,...,——),
g(B 5 )

11 N,N

is a diagonal matrix. In fact, we convert the system (17) into an equivalent system of the following form

U=LU+f (20)

Now, we consider the Markov chain
X=X, 2% 2>X D> X > .. @21)
Let

P=p,,i,j=1.,N

with  state  space {1,2,..., N} and  transition  matrix
P(x, =1)=p;, P(Xy_, = j‘XN_2 =1i)=p;, where P; and Py are the initial distribution and the transition

probabilities of the Markov chain, respectively. The weight function W, , for Markov chain (21) with N states,

is defined by using the recursion formula

Ix
W, =1, W, =W,  —™" m=12,..
pxmfl,m

Now the following random variable is defined

k

H
[ [H]=— >W.c, .

X, M=0

which is associated with the sample path

Xy > X X, o> X,

where K is a given integer number and H (h,,...,hy) is a given vector. We also consider the

problem of finding the inner product
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(H,U)=hu, +..+hyuy,

where U is the solution of problem (1)-(6). The solution operator for the above formulated problem can be
written in the following form:

K(F,G)=<H,U >
Now, we define an adjoint operator K~ and try to find the numerical solution of K (F,G)=U

Theorem 1:
The mathematical expectation value of the random variable I' [H] is equal to the inner product

<H,U <k)> =hu, +..+hyuy,,ie.,
E(L,[H])=(H.U®).

Proof. see reference (Rubinstein, R.Y., 1981).

To estimate
(HU®)=hu® +..+hu,
We simulate N random paths
X7 > x5 x> Lo xS, s=1DM,

Each with the length of K, and evaluate the sample mean

0, [H]= %Y TP[H]=E(,[H])=(H,U®)

In fact, from Theorem 1 we conclude tha I',[H] is an unbiased estimator of the inner product <H ,U ® >

It is readily seen that by setting H® = (0,...,0,1,0,...,0) we obtain <H ,U (k)> = Uﬁk) , j =1,...,N. Hence
—
j

I',[H] is an unbiased estimator of the U Ek) .
Step 3. Monte Carlo Optimization Technique:

In this work the polynomial form proposed for the unknown functions F(Y,t) and G(X,t) before

performing the inverse calculations. Therefore F(Y,t) and G(X,t) are approximated as
FP(y,t)=(a +a,t)+(a, +a,t)y +(a, +a,t)y* +...+(a,,, +a,t)y"

and

G* (x,t) = (b, +b,t) + (b, +b,t)x + (b + b, t)x* +...+ (b, +b, t)x*"

where (@,,...,8,,) and (D,,...,0,,) are constants which remain to be determined simultaneously. These

unknown coefficients can be determined in such a way that the following functional is minimized:
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Y N N
J @50y ,0,,e0ns0, ) = j DU (XY ) =U TR (X, Y, dt,
t=0 p=1q=1

Here, U ;i; are the calculated temperatures on the plan at the grid locations (X 02 Yq ). These quantities are
determined from the solution of the direct problem given previously by using an approximated F " (y,t) and
G*P(x,t) for the exact F(Yy,t) and G(X,t), respectively. The estimated values of a;, j=1,..,2¢ and
b,,i=1,..,2K are determined until the value of J(@,,...,@,,,0;,...,0,,) is minimum. The computational
procedure for estimating unknown coefficients @; and b, are described as follows:

Consider the following deterministic optimization problem

min ~ J(A)=J(A")=J", (22)
AeDcR 2(1+x)+2

where J(A)is real-valued bounded function defined on R2++2 and A= (ay,...,ay, by,..., byy). It is
assumed that ] achieves its maximum value at a unique point A *. The function J(A) may have many local

RZ(L+J€)+2

maximum in but only one global maximum.

Random Search Algorithm:
For solving problem (22) we consider the following random search algorithm:

1. Generate 2(t+ k) + 2 — dimensional random variables ZI,ZZ,... from an n-dimensional normal

distribution with zero mean and covariance matrix C thatis Z ~ N(0,C) z=(Z,,Z,,...).

2. Select an initial point A; € R2(+1)+2,

3. Compute J (Al ) .

4. Seti=1.

5. If A; + Z; € D € R2(F9+2 g0 1o step 8.
6. SCtAi = Ai+1-

7. Go to step 10.

8. Compute J(A+ Zi).

9. If J(A+Z,)<J(A)—¢& then (where £ > 0)

setAHl = AL+ Z,:.
else
setA ;1= A
10. If the stopping criterion is met, stop; otherwise, set i =i + 1.
11. Go to step 5.

Numerical Experiment:
In this section, we are going to demonstrate some numerical results for determine

Ux,y,1),F(,y,1),G(x,0,t)) in the inverse problem (1)-(7). All the computations are performed on the

PC. However, to further demonstrating the accuracy and efficiency of this method, the present problem is
investigated and the following example is considered.

Example: Consider (1)-(7) with.
F*(y,t)=0.1+0.4t+ 0.3y +0.7yt +0.1y* + 0.0y’t

and

G* (X,t) = 0.5+ 0.3t + 0.1X + 0.4xt + 0.5x> + 0.2xt .

1
Table 1 shows the values of U in X = pX,X, 0 and t=rd&, when oKX =y = 100" In Table 1, f

2103



Aust. J. Basic & Appl. Sci., 5(11): 2097-2105, 2011

U(0.1,0.8,t), U(0.2,0.2,t), U(0.5,0.8,t), U(0.9,0.1,t)and U (0.9,0.8,1) between the exact results
and the present numerical results. Tables 2 and 3 shows the exact and numerical values of F (1, y,t) and

G(X,0,1) respectively. Figures 1 and 2 shows the graphical results of Tables 2 and 3, respectively.

Table 1: Results for U with tf =04.

t Error Error Error Error Error
0.05 0.00142 0.00085 0.00023 0.000204 0.00018
0.10 0.00210 0.00061 0.00044 0.000106 0.00027
0.15 0.00170 0.00113 0.00016 0.000318 0.00160
0.20 0.00341 0.00710 0.00103 0.001016 0.00130
0.25 0.00504 0.00620 0.00205 0.001090 0.003101

Table 2: Results for F (1, Y,1) with XK=y = 1

100
t=0.05 t=0.15 t=0.2.5

y Numerical Exact Numerical Exact Numerical Exat
0.1 0.1543 0.1545 0.2018 0.2015 0.2473  0.2485
0.2 0.1917 0.1910 0.2453  0.2450 0.2994 0.2990
0.3 0.2290 0.2295 0.2904 0.2905 0.3518 0.3515
0.4 0.2704 0.2700 0.338 0.3380 0.4064 0.4060
0.5 0.3128 0.3125 0.3871 0.3875 0.4622 0.4625
0.6 0.3574 0.3570 0.4392 0.4390 0.5219 0.5210
0.7 0.4033 0.4035 0.4922 0.4925 0.5818 0.5815
0.8 0.4528 0.4520 0.5483  0.5480 0.6446 0.6440
0.9 0.5023 0.5025 0.6053 0.6055 0.7083 0.7085
1.0 0.5557 0.5550 0.6650 0.6650 0.7751 0.7750

Table 3: Results for G(X,0,1) with 5X=§y=i~

100

t=0.05 t=0.15 t=0.25
y Numerical Exact Numerical Exat Numerical Exat
0.1 0.5326 0.5321 0.5664 0.5663 0.6003 0.6005
0.2 0.5590 0.5594 0.5978 0.5982 0.6376 _0.6370
0.3 0.5963  0.5969 0.6503 0.6407 0.6842 0.6845
0.4 0.6442  0.6446 0.6933  0.6938 0.7432 0.7430
0.5 0.7027 0.7025 0.7572 0.7575 0.8129 0.8125
0.6 0.7701 0.7706 0.8314 0.8318 0.8937 0.8930
0.7 0.8432 0.8484 0.9160 0.9167 0.9486 0.8485
0.8 0.9317 0.9374 1.0124 1.0122 1.0874 1.0870
0.9 1.0365 1.0361 1.1186 1.1183 1.2008 1.2005
1.0 1.1453 1.1450 1.2358 1.2350 1.3257 1.3250
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Fig. 1: Results for F(1,y,t) with X =0y = ﬁ
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Fig. 2: Results for G(X,0,1) with oX = dy = 100"

Conclusion:

In this paper a numerical-probabilistic algorithm involving the finite differences method in conjunction with
the Monte Carlo optimization is employed to solve a two-dimensional parabolic inverse problem, successfully and
the following results are obtained:

1. Monte Carlo methods are preferable for solving large sparse systems, such as those arising from
approximations of partial differential equations.

2. One of the most important advantages of Monte carlo methods is that they can be used to evaluate only one
component of the solution or some linear form of the solution. This advantage is of great practical interest.

3. From the illustrated example it can be seen that the proposed method is efficient and accurate to estimate the
unknown boundary conditions in a two-dimensional IHCP.
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