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Abstract: In this work the problem of how to achieve the maximum handling without destabilizing the 
lateral dynamics in the ground vehicle is addressed based on the optimization technique. To guarantee 
the vehicle dynamic stability, in a novel approach, the standard stability constarints of the phase-plane 
have been incorporated into the optimal distribution of tire forces. A predicting model has been 
established to set the stability conditions as inequality constraints on the control system inputs, i.e. 
individual tire forces. The introduced scheme aims to fulfill the objective of a high-level controller, the 
vehicle handling, as much as possible without letting the vehicle dynamics state exit the stable region. 
To this end, an optimization problem incorporating inequality constraints is defined and solved 
analytically by Karush-Kuhn-Tucker (KKT) criterion. The simulation cases show that the vehicle 
control performance can be improved effectively in critical maneuvers by the suggested scheme, when 
compared to the previous works. 
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INTRODUCTION 
 

 Control systems for active safety have been one of the major advances in automotive technology over the 
past decade. The integral issues with controlling the vehicle lateral dynamics are handling and stability. Vehicle 
handling is achieved through controlling the vehicle heading velocity, vehicle yaw rate, to track a proper desired 
value based on the driver’s demand. At the same time, the vehicle stability is accomplished through limiting the 
vehicle side-slip motion to the reference region (stable region) in the phase-plane of the side-slip angle. The 
majore challenge in controlling vehicle lateral dynamics is saturation of friction tire forces which hinders the 
simultaneous vehicle handling and stability in critical conditions. In such conditions in which friction tire forces 
reach their maximum values, or tire forces saturate according to the friction circle notion, seeking both vehicle 
handling and vehicle stability induces conflict between different control objectives. To address this problem, 
researchers have already proposed several coordinated vehicle dynamics control schemes for vehicle handling 
and stability (Smakman, 2000; Selby, 2003; He, Crolla, Levesley, and Manning, 2006; Burgio and Zegelaar, 
2006; Wang, Chen, Pi, and Yin, 2009). Generally, several seperate controllers are designed for vehicle handling 
and stability; then, the individual controllers are organized based on the vehicle dynamics state through some 
fuzzy rules. Thus, a supervisory controller switches between several control laws to improve the vehicle 
handling in normal conditions and to stabilize the vehicle in critical conditions.  
 The problem of how to get the maximum vehicle handling without destabilizing the vehicle lateral 
dynamics is not answered definitely. To deal with this problem, in a completely different approach in this paper, 
a method based on the optimization technique is established to achieve the maximum vehicle handling subjected 
to the vehicle stability criterion. Optimization based methods have been recently used to address definite 
problems, such as maximizing longitudinal acceleration/deceleration (Peng and Hu, 1999) or minimizing total 
tire workload usage (Mokhyamar and Abe, 2004), in the ground vehicle control. An adaptive-optimal scheme 
was suggested, by authors, to coordinate braking and steering subsystems (Naraghi, Roshanbin, and Tavasoli, 
2010). Numerical optimization techniques have been recently utilized to handle the actuator constraints in the 
ground vehicle control system (Plumlee, Bevly, and Hodel, 2004; Tøndel and Johansen, 2005; Wang and 
Longoria, 2009; Kou, 2010). 
 In the present work, a new optimization-based scheme is established to get maximum handling, without 
destabilizing the vehicle lateral dynamics. In a new approach, using the optimization technique the task of 
achieving the desired yaw rate is given as much freedom as possible while retaining the vehicle side-slip 
dynamics inside the stable region. A mid-level optimizing scheme allocates the generalized lateral force and 
yaw moment, obtained from a high-level controller for the vehicle handling, to the individual tire forces. To get 
the maximum available yaw control performance without destabilizing the vehicle lateral dynamics, vehicle 
stability criterion is introduced as inequality constraints on the considered optimization-based scheme. For this, 
the concept of the phase-plane approach is used for the vehicle stability conditions. A predictive model is 
utilized to set the phase-plane stability criteria on the control plant inputs, i.e. individual tire forces. The 
inequality-constrained optimization problem is solved analytically using KKT conditions. Due to the analytical 
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solution a real-time implementation can be realized on a vehicle with low-cost hardware. Simulation results are 
presented to show the effectiveness of the suggested method. 
 The rest of the paper is organized as follows. In the next section the overall structure of the vehicle 
dynamics control is depicted. Section 3 describes the high-level control design for the vehicle handeling. In 
Section 4 the stability constraints are designed. In Section 5 the optimization problem is defined and solved 
analytically. The low-level slip ratio control is established in Section 6. Sections 7 and 8 are devoted to 
simulation results and concluding remarks. 
 
Problem Definition And Overall Vehicle Control Structure: 
 Consider a vehicle model with schematic top view shown in Figure 1 involving all four wheels having 
independent torque control and steering systems. A control-oriented vehicle dynamics model can be derived by 
ignoring pitch, roll motion, and the variations of the longitudinal vehicle velocity, so the vehicle motion is 
modeled by equations 
 
ܸ݉൫ߚሶ ൅ ൯ݎ ൌ ܻ                                                                                                                                                      (1) 
ሶݎ௭ܫ ൌ  (2)                                                                                                                                                                   ܯ
 
 where m denotes the total mass of the vehicle, Iz the yaw moment of inertia, and V the vehicle velocity. ߚ 
and r denote the actual vehicle side-slip angle and the yaw rate respectively. M and Y are sum of external 
moments in the yaw direction and lateral forces acting on the vehicle body.  
 

 
 
Fig. 1: Vehicle dynamics model schematic in top view. 
 
 Thus, to control the vehicle lateral motion there are two virtual control inputs of total yaw moment, M, and 
total lateral force, Y.  To enhance the vehicle handling, in normal conditions, where the individual tire forces 
have linear characteristics, virtual control inputs M and Y can be used independently to control r and β 
respectively. Also, for stability purpose the side-slip angle must be limited to the stable region of the phase-
plane (Section 4). Although β is controlled through Y in the linear regime, however, as side-slip angle increases 
and tire forces saturate, total lateral force no longer increases and its efficiency in controlling side-slip angle 
diminishes. Thus, the vehicle stability must be guaranteed in the phase-plane. The problem is to get the 
maximum vehicle handling without letting the side-slip angle leave the stable regime. The generalized 
force/moment are generated through and related to the individual tire forces for small wheel steering angles as 
 
ܻ ൌ ∑ ௜ܻ

ସ
௜ୀଵ                                                                                                                                                               (3) 

ܯ ൌ ∑ ൫ܮ௙ ௜ܻ െ ௥ܮ ௜ܻାଶ൯ ൅ ௗ

ଶ
∑ ሺܺଶ௜ െ ܺଶ௜ିଵሻଶ

௜ୀଵ
ଶ
௜ୀଵ                                                                                                   (4) 

 
 where Xi and Yi denote the desired values of actual longitudinal and lateral forces, Fxi and Fyi, of the ith tire 
respectively. Also, to fulfill the driver’s braking demmend, ax, longitudinal forces should satisfy 
 
ܺ ൌ ݉ܽ௫ ൌ ∑ ௜ܺ

ସ
௜ୀଵ                                                                                                                                                 (5) 

 
 Dynamic effects ignored at this stage are fully accounted for in the vehicle test model used in Section 7. 
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 A multi-stage vehicle dynamics control scheme, whose overall structure has been depicted in Figure 2, is 
established. A high-level control is designed for the vehicle handling. So, M and Y are designed for r and β to 
follow the desired yaw rate and the side-slip angle respectively. For the vehicle handling, the desired values are 
calculated on the basis of the driver’s steering input and the vehicle forward speed using a reference model 
(Rajamani, 2006). An optimizing allocation scheme distributes the high-level control objectives to the individual 
longitudinal and lateral tire forces. To guarantee the vehicle lateral dynamics stability, in the present work, the 
stability conditions in the phase-plane of the side-slip dynamics are incorporated into the Optimal Distribution 
of tire Forces (ODF) module. This is referred to: "Optimal Distribution of tire Forces Constrained to Stability 
condition (ODFCS)". A predictive model is utilized to shift the stability criteria as constraints on the vehicle 
dynamics states to some constraints on the control inputs, i.e. individual tire forces. A constrained optimization 
problem, subjected to inequality constraints, is solved analytically by deriving the possible solutions of KKT 
conditions. Based on the vehicle dynamic status, a simple way is developed to assess the active inequality 
constraints at each time step. The allocated tire forces are mapped into the wheel torques and active steering 
angles through a low-level control unit, incorporating a slip-ratio controller. 
 

 
 
Fig. 2: Overall structure of the vehicle dynamics control scheme. 
 
Controller Design For Vehicle Handling: 
 To improve the vehicle handling, generalized body lateral force and yaw moment are designed to control 
side-slip angle and yaw rate respectively. To deal with the substantial nonlinear characteristics and uncertainties 
of the vehicle dynamics, controllers are designed based on sliding-mode methodology to ensure control system 
robustness. The design procedure is based on equations (1) and (2). To account for the un-modelled dynamics 
and uncertainties in modelling the actual nonlinear vehicle dynamics, the disturbance terms, ωβ and ωr, are 
embedded into each channel to get 
 
ܸ݉൫ߚሶ ൅ ൯ݎ ൌ ܻ ൅ ߱ఉ                                                                                                                                            (6) 
ሶݎ௭ܫ ൌ ܯ ൅ ߱௥                                                                                                                                                           (7) 
 
 The unknown, but bounded, disturbances can be time dependent functions of different vehicle states. To 
design the total lateral force (Y), for β to track the desired side-slip angle βd, the sliding surface is selected as: 
 
ఉݏ ൌ ߚ െ  ௗ                                                                                                                                                            (8)ߚ
 
 Differentiating this equation with considering (6) 
 

ሶఉݏ ൌ ௒

௠௏
െ ݎ െ ሶߚ

ௗ ൅  ఉ                                                                                                                                          (9)߂

 

 where the term ߂ఉ ൌ
ఠഁ

௠௏
 is assumed to be bounded by a known value ߂ҧఉ: 

 
ห߂ఉห ൏  ҧఉ                                                                                                                                                              (10)߂
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 To guarantee the sliding condition  (Khalil, 2002) 
 
ሶఉݏఉݏ ൑ െߟఉหݏఉห,     ߟఉ ൐ 0                                                                                                                                    (11) 
 
 The desired body lateral force is considered as 
 
ܻ ൌ ܸ݉ሺߚሶ

ௗ ൅ ݎ ൅  ఉሻ                                                                                                                                          (12)ݒ
 
in which ݒఉ is to be designed. Substitute (12) into (9) to get the left side of (11) as 
 
ሶఉݏఉݏ ൌ ఉ߂ఉሺݏ ൅  ఉሻ                                                                                                                                              (13)ݒ
 
 whose combination with (10) gives rise to 
 
ሶఉݏఉݏ ൑ หݏఉหหݒఉห ൅ ห߂ఉหหݏఉห ൑ หݏఉหหݒఉห ൅  ఉห                                                                                                  (14)ݏҧఉห߂
 
 To achieve the desired behaviour of sliding condition (11), ݒఉ is considered to be 
 
ఉݒ ൌ െ݇ఉ݊݃ݏሺݏఉሻ                                                                                                                                                (15) 
 
 where ݊݃ݏሺ. ሻ is the signum function, and ݇ఉ is a positive design parameter which is chosen as 
 
݇ఉ ൐ ҧఉ߂ ൅  ఉ                                                                                                                                                        (16)ߟ
 
 By substituting (15) into (12), the desired body lateral force is attained. To mitigate the problem of 
chattering, the sign function is replaced by saturation function with a boundary layer thickness of Φβ>0. Thus, 
the final control law becomes 
 

ܻ ൌ ܸ݉ሺߚሶ
ௗ ൅ ݎ െ ݇ఉݐܽݏሺ

௦ഁ

ఃഁ
ሻሻ                                                                                                                             (17) 

 
 In order to design the body yaw moment (M), for tracking the desired yaw rate (rd), the sliding surface is 
adopted as 
 

௥ݏ ൌ ሺݎ െ ௗሻݎ ൅ ௥ߣ ׬ ሺݎ െ ௗሻ݀߬ݎ
௧

଴
௥ߣ      , ൐ 0                                                                                                        (18) 

 
 where the integral term is used to mitigate the undesirable yaw angle offset and to ensure the desired 
vehicle heading. Differentiating (18) along with (7), leads to 
 

ሶ௥ݏ ൌ
ெ

ூ೥
െ ሶௗݎ ൅ ݎ௥ሺߣ െ ௗሻݎ ൅ ௥߂           ,௥߂ ൌ

ఠೝ

ூ೥
                                                                                                     (19) 

 
 The design process of the desired body yaw moment for handling is the same as that of equation (17): 
 

ܯ ൌ ሶௗݎ௭ሺܫ െ ݎ௥ሺߣ െ ௗሻݎ െ ݇௥ݐܽݏ ቀ ௦ೝ

ఃೝ
ቁሻ,      ߔ௥ ൐ 0                                                                                              (20) 

 
 Where 
 
݇௥ ൐ ҧ௥߂ ൅  ௥                                                                                                                                                        (21)ߟ
 
 with ߂ҧ௥ ൐ 0 being an upper bound for |߂௥|, and ߟ௥ ൐ 0 the corresponding sliding surface parameter. 
 
Constructing The Stability Constraints: 
 According to the vehicle state analysis in ߚ െ ሶߚ  plane (Inagaki, Kshiro, and Yamamoto, 1994), the vehicle 
stability is related directly to the side-slip motion and hence stability is accomplished through limiting this 
motion. A description of the various regions in the phase-plane of the side-slip dynamics has been shown in 
Figure 3 for reference region definition. As demonstrated in (Inagaki, Kshiro, and Yamamoto, 1994), inside the 
stable region the vehicle state is stable and no more active control is needed for vehicle stability. 
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Fig. 3: Different regions in ߚ െ ሶߚ  phase-plane. 
 
 In this paper the total body yaw moment and lateral force, Equations (17) and (20), have been used to 
control side-slip angle and yaw rate respectively. Using total yaw moment for handling improvement accelerates 
the yaw motion and consequently the side-slip of the vehicle. Specially, in critical maneuvers by growth of the 
side-slip angle, the state trajectory approaches boundaries of the stable region of the phase-plane and the vehicle 
will approach the handling limit, where the linear characteristics of tire forces are transformed to saturation 
properties. Due to saturation of lateral tire forces at the handling limit the total lateral body force is not so 
effective to reduce the side-slip angle. In such conditions the high-level control still manages to control both 
yaw rate and side-slip motions. Controlling yaw rate could require an increase of the yaw velocity and thus side-
slip angle. At the same time, total lateral force, Equation (17), will attempt to control the side-slip motion which 
indirectly requires reducing the yaw velocity. These induce inconsistency between the individual control 
objectives outside the stable region because of tires saturation throughout this region. This conflict between two 
control objectives can potentially lead to deterioration of the overall integrated vehicle dynamics control scheme. 
Furthermore, because the vehicle stability is governed by the side-slip motion of the vehicle, this motion must 
be bounded to keep the vehicle stable. Also, in order to achieve more yaw rate control objective tires must be far 
away from saturation and, this is accomplished in the stable regime of side-slip dynamics. These all conduct one 
to limiting the side-slip motion. To deal with this problem, regulating the side slip angle and at the same time 
satisfying yaw rate control objectives, in this work the stability condition of the phase-plane is solved together 
with the optimal distribution of tire forces module. For this purpose, at the outset, the stability conditions based 
on the phase-plane are introduced in terms of the system inputs, i.e. individual tire forces, in this section. 
 To begin with, the boundaries of the reference region should be established. In one approach (Inagaki, 
Kshiro, and Yamamoto, 1994) these boundaries were obtained with assumptions of zero steer angle and constant 
vehicle velocity, by phase-plane analysis theory. However, later more conservative boundaries were suggested 
to account for non-zero steer angle and varying vehicle velocity (Smakman, 2000: He, Crolla, Levesley and 
Manning, 2006). In an approach similar to (He, Crolla, Levesley, & Manning, 2006), the conservative boundary 
is considered here as: 
 

ቚ
ଵ

ଶସ
ሶߚ ൅

ସ

ଶସ
ቚߚ ൏ 1                                                                                                                                                   (22) 

 
 As can be seen by Equation (22), the stability condition is a bound on the vehicle side-slip angle ߚ and its 
time-derivative ߚሶ . To be incorporated into the ODF problem as inequality constraints, Equation (22) has to be 
transformed into equivalent inequality constraints on control inputs, i.e. individual tire forces. This can be 
introduced by considering a predicted condition after a time step Tp 

 

ቚ ଵ

ଶସ
ሶାߚ ൅ ସ

ଶସ
ାቚߚ ൏ 1                                                                                                                                               (23) 

 
 where the superscript “+” refers to the predicted value at the next sampling time. The predicted values can 
be obtained from Equations (1) and (2) of the linear vehicle model. So, by writing the Taylor expansion for ߚା 
and ݎା and preserving only the first order terms and by considering (1) and (2), the predicted values are written 
as 
 

ାߚ ൌ ߚ ൅ ሶߚ
௣ܶ ൌ ߚ ൅ ሺ

ܻ
ܸ݉

െ ሻݎ ௣ܶ 
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ሶାߚ ൌ ௒శ

௠௏
െ ାݎ ൌ ௒శ

௠௏
െ ൫ݎ ൅ ሶݎ ௣ܶ൯ ൌ ௒శ

௠௏
െ ቀݎ ൅ ெ

ூ೥
௣ܶቁ                                                                                        (24) 

 
 By substituting Y and M from Equations (3) and (4) into Equation (24) and then the resulted terms into 
Equation (23), the stability condition is converted into two linear inequality constraints in terms of the control 
inputs, i.e. individual tire forces. In Equation (24) ܻା is the predicted value for the total lateral force at the next 
sample time and it is not determined yet at the current instant. Nonetheless, in critical conditions, where the 
vehicle state approaches the boundaries of the stable region and the lateral tire forces have saturated, the 
maximum available total lateral force is the product of the tires friction coefficient, μ, and the vehicle weight. 
Here, this value is used as the predicted value for ܻା i.e. 
 
ܻା ൌ െ݊݃ݏ݃݉ߤሺߚሻ                                                                                                                                             (25) 
 
 where sgn(.) denotes the sign function. It was seen through a simulation study undertaken under various 
driving situations that the predicted value of Equation (25) yields a reasonable assessment for ߚሶ ା in Equation 

(24), and hence for ቚ ଵ

ଶସ
ሶାߚ ൅ ସ

ଶସ
 ାቚ in Equation (23), in critical conditions. However, the total available lateralߚ

force may be smaller, due to ignoring factors such as wheels braking effect. Thus more conservative values can 
be chosen by considering a fraction of (25) as 
 
ܻା ൌ െܿ݊݃ݏ݃݉ߤሺߚሻ,              0 ൏ ܿ ൏ 1                                                                                                             (26) 
 
Then the inequality constraints of stability conditions can be written in the linear form as 
 
௝ሺ࢛ሻܥ ൌ ࢐ࢇ

்࢛ ൅ ࢐࢈ ൑ 0,                 ݆ ൌ 1, 2                                                                                                             (27) 
 
 Where 
 
૚ࢇ

ࢀ ൌ ሾܿଵ    െ ܿଵ    ܿଵ    െ ܿଵ    ܿଶ െ ܿଷ    ܿଶ െ ܿଷ    ܿଶ ൅ ܿସ    ܿଶ ൅ ܿସሿ;            ࢇ૛ ൌ െࢇ૚   
 

ܾଵ ൌ
ଵ

ଶସ
ቀ4ߚ െ ൫1 ൅ 4 ௣ܶ൯ݎ െ

௖ఓ௚௦௚௡ሺఉሻ

௏
ቁ െ 1;                ܾଶ ൌ െܾଵ െ 2                                                                 (28) 

 

ܿଵ ൌ
ௗ ೛்

ସ଼ூ೥
,      ܿଶ ൌ ೛்

଺௠௏
 ,      ܿଷ ൌ

௅೑ ೛்

ଶସூ೥
,      ܿସ ൌ

௅ೝ ೛்

ଶସூ೥
  

 
Optimization Problem Definition And Solution: 
 To get the high-level control objective, the vehicle handling, without violating the stability conditions in the 
phase-plane the desired individual tire forces are determined by minimizing an appropriate cost function. For 
this propose, the considered cost function in this paper comprises two parts. To achieve the maximum handling 
and also the driver’s braking demmend, by equations (3)-(5), the first part to be minimized involves the sum of 
such quadratic terms as 
 

ଵܬ ൌ ሺܻ െ ∑ ௜ܻ
ସ
௜ୀଵ ሻଶ ൅   ቀܯ െ ∑ ൫ܮ௙ ௜ܻ െ ௥ܮ ሺܻ௜ାଶሻ൯ ൅ ௗ

ଶ
∑ ൫ܺሺଶ௜ሻ െ ሺܺଶ௜ିଵሻ൯ଶ

௜ୀଵ
ଶ
௜ୀଵ ቁ

ଶ
൅  ሺ݉ܽ௫ െ ∑ ௜ܺ

ସ
௜ୀଵ ሻଶ          (29) 

 
 where M and Y are substituted by the high-level control laws in equations (17) and (20). The second part of 
the cost function aims at the minimum tire workload usage, or minimum control effort, and is written as 
 

ଶܬ ൌ ∑ ௜ܣ
௑೔

మା௒೔
మ

ሺఓ೔௓೔ሻమ
ସ
௜ୀଵ                                                                                                                                                 (30) 

 
 where Zi is the vertical load, Ai is weighting coefficient, and µi is friction coefficient of the ith tire. The final 
cost function is defined as the sum of J1 and J2 

 

ܬ ൌ ሺܻ െ ∑ ௜ܻ
ସ
௜ୀଵ ሻଶ ൅ ሺ݉ܽ௫ െ ∑ ௜ܺ

ସ
௜ୀଵ ሻଶ ൅  ቀܯ െ ∑ ൫ܮ௙ ௜ܻ െ ௥ܮ ሺܻ௜ାଶሻ൯ ൅

ௗ

ଶ
∑ ൫ ሺܺଶ௜ሻ െ ሺܺଶ௜ିଵሻ൯ଶ

௜ୀଵ
ଶ
௜ୀଵ ቁ

ଶ
൅

ߩ ∑ ௜ܣ
௑೔

మା௒೔
మ

ሺఓ೔௓೔ሻమ
ସ
௜ୀଵ                                                                                                                                                       (31)  

 
 in which ρ>0 is used to adjust the relative weighting of different terms. By minimizing (31), the designed 
values of Y and M in equations (17) and (20) may not be generated exactly, specifically in critical conditions 
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where the vehicle side-slip motion is approaching the boundaries of the stable region and the vehicle is in 
margin of stability. However, in such conditions by minimizing the cost function (31) constrained to inequalities 
of stability conditions (27) the proposed method works to fulfil the higher-level control objectives as much as 
possible without violating the stability conditions by maintaining the vehicle states inside the stable region. In 
particular the vehicle handling is given as much freedom as possible provided that the vehicle side-slip motion 
remains inside the stable regime. By introducing the vectors 
 
࢛ ൌ ሾ ଵܺ   ܺଶ   ܺଷ   ܺସ   ଵܻ  ଶܻ  ଷܻ  ସܻሿ்                                                                                                                    (32) 
 
࢜ ൌ ሾܺ   ܻ   ܯሿ்                                                                                                                                                    (33) 
 
the objective function is written in a quadratic form as: 
 

ܬ  ൌ
ଵ

ଶ
࢛ࡳࢀ࢛ ൅ ࢛ࢉ ൅  (34)                                                                                                                                          ࢊ

 
in which 
 
ࡳ ൌ 2ሺࢃߩ ൅ ࢉ   ,ሻ࡭ࢀ࡭ ൌ െ2࢜ࢊ   ,࡭ࢀ ൌ  (35)                                                                                                     ࢜ࢀ࢜
 
 where ࢃ א Ը଼ൈ଼ is the weighting matrix of the cost function J2 and 
 

ܣ ൌ ቎

1         1         1        1      0     0      0      0
0     0       0       0       1       1       1       1
െ ௗ

ଶ
   ௗ

ଶ
  െ ௗ

ଶ
    ௗ

ଶ
௙ܮ   ௙ܮ      െ ௥ܮ   െ ௥ܮ

቏                                                                                                  (36) 

 
 The optimization problem is summarized as 
 

൞
ܬ                  ݁ݖ݅݉݅݊݅݉ ൌ ଵ

ଶ
࢛ࡳࢀ࢛ ൅ ࢛ࢉ ൅                               ࢊ

௝ሺ࢛ሻܥ         ݋ݐ ݀݁ݐ݆ܾܿ݁ݑݏ ൌ ࢐ࢇ
்࢛ ൅ ࢐࢈ ൑ 0,                ݆ ൌ 1, 2

                                                                             (37) 

 
 The problem defined by (37) is to minimize a quadratic cost function constrained to linear inequalities. So, 
the problem is a convex optimization and KKT conditions are sufficient and necessary for the problem solution 
(Boyd and Vandenberghe, 2009). KKT condition for (37) is written as 
 
డ௃

డ௨೔
൅ ∑ ௝ߣ

డ஼ೕ

డ௨೔

ଶ
௝ୀଵ ൌ 0,          ݅ ൌ 1, … ,8                                                                       

 
௝ܥ௝ߣ ൌ 0,                                                                                                                                                                    (38)                           
 
௝ܥ ൌ ࢐ࢇ

்࢛ ൅ ࢐࢈ ൑ 0,                                                                                                                                    
௝ߣ ൒ 0,                                   ݆ ൌ 1,2                                                                                       
 
 in which λj is the Lagrange multiplier corresponding to the jth inequality. The set of equations in (38), yield 
three possible optimal solutions with respect to λj and Cj. In each case u is obtained as 
 

࢛ ൌ ૚ିࡳ ቂࡵ࡭
ࡵ࡭૚ିࡳࡵ࡭൫ࢀ

൯ࢀ
ି૚

ሺ࢜ࡵ ൅ ሻࢀࢉ૚ିࡳࡵ࡭ െ  ቃ                                                                                              (39)ࢀࢉ

 
 where AI and vI are derived for λj and Cj in each case as: 
case 1. All inequality constraints are inactive 

ூܣ ൌ ூݒ              ;0 ൌ 0     
case 2. Inequality C1 is active 

ூܣ ൌ ܽଵ
ூݒ              ;் ൌ ܾଵ     

case 3. Inequality C2 is active 
ூܣ ൌ ܽଶ

ூݒ              ;் ൌ ܾଶ     
 In deriving these three cases it is noted that there is no chance for both inequalities C1 and C2 to be active 
simultaneously. Then, using the inverse of simple tire model the active steering angle of each wheel, δi, can be 
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determined as depicted in (Naraghi, Roshanbin, & Tavasoli, 2010). Also, a slip-ratio controller is designed for 
the desired longitudinal forces.  
 

Low-level Slip Ratio Control Design: 
 The longitudinal force of each tire is related to the longitudinal slip ratio of that tire and is controlled 
through Slip Ratio Control (SRC). In this section a SRC is designed according to the requirements of the 
proposed method. The slip ratio, ߪ௜, of the ith tire is defined as 
 

௜ߪ ൌ
ோఠ೔ି௩ೣ೔

௩ೣ೔
 (40)                                                                                                                        ݃݊݅݇ܽݎܾ ݃݊݅ݎݑ݀       

 

௜ߪ ൌ ோఠ೔ି௩ೣ೔

ோఠ೔
 (41)                                                                                                                ݊݋݅ݐܽݎ݈݁݁ܿܿܽ ݃݊݅ݎݑ݀       

 
 where ݒ௫௜ is longitudinal speed, ߱௜ is the angular velocity, and R is the radius of the ith tire. In the case 
where longitudinal slip ratio is small, as it is during normal driving, the longitudinal tire force is found to be 
proportional to the slip ratio. Then it gains its maximum value at a typical value of σ* after which it starts to 
lessen. Experimental studies have established that the tire lateral force also decreases at slip ratio values greater 
than absolute value of σ*

 (Rajamani, 2006).  
 
Description Of The Src Scheme: 
 In this paper, when the tire slip ratio is smaller than σ*, by neglecting the wheel rotational inertia the applied 
braking/traction torque, Ti, at wheel is obtained as 
 

௜ܶ ൌ ܴ ௜ܺ                                                                                                                                                                (42) 
 
 In this case, the SRC works for Desired Longitudinal Force Generation (DLFG). However, when the 
requested longitudinal force, Xi, by CA module is greater than the maximum available longitudinal force, 
applying (42) would increase the slip ratio beyond the value of σ*, inevitably leading to wheel lock and lateral 
tire force reduction. To deal with this problem the idea of Anti-lock Braking System (ABS) is employed in this 
paper to keep the slip ratio of tires at σ* when the longitudinal force demand by CA unit is so high. This idea is 
utilized during both braking and traction. When traction torque is applied the proposed slip ratio control is in the 
Traction Control System (TCS) mode. The SRC scheme applied to the vehicle system has been shown in Figure 
4. 
 

 
 

Fig. 4: The SRC scheme applied to the vehicle system. 
 
The ABS/TCS Design: 
 The ith wheel rotational dynamics is stated as 
 
ܬ ሶ߱ ௜ ൌ ௜ܶ െ ௫೔ܨܴ

                                                                                                                                                     (43) 
 
 where J and Ti represent the rotational inertia and the applied torque of the wheel number i. To achieve slip 
ratio differential equation when braking, by differentiating (40) and replacing for ሶ߱ ௜ from (43) it can be written                                
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ሶ௜ߪ ൌ ோ

௃௩ೣ೔
൫ ௜ܶ െ ௫೔ܨݎ

൯ െ ሺ1 ൅ ௜ሻߪ
௩ሶ ೣ೔

௩ೣ೔
                                                                                                                       (44) 

 
 To continue, during decelerating the longitudinal force can be stated as 
 
௫೔ܨ

ൌ ௜ߪఙܥ ൅ ௫೔ܨ߂
                                                                                                                                                  (45) 

 
 in which the term ܥఙߪ௜ represents the linear part, with ܥఙ being the tire longitudinal stiffness, and ܨ߂௫೔

 is 
the deviation from the linear part and this value is positive and bounded as 
 
0 ൏ ௫೔ܨ߂

൏ ത௫೔ܨ 
                                                                                                                                                      (46) 

 
 By substituting (45) into (44) it is concluded that   
 

ሶ௜ߪ ൌ ோ

௃௩ೣ೔
ሺ ௜ܶ െ ௜ሻߪఙܥܴ െ ሺ1 ൅ ௜ሻߪ

௩ሶ ೣ೔

௩ೣ೔
െ ோమ

௃௩ೣ೔
௫೔ܨ߂

                                                                                                 (47) 

 
 The goal of the ABS is to regulate ߪ around the constant value כߪ. For this purpose a sliding mode control 
is designed in this paper. First the sliding surface is defined as 
 
ఙݏ ൌ ߪ  െ כߪ   ,כߪ ൏ 0                                                                                                                                           (48) 
 
 The sliding condition is written as (Khalil, 2002) 
 
ௗ

ௗ௧

ଵ

ଶ
ఙݏ

ଶ ൑ െߟఙ|ݏఙ|,      ߟఙ ൐ 0                                                                                                                                (49) 

 
 Using (47) in (49) the sliding condition is written as  
 

ఙݏ ቂ ோ

௃௩ೣ೔
ሺ ௜ܶ െ ௜ሻߪఙܥܴ െ ሺ1 ൅ ௜ሻߪ

௩ሶ ೣ೔

௩ೣ೔
െ ோమ

௃௩ೣ೔
௫೔ܨ߂

ቃ ൑ െߟఙ|ݏఙ|                                                                                (50) 

 
 Chose the applied torque Ti as 
 

௜ܶ ൌ כߪఙܥܴ ൅ ௃௩ሶೣഢሶ

ோ
ሺ1 ൅ ௜ሻߪ െ ݇ఙ

௃௩ೣ೔

ோ
 ఙሻ                                                                                                     (51)ݏሺ݊݃ݏ

 
 Then, the sliding condition (50) becomes 
 

ఙݏ ቂെ ஼഑ோమ

௃௩ೣ೔
ఙݏ െ ோమ

௃௩ೣ೔
௫೔ܨ߂

െ ݇ఙ݊݃ݏሺݏఙሻቃ ൑ ఙݏ ቂ ோమ

௃௩ೣ೔
ത௫೔ܨ

െ ݇ఙ݊݃ݏሺݏఙሻቃ ൑ െߟఙ|ݏఙ|                                               (52) 

 
 To satisfy (52) it is sufficient to choose ݇ఙ as 
 

݇ఙ ൐ ோమ

௃௩ೣ೔
ത௫೔ܨ

൅  ఙ                                                                                                                                                  (53)ߟ

 
 Then, to eliminate the chattering the final applied torque during braking is written as   
 

௜ܶ ൌ כߪఙܥܴ ൅ ௃௩ሶ ೣ೔

ோ
ሺ1 ൅ ௜ሻߪ െ ௃௩ೣ೔

ோ
݇ఙݐܽݏ ቀ௦഑

மσ
ቁ , כߪ ൏  (54)                                                       ݃݊݅݇ܽݎܾ ݃݊݅ݎݑ݀   ,0

 
 where ߶ఙ  is a small positive value representing the thickness of the boundary layer around the sliding 
surface ݏఙ ൌ 0. The same procedure can be repeated to get the applied torque during acceleration as 
 

௜ܶ ൌ כߪఙܥܴ ൅ ௃௩ሶ ೣ೔

ோሺଵିఙ೔ሻ
െ ௃௩ೣ೔

ோሺଵିఙ೔ሻమ ݇ఙݐܽݏ ቀ௦഑

மσ
ቁ , כߪ ൐ 0,  (55)                                                  ݊݋݅ݐܽݎ݈݁݁ܿܿܽ ݃݊݅ݎݑ݀

 
Simulation Results: 
 Simulations using a 9DOf nonlinear vehicle model (Naraghi, Roshanbin, and Tavasoli, 2010) have been 
presented to evaluate the efficiency of the proposed method. The results are, also, compared with those obtained 
by the suggested method in (Mokhyamar and Abe, 2004), where no stability constraint is considered in ODF. 
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Also a driver model, described and validated experimentally in (Abe, 2009), is used to simulate the driver’s 
behavior in the considered maneuver. The vehicle behaviour is examined in the standard single-lane change 
scenario. The vehicle is assumed to move with an initial velocity of 130 km/h on a slippery road where the 
coefficient of friction is 0.3. The driver’s braking acceleration is -0.4g for 3 seconds. The overall scheme of the 
proposed feaback vehicle dynamics control scheme for simulation is found in Figure 5. 
 The simulation results for this scenario are depicted in Figures 6-16. As shown in Figure 6, the vehicle with 
no active control and only guided by driver has unstable response. This is due to severity of maneuver 
conditions in terms of high speed of the vehicle and slippery road conditions. Nonetheless, using active safety 
control with either ODF or ODFCS system, has made the vehicle converges the intended path by driver. In 
addition, as can be seen from Figures 6-8, the vehicle with ODFCS has the superior performance in converging 
to the desired path. Also, it is seen to track the desired yaw rate more properly and to achieve lower side-slip 
angle compared to that of the vehicle with ODF system, as figures Figures 9-12 reveal. These can be reasoned 
by referring to the phase-plane trajectories and tires work-load plots in figures Figures 13-15. Utilizing the 
ODFCS system, when the phase-curve has approached the stable region boundary, the vehicle state has been 
effectively remained around this area through proper activation of stability constraints. By bounding the side-
slip motion this approach has also kept the tires away from saturation more efficiently, as depicted in Figure 14. 
Around the boundaries of the stable regime maintaining vehicle stability by ODFCS dominates the task of 
improving vehicle maneuverability and thus the performance of yaw rate tracking decreases. Instead, in this 
situation, ODFCS works to achieve the best handling possible without destabilizing the vehicle. Nevertheless, 
yaw rate tracking and, hence, vehicle handling, improves as soon as the vehicle state trajectory leaves the 
boundaries toward stable region. Conversely, Figure 13 illustrates that by ignoring the stability conditions in the 
ODF system, once the side-slip motion approaches the reference boundary, the state trajectory of the vehicle 
departs from the stable area for a longer period of time. As Figure 15 shows in this area, using ODF tires are 
near saturation, due to the rise of the vehicle side-slip, and consequently no more control objective can be 
achieved for yaw rate as well. Consequently, beside growth of side-slip angle, Figure 12, yaw rate tracking error 
is considerable in this region, Figure 11. The driver’s steering command during this maneuver has been depicted 
in Figure 16. The maximum steering angle of driver by ODF is greater than corresponding value by ODCS 
approach. Also the driver of the vehicle with ODF has applied more oscillatory steering command. These 
indicate that the driver of the vehicle system utilizing ODFCS method has steered the vehicle in the intended 
path with less effort than the driver of the system utilizing ODF. 
 

 
 

Fig. 5: Overall feedback vehicle dynamics control scheme for simulation. 
 

 
 

Fig. 6: Vehicle path in single lane change maneuver. 
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Fig. 7: Vehicle path by ODF. 
 

 
 

Fig. 8: Vehicle path by ODFCS. 
 

 
 
Fig. 9: Vehicle yaw rate by ODFCS. 
 

 
 

Fig. 10: Vehicle yaw rate by ODF. 
 

 
 

Fig. 11: Yaw rate tracking error in single lane change maneuver. 
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Fig. 12: Side slip angle in single lane change maneuver. 
 

 
 

Fig. 13: Phase plane diagram in single lane change maneuver. 
 

 
 
Fig. 14: Tires workload by ODFCS. 
 

 
 

Fig. 15: Tires workload by ODF. 
 

 
 

Fig. 16: Driver’s steering angle in single lane change maneuver. 
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Conclusion: 
 Optimal distribution of tire forces for vehicle stability enhancement was presented in this paper. The 
stability condition constraints based on side-slip motion phase-plane, were included in the cost function. In this 
work, the total body yaw moment and lateral force are computed based on a sliding-mode high-level controller. 
Since the vehicle lateral stability is directly related to the side-slip motion and this motion must be limited to the 
stable region in the phase-plane, to guarantee the vehicle stability, the corresponding constraints of the stability 
condition were incorporated into the ODF system. This induces solving of an optimization problem including 
inequality constraints. An analytical solution was drived for the considered optimization problem which makes 
the suggested method of this work more practical for real-time implementation with a low-cost hardware. By the 
proposed approach in normal conditions where tires have linear characteristics the ODFCS scheme aims at 
vehicle handling improvement by prioritizing the accomplishment of higher-level control objectives through 
steering forces and deactivating the stability condition constraints. As the vehicle side-slip motion approaches 
the boundaries of the stable region and vehicle dynamics is about to be unstable, the inequality constraints of 
stability conditions are activated by ODFCS to prevent the vehicle lateral motion from exiting the stable regime. 
In such conditions the proposed ODFCS manages to satisfy the higher-level control objective, the vehicle 
handling, as much as possible without violating the stability conditions. In this regard, the task of achieving 
desired yaw rate is given as much freedom as possible, without letting the vehicle side-slip dynamics leave the 
stable regime. The effectiveness of the proposed ODFCS method was evaluated by simulation results for a 
nonlinear vehicle/driver model. The vehicle behaviour under both ODFCS and ODF systems was investigated 
and the results were compared. It was revealed through simulation results that vehicle handling and stability is 
enhanced significantly by the proposed method of this paper compared to the previous works of the literature. 
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