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Abstract: Data envelopment analysis (DEA) is a non-parametric method for evaluating the efficiency
of peer decision making units (DMUs) with multiple inputs and outputs. In many situations, DMUs
have a multi-stage structure composed of several processes. In recent years, a great number of DEA
studies have focused on multi-stage systems. Because of their basic structures, special attention has
been devoted on DMUs whose internal structure consists of series or parallel processes. The exact
known inputs and outputs are required in these DEA models. However, in the real world, the concern
is systems with interval (bounded) data. When we incorporate such interval data into multi-stage DEA
models, the resulting DEA model becomes a non-linear programming problem. In this work, we
suggest an approach to measure the efficiency of series and parallel systems with interval data that
preserves the linearity of DEA model. Also, the interval DEA models are proposed to measure the
lower and upper bounds of the efficiency of each DMU with interval data.

Key words: Data envelopment analysis, Decision making unit, Efficiency, series and parallel systems,
Interval data.

INTRODUCTION

As a linear programming-based methodology, non-parametric technique, data envelopment analysis (DEA),
was first introduced by Charnes et al., (1978) to determine the relative performance of a set of production
processes called decision making units (DMUs) with multiple inputs and outputs.

One drawback of the standard DEA models is ignoring internal operations within a DMU. The DEA model
considers each DMU as a black box and uses only initial inputs and final outputs of the DMU to evaluate the
efficiency. As a result, knowledge of the internal operations of a DMU is not taken into account in the analysis,
and insights about how to improve the performance of the DMU from within become largely unclear. However,
DMUs might include internal or network structures, which consist of several interactive processes; for instance,
see Fire and Grosskopf (1996), Castelli et al., (2004) and Tone and Tsutsui (2009). During the past two
decades, the possibility of assessing the efficiency related to sub-processes or decision making sub-units
(DMSUs) of DMUs within the DEA framework has been investigated by several authors. (To obtain a suitable
reference for these approaches, see Castelli et al. (2010). Due to their basic structures, DMUs containing series
and parallel structures have attracted greater attention in DEA literature (e.g. Seiford and Zhu (1999); Sexten
and Lewis (2003); kao and Hwang (2008); kao (2009a, 2009b) and kao and Hwong (2010). The exact known
inputs and outputs are required in these DEA models. However, some inputs and outputs may be known as in
forms of interval (bounded) data. If we incorporate such bounded data into these DEA models, the resulting
DEA models are non-linear.

Measuring efficiency of DMU s with imprecise data is not a new idea. For example, Cooper et al. (1999,
2001a, 2001b) used scale transformations and variable alternations in order to transfer the non-linear imprecise
DEA (IDEA) into a linear program. Despotis and Smirlis (2002) also investigated the non-linearity of IDEA. In
their investigation in order to concern the interval data in DEA, they developed an alternative approach. In this
alternative approach through applying transformations only to the variables, a non-linear DEA model was
converted to a linear program equivalent. In another study, Zhu (2003, 2004) converted the non-linear IDEA
model into a standard linear DEA model by identifying a set of exact data from the interval data. Afterward, a
new pair of interval DEA models was developed by Kao (2006) through which the best lower bound efficiency,
and the best upper bound efficiency were resulted for each DMU. None of these studies take into account the
internal activities of DMUs in the efficiency measurement.

Here, we extend the relational multi-stage DEA model proposed by Kao and Hwang (2010) to measure the
efficiency of series and parallel systems in the presence of interval data. By using the method of Despotis and
Smirlis (2002), the non-linear multi-stage DEA model can be transformed into linear multi-stage DEA model.
Also, using the method of Despotis and Smirlis (2002) and Kao (2006), the interval DEA models are proposed
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to measure the lower and upper bounds of the efficiency of series and parallel multi-stage system with interval
data.

In this paper, we first review briefly the relational multi-stage DEA model of Kao and Hwang (2010) for
series systems. Then we extend Kao and Hwang’ s (2010) approach to measure the efficiency of series and
parallel multi-stage system with interval data. A numerical example is used to illustrate the proposed model.

MATERIALS AND METHODS

Kao and Hwang’ S Relational DEA Model For Series Systems:
Suppose a generic series system as shown in Figure 1 that DMU; (j=L....,n) is made up of q stages
(DMSUs) connected in series by intermediate products. Let

I={,..,m}, O={...s}, M={L...D} and Q={l,...,q}, the index sets of the inputs, outputs, intermediate
products and processes, respectively. Also, let 1” < 1,0” cOand M ® < M, the corresponding index sets of
inputs, outputs and intermediate products in process p, respectively. In addition, let Q" = Q the set of processes

that use input i and Q” —Q the set of processes that produce output r. Referring to Figure 3.3, DMSU,
(p=1.....q) of DMUj consumes inputs X",i €', and intermediate products z;",d € M to produce outputs
yﬁ,-’” reO0” | and intermediate products z,”,d eM® . The intermediate products utilized by the first stage,
z',d eM"™ are considered as initial inputs and the intermediate products generated by the last stage,
Zﬁ?), d e M, are regarded as final outputs. The total amount of input i used by DMU] is the sum of those used
by all of its DMSUs, i.e. X; =240 Xi(jp) . Also, the total amount of output r produced by DMUj is the sum of
those produced by all of its DMSUs, i.e. Y, =20 ye

n

DMU;, /=1.....n
0 ey Ap-1) _(p) a-1 &
Zz: v E; Z; v Z; z; ¥ Z:
»  DMSU;, —» —» DMSU, —»...—»| DMSU, >
L J L4 A

Fig. 1: Series g-Stage Process.

Kao and Hwang (2010) introduced a relational multi-stage DEA model to evaluate the efficiency of series
systems. Let DMU, be the series system under evaluation. To estimate an efficiency score of DMU,, based on
Kao and Hwang’s (2010) model, we solve

E, = max y YuyP

ro

p=lre0
q
s.t. %;Vixfom =1,
q q
) ) i
Yruy =23V <0,j, M
p=lreO p=liel
Z ury:jp) + Z ndZLjp) - Z Vixi(jp) - Z ﬂdZ;jpil) SO, vpsvjs
reo(P) dem(P) iel(P) dem (P~

v,,u,,7, 20,Vi,r,d.

It must be mentioned that this model consists of two key points: first, the same multipliers have been used
for the same factor throughout the whole process. Second, regardless of whether playing the role of input or
output, every intermediate product between two DMSUs uses the same multiplier.
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Kao and Hwang’ S Relational DEA Model For Parallel Systems:

Now, consider a general parallel system as shown in Figure 2 that DMU; (j=1,...,n) is made up of q parallel

processes (DMSUs) operate independently. DMSUp (p=1,...,q) uses inputs Xi(jp’ ,iel'” to generate outputs

yﬁ{’), reO0” . As mentioned by Kao and Hwang (2010), the parallel system is a special case of the series system

with no intermediate product.

DMU. =1.....n

D _\-J;i'-

— DMS, >
¥ ,\Jf: 2

— DMSU, —»

x > >,

xla) _\:,.:"7:

Lyl DMSU, —»

Fig. 6.1: The Parallel Production System.

The parallel DEA model introduced by Kao and Hwang (2010) can be expressed as follows:
E, = max iiu,yﬁo”’
p=lr=l

Sy (P)
st Xyvx =1,

p=li=l

q s q m .
leluryﬁj”’—zl_ lvixi‘jp) <0,Vj, ()
p=lr= p=li=

Z(p) uy, - (p)vixi‘j‘” <0,Vp,Vj,
re0 iel

v.,u, >0, Vi,r.

Note that model (2) is exactly the same as model (1) if we delete the terms related to the intermediate
products.

RESULTS AND DISCUSSION

Efficiency Measurement of Series and Parallel Systems with Interval Data:
Assuming that the levels of inputs, outputs and intermediate product of a series system are not exactly
known, the true data for DMUj (j=1,...,n) are known to lie within bounded intervals, i.e.

(P () < (P i () o ® (P <« 5(p)
X <X <X, (Viel), y <y <y, (vreO) and 2,/ <77 <7”,(vd e M),

With the given constants and strictly positive upper and lower bounds of the intervals.
Obviously, model (1) with interval data is non-linear because its levels of inputs, outputs and intermediate
products are changeable. In order to transform model (1) with interval data into an equivalent linear model, as
done by Despotis and Smirlis (2002), the following transformations can be applied to the bounded variables

® (P ®
%", 2y and y,”

i
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X =x" +aP (X" - x"), Vi, j,p, with 0<a® <1,

vy =y B =y g p, with 0< 5P <1, 3)

(P)

2P =2 +y (@ -2y, vd,j,p, with 0< @ <1.

® ,, (P

The new variables ¢, 7, and X,z

,(jp) can replace the variables X, Z and y“” mentioned in model (1)
through these transformations. This way the inputs and outputs levels can be respectively situated within the
bounded intervals [x",%\"], [z,,Z,"] and [y”.ys"]. Because of the products of variables via” for inputs,

ij 2%

(p)

77d 7/ dj
From the constraints of model (1), we have

for intermediate products, and Urﬁ(p) for outputs; the non-linearity of model (1) can be preserved.

P) Na P
v = SVl e (%P = x1=2v X v (R =X,
i i

Sy =Su Ly + A0 -y =iy B (T -y, “)

an Zép %ﬁd [Z;JP) + 7/d1 (Zdjp) Ljp))] %:[77“ LJP) +77d7/djp)(z((ijp) (P))]

By changing the variables V" =a”, 7"y =7, and U.f” (p) , the following LP model can be
obtained from model (1):

E, = max ZZ[U y P LB (Y - (p>)]

p=lre0

st XK a5 -] =1
pE:E())[UX +B (TP - (p))] ZZ[V.Xpr)+a(P)(x‘“) x")]<0,V],
2wy B (Y - (p))]+ 2 [n.z 2 P @ -2
P '(‘p)+a(m(x(p) X1 62 i A7y (@ =24 1<0,9p, V), Q)

v,—a” 20,Vi,p, ],

Ur—E;p)ZO,VI’, paja
ny =74 20,vd,p, ]|,
|a77d5 (p) ,B(p)jd(,p) ZO,Vi,r,d, p, J

It must be mentioned that model (1) with exact data is derived as a special case from model (5). In fact, the
length of bounded intervals will be zero if the lower and upper bounds match with all the inputs, intermediate
products and outputs. Consequently, the second terms in the summations disappear along with the variables

a”, 7 and ”J) the restrictions of the form v, —&” > 0,5, —7{" >0 and U, —f3;"” 20 would be deleted,

and model (5) would be reduced to model (1). By solving model (5), through the evaluated DMU,, both the
multipliers and the inputs and outputs levels within their ranges, which are in favor of it will be adjusted. It must
be mentioned that in model (5), &;” =0 (7" =0 or B;” =0) through setting the level of input i (intermediate

products d or output r) of DMSU, of DMUj equal to X,”(z, or y"”) Furthermore, &, =V, (7, =1, or

“” =U, ) through setting the level of input i (intermediate products d or output r) of DMSU, of DMU; equal to

(P)(Z(D) or y:jp)) .

In order to determine the upper and lower bounds of interval efficiency for each DMU with series multi-
stage structure, the proposed method by Kao (2006) is applied. It should be mentioned that intermediate
products are outputs of one stage and need to be increased and at the same time are inputs of the next stage and
need to be decreased. Thus, it is necessary to state each intermediate product as the convex combination of its
upper and lower bounds, as has been introduced in equation (3). By this assumption, the model would determine
the amount of intermediate products, which estimate the upper and lower bounds of the overall efficiency of the
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system. In order to evaluate the upper bound of the efficiency of DMU, with series multi-stage structure, we
construct the following model:
E. = max ZZU y©

p=lreO

st YYvx” =1,

p=liel

> YUY -3 yvx? <0,

p=lre0 p=liel

ZZu —ZZv,x,j")<0 Vj#0,

p=lreO - p=liel

Tu yiu‘”+ > nza +73 (2 23] ©6)

reo(P) dem(P)

- v.xff’ Y meze @ -z <0, Vp,

iel(P) dem(P-D)

> ouy? DRUN: 2, 47 PP - 24)]

reo® =0 dem(

- DX = 3 Iz (@ -2 1< 0,9p, V) 20,
iel deM

4 _77;;}) ZO’Vd’ szs
V 5ui”7d ’77;;]) ZO’Viarad> p’ j

Model (6) is a DEA model containing exact data in which the inputs and outputs levels in all DMSUs
would be adjusted in favor of the assessed DMU, and assertively against the other DMUs. The inputs in all
DMSUs of DMU, are adjusted at the lower bounds and their outputs at upper bounds of the intervals.
Adbversely, the inputs of the other DMUs would be perversely adjusted at their upper bounds while their outputs
would be perversely adjusted at their lower bounds.

Theorem 1:
The efficiency score of DMU, calculated by model (5) is always equal to efficiency score calculated by

model (6), i.e., E. =E, .

Proof:

Let u=(U,...,U,), v=(V,..,V,) and n=(7,,...,7,) be a feasible solution of model (5). Then the
augmented solution (U,V,77,Q,P), with
Q=(q;,i=1..,m j=1.,n), P=(p,,r=1..5sj=1..,n) and

0, J=o, 0, j#o,
g; = . p; = .
Vi, J;toa ur’ J_O’

is a feasible solution of model (4) and E,(u,v,7) = E,(u,V,7,Q,P) . In fact, through applying Q and P, model
(6) can be simply derived from model (5). In comparison with the other DMUs, based on model (6), DMU, has
been located in the best possible position. Therefore, the highest possible efficiency score, which can be
obtained by DMU, would be E . Thus, it would be E;<E. . Through considering u"=(u,..,u.),

v'=(,.,v)) and 7 =(,.,n,) as the optimal solution of model (6), the improved solution

(u’,v',1°,Q,P), with the already defined Q and P, would be a possible solution for model (5). As a result,
there exist E.(u',Vv,7,Q,P)=E,(u,v.,p)=E <E.. Hence, E =E, .
o

Note that in a reversed direction, the lower bound of interval efficiency of DMU, can be generated by
solving the following LP model:

Model (7) is also a DEA model with exact data. Despite model (6), the inputs and outputs levels would be
adjusted unfavorably for all DMSUs of DMU, and favorably for the other DMUs. The inputs of DMU, would
be adjusted at their upper bounds and their outputs would be adjusted at their lower bounds. The inputs of the
other DMUs, would be favorably adjusted at their lower bounds and the outputs would be favorably adjusted at
their upper bounds. This way, compared to the other DMUs, DMU, would be situated in the worst probable
position. Consequently, the efficiency score, which was obtained by DMU, in model (7) would be used as a
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lower bound of its probable efficiency scores. So, the models (6) and (7) offer for each DMU a bounded interval
[EO, EO 1, in which its possible efficiency scores lie, from the worst to the best case.

E‘:max ZZ 719'

0
p-1rc0

s.t. ZZV‘X.L'” =1,
p=lie

a =
Z Tuy) - RRVE <0,
e} —rn p=liel

z Tu vy - iZV.zL") <0,Vj#0,

Sir
(7
) [ = )
Zp urx + Z [médu +}/d(op)(zéop)_£du )]
<ol
(=D | —(p-1) [ 5(p- (p-1)
-z Y ez 47 (T =2y )] <0, Vp,
(P dem (P-D

zpu V' Iz A7 (3 - 2]

- T ovx “”— T ez 47 (@e T -2 <0, Vp, V=0,

' (p) dem (P-1)

N —7s 20,vd,p, |,
V,’U.,Ud’ lp) ﬂ(P) (P)>0 vl’r,d p J

In must be pointed out that in an interval data setting, many DMUs are likely to be proved efficient. In fact,
despite their flexibility in selecting the weights, they are free to favorably adjust the inputs and outputs levels
within the intervals. Thus, in an interval data setting, further bias in the efficient units would be more important.
Like Despotis and Smirlis (2002), based on the above efficiency score intervals, the series systems with interval
data can be categorized into three subsets as follows:

E"={jel|E, =1,
E'={jeJ|E <land E, =1},
“={jeJ|E <1},

Where J ={l,...,n}. The set E™ includes the DMUs which are efficient whatever the case may be (any

combination of input/output levels). The set E” includes units which are efficient in a maximal sense. However,

there are input/output adjustments under which their efficiency cannot be maintained. Finally, the set E”
includes DMUs which are definitely inefficient.

In the discussion to follow, we suppose that the inputs and outputs of the parallel system DMU; (j=1,...,n)
have bounded data as expressed in (3). If we incorporate bounded inputs and outpus into model (2), the resulting
model is non-linear. Similar to the series systems, we introduce

x."”:x””+a.‘j"’(¥ij°’ X, Vi, j,p, with 0<a? <1,

(D)

Vi )
v =y AP -y g p, with 0< P <1.

Then model (2) can be transformed into the following LP model:

Ej=max X3y« BT -y
st glg[v,x‘”>+a‘P>(x<p’ X =1,
Sy BT -y - EE T+ (R - x,)1< 0.,
3y B -y 3 e @ (6 - xS 0.9V, ®

Vi _aij(p) 2 07VI3 ps Js
ur—ﬂ‘g"’ >0,Vr,p, j,
Ui,ny,@ <p)ﬂ(p)>OVIr p, Ja
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(P) y-10)

where V" =" and U, $

ij

Also, similar to the series systems, the lower and upper bounds of the efficiency of DMU, with parallel
structure can be calculated respectively by the following pair models:

M=
M
<

E, =max

o
T
i

S.t.

-
N
T

M=
™s
<
x
)
1]
-

< Q)
VX <0,

°
i
I

Ma
Mo
_‘C

I~<

(D)

- T

YV X" <0,j %0, )

Z Y VX, <0, Vp,

reo(p) =0 ,€.<p> b

(P H
z(:p) ur y:jp) - ) Vi Zij S 05 vp’ VJ * 0’
re0 iel

v,,u; 20, Vi,r,

:<

°
)in

-
1

[\/]g
i Mw

£ Syvx” =1
S.t. Forfa iZio T
S I VI IR ®
Zzurym _ZZV|Z|0 SO’
p=lr=l p=li=l
IS (p) I = p)
YUY =YY VX" <0,V £0, (10)
p=tr=1 —" p=li=1
p) P
Z uryrup - ViZIO 0 Vp’
reo(P iet(P)
Y- 3 VP <0,Vp, V) #0,
reo(P) =0 iel (P)
V,,u ZO,VI,I’,

Where E. and E_ are the best possible efficiencies for DMU, under the most unfavourable and the most

favourable situations, respectively. So, [E,, E: ] is efficiency interval and covers all possible efficiency scores

for parallel system DMU,,.

Numerical Example:
In this part, the proposed model is applied to a simple example consisting of 15 two-stage processes with

two interval inputs (X; and X,), two interval intermediate products (z; and z,) and two interval outputs (y; and Y,).
The data are provided in Table 1. The interval efficiencies of 15 DMUs, which were calculated through models
(6) and (7) have been listed in Table 2. As a result, the upper efficiency scores for DMUs 1, 2, 3, 6,7, 9, 10, 12
and 15 are in unity while the lower efficiency scores for all DMUs are less than one. According to argument in
last section, the 15 DMUs are categorized into three sets in terms of their interval efficiency scores as follows:

E++ :®’
E'={1,2,3,6,7,9,10,12,15},
E =1{4,58,11,13,14}.

Conclusions:
In this paper, we extended the methods of Kao and Hwang (2010) to deal with series and parallel systems

with interval data. A linear approach to deal with interval data was proposed for these types of systems. Interval
DEA models for measuring the lower and upper bounds of the overall efficiency scores of series and parallel
systems with interval data have been proposed as well. In this study, we proposed DEA models for measuring
the efficiency of series and parallel systems with interval data. The efficiency measurement of series and parallel
systems with ordinal data and ratio bounded data can also be considered in future studies. Also, since the series
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and parallel are two basic structures of a network system, a complicated system could be represented by an
equivalent parallel system of series components or series system of parallel components. Based on the proposed
DEA models for DMUs with series and parallel structure, a network DEA model for DMUs with general multi-
stage or network structure needs to be developed.

Table 1: The interval data set of 15 DMUs

DMU Inputs Intermediates Outputs
Xi X2 4 2 Y1 Y2

1 [8,14] [16,19] [30,35] [51,58] [13,22] [21,29]
2 [4,17] [18,22] [35,43] [43.,48] [19,24] [15,22]
3 [7,16] [11,26] [33,42] [38,45] [18,25] [21,30]
4 [5,11] [11,24] [38,44] [50,61] [12,17] [12,19]
5 [4,13] [18,24] [49,58] [60,66] [13,25] [10,23]
6 [8,15] [15,21] [41,48] [42,49] [12,19] [22,30]
7 [7,11] [12,29] [36,46] [32,38] [18,25] [12,18]
8 [4,10] [14,25] [47,53] [45,53] [14,25] [18,24]
9 [12,16] [12,23] [32,40] [51,58] [11,20] [12,18]
10 [5,10] [10,20] [32,40] [32,39] [20,28] [19,30]
11 [5,15] [14,27] [40,48] [51,61] [11,20] [21,25]
12 [6,12] [12,23] [41,47] [20,41] [20,26] [9,13]
13 [6,11] [15,26] [42,49] [55,62] [21,24] [17,23]
14 [10,14] [22,26] [40,49] [40,50] [19,25] [11,19]
15 [8,14] [21,27] [37,45] [32,39] [21,26] [10,17]

Table 2: Interval efficiency scores of 15 DMUs.
DMU

* —_—%
[E,. Eol
[0.364,1.000]
[0.308,1.000]
[0.258,1.000]
[0.180,0.840]
[0.193,0.862]
[0.331,1.000]
[0.227,1.000]
[0.239,0.948]
[0.172,1.000]
[0.410,1.000]
[0.246,0.987]
[0.310,1.000]
[0.291,0.983]
[0.261,0.997]
[0.278,1.000]
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