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Abstract: In this paper, the results of three-dimensional numerical simulation of compressible 
turbulent temporal mixing layers are presented for a high Mach number (M=1.4) using Large Eddy 
Simulation (LES). The purpose of this study is developing LES in compressible turbulent temporal 
mixing layers in supersonic flows. Initially, we derive the filtered Navier-Stokes equations using the 
top-hat filtering function. Subsequently, the small scale motions are modeled by a dynamic eddy-
viscosity subgrid-scale model. Compressible LES not only require the modeling of the subgrid-terms 
in the momentum equation, but also the modeling of the subgrid-terms in the energy equation which 
play the main role at higher Mach numbers. Two prominent parameters in mixing layers are vorticity 
thickness and momentum thickness .The results of these two parameters have been compared with the 
results of the Direct Numerical Simulation (DNS). The LES results correspond very well to the DNS 
results. Finally, we consider the shocks that occur in the supersonic mixing layers at M=1.4 using LES. 
In addition, we will study the physical nature and origin of these shocks. Different types of turbulent 
vortices that generate the shocks have been identified: a vortex which accelerates fluid along its axis 
and a pair of counter rotating vortices. 
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INTRODUCTION 
 

Large Eddy Simulation (LES) is an important technique used in the numerical simulation of turbulence that 
developed in this paper for compressible flows. In LES the filtered equations are solved with a numerical 
algorithm and the resulting filtered variables describe the large scale motion of the flow. The filtering introduces 
unknown quantities, so called subgrid-terms, which have to be modeled. The modeling of the unknown quantities 
introduced by filtering is called subgrid-scale modeling (JIN Han-hui, L.U.O., 2002; Piomelli, U., 2001). 
Germono (1991) formulated the dynamic eddy viscosity model, replacing the model constant in the Smagorinsky 
(1963) model with a time and space dependent model coefficient. A dynamic procedure adjusts this coefficient to 
the local turbulence in such a way that locally the correct energy dissipation is provided (Germano, M., 1991).  

Compressible free shear layers occur in many complex problems of technological importance. A prototype 
free shear flow is the mixing layers. The mixing layer should be studied in a spatial or temporal frame work. 
Numerical simulation of such spatially developing mixing layers have mainly been performed in two dimensions, 
because the demand on computational resources is very high, since a large extent of the computational box in the 
stream wise direction is required. For this reason the temporal mixing layer is considered. Numerically most of 
simulations have been performed for temporal evolving mixing layers. Temporal mixing layers develop in time 
and not in space, from specified initial conditions. The streamwise direction is homogeneous. Then, periodic 
boundary conditions are applied in the direction and no inflow/outflow boundary are necessary in this approach. 
Temporal evolving mixing layers display the main characteristic of turbulence and qualitative comparisons of the 
dominant mechanisms can then be made with experimental results. However, such an approximation is not 
physical in some cases, for example interaction between a free shear flow and shock waves. Temporal mixing 
layer contains two streams with equal and opposite free-stream speed U, which is used as reference velocity 
(Leboissetier, A., 2005). In this case the free stream Mach number is equal to the convective Mach number that is 
important parameter of compressibility effects. The convective Mach number, introduced by Bogdanoff (1983), 
measures the intrinsic compressibility of a mixing layer. The LES of a spatially evolving mixing layers has been 
performed by Doris at the convective Mach number of 0.64. This convective Mach number was not high enough 
for capturing the shock (Doris, L., 2000).  

Direct numerical simulation (DNS) fine grids and have only been performed for temporal evolving mixing 
layers due to the high computational cost. Direct numerical simulations of temporal evolving mixing layers at 
different convective Much number have been performed by Pantano and Sarkar. In this paper, the temporal 
mixing layer are simulated in supersonic flow (M=1.4) and results are compared with the DNS results of Pantano 
and Sarkar (2002).  
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2 Governing Equations in LES: 
To obtain the equations governing the motion of the resolved eddies, we must separate the large from the 

small scales. LES is based on the definition of a filtering operation: a resolved variable, denoted by an overbar, 
is defined as:  
 

                                   (1) 

 
Where D is the entire domain, G is the filter function, and ∆ is the filter width associated with the 

wavelength of the smallest scale retained by the filtering operation. Thus, the filter function determines the size 
and structure of the small scales. In compressible flows it is convenient to use Favre-filtering to avoid the 
introduction of subgrid-terms in the equations of conservations (Germano, M., 1992). A Favre-filtered variable 
is defined as:  
 

   =                                                                      (2) 

 
The flow is governed by the filtered Navier-Stokes equations in their compressible form representing mass 

conservation, momentum conservation and energy conservation. In this paper, top-hat filter is used. The filtered 
equations can be described as: 

 

                                                  (3) 

 

                                    (4) 

 

 
 

                             (5) 

 

                                                           (6) 

 
)/ (                                     (7) 

 
                                                    (8) 

 
                                               (9) 

 
                                           (10)  

 

                                                (11) 

 

symbol is indicating test filtering where it is applied in the dynamic eddy viscosity and it is filtered 

double as main filter. In equations above, the viscous stress tensor σ is based on the temperature T and velocity 
vector u, 
 

                    (12)  

 
Where  
 

                      (13) 
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Is the strain rate tensor. The tensor is the kronecker delta. We have written the equations 3 to 5 such 

that the left-hand sides are the Navier-stokes equations expressed in the filtered variables. The right-hand sides 
of 3 to 5 contain the so-called subgrid-terms, which represent the effect of the unresolved scales. Unlike the 
terms at the left-hand sides, these terms cannot be expressed in the filtered flow variables. Since we use Favre 
filtered velocities, no subgrid-terms appear in the filtered continuity equation. The filtered momentum equation 
contains two subgrid-terms. The turbulent stress tensor  results from the nonlinearity of the convective 

term, whereas the second term in the filtered momentum equation  results from the nonlinearity of 

the viscous term and the fact that the Favre filter and partial derivatives do not commute. The second term is 
always neglected in high Reynolds number flows. The term  is the turbulent stress on the scalar level. It 

represents the kinetic energy transfer from resolved to subgrid scales. Furthermore,  is the pressure- velocity 

subgrid-term, representing the effect of the subgrid turbulence on the conduction of heat in the resolved scales. 
The pressure-dilatation  is purely a compressibility effect, since it vanishes if the flow is divergence free 

with constant density. The subgrid-scale turbulent dissipation rate  is the amount subgrid kinetic energy 

converted into internal energy by viscous dissipation. The last two terms,  and , are created by the 

nonlinearities in the viscous stress and heat flux, respectively. Like  in the momentum equations, 

these two terms are small compared to the other subgrid-terms (Ghosal, S., P. Moien, 1995; Garnier, E., 2009). 
 
3 The Dynamic Eddy-Viscosity Model: 

The model employs an eddy- viscosity, which like Molecular viscosity extracts energy from resolved Scales 
in the simulation and transferring energy from the resolved to the subgrid-scales. The dynamic eddy-viscosity 
model (Germano 1992) adopts Smagorinsky’s eddy- viscosity formulation, but the square of the Smagorinsky 
constant is replaced by a coefficient . The coefficient  is dynamically adjusted to the local structure 

of the flow in the following way. In each case the model denoted by  and can be written as:  

 
1)  , ,           (14) 

 
                             (15) 

 
2)  

 

                      (16) 

 
3)  

 

                                                         (17) 

 
In equation (16), Prt   is the dynamic turbulent Prandtl number and  the ratio of the specific heats  and 

 and M is the Mach number. In equation (17), is the subgrid turbulent kinetic energy and  is a 

dynamic coefficient which is assumed to be a function of time only (Moien, P., 1991). 
 
4 Numerical Method: 

In this section we present the numerical algorithm used to solve the filtered Navier-Stokes equations. The 
equations are discretized on a uniform rectangular grid and the grid size in the xi-direction is denoted by hi.  The 
smallest resolved scale in LES is the filter width ∆, which determines the grid size. Usually hi is chosen equal to 
∆i or 0.5∆i.The optimal choice, is 0.5∆i because the total simulation error is minimal for ∆=2h (Meyers, J., 
2004). The left-hand sides of 3 to 5 equations can be written in the following form: 
 

                                                 (18) 
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Where the state vector contains the conserved variables and  is total flux in the 

direction. In the following we turn to the discreatization of the spatial and temporal derivatives, respectively. For 
the discretization of the spatial derivatives distinguishes between convective and viscous terms. Both 
convective and viscous fluxes discretized on a uniform Cartesian mesh using a second order, central scheme 
cell-averaged finite-volume approach. Using Green theory, cell- averaged of a derivative inside a computational 
cell can be related to the surface integral on the cell faces: 
 

         (19) 

 
Where is the component of surface cell vector along j-th spatial coordinate. Second order derivatives, 

which must be computed for viscous fluxes, can be computed in a similar way. Second order derivatives inside 
the cell can be reduced to the first order derivatives on the cell faces: 
 

                                 (20) 

 
Subsequently these first order derivatives on cell faces can be reduced to the surface integral on the faces of 

the control volume containing the associated cell face. This control volume for each cell face is called staggered 
cell. Fig. 1 shows two neighboring uniform Cartesian cells (i, j, k)and (i,j,k+1). Solid lines indicate the staggered 
cell containing the face between these two cells. 
 

 
 

Fig. 1: Computational cells (i, j, k) and (i, j, k+1) (—) and staggered grid for cell face between these two cells (-
--) in three dimensional (Fathali, M., 2007). 

 
The time stepping method which we adopt is an explicit four-stage compact- storage Runge-Kutta method. 

When we consider the scalar differential equation du/dt =f (u), this Runge-Kutta method performs within one 
time step δt, 
 

  =             (21) 

 
With and = .With the coefficients β1 = 1/4, β2 = 1/3, β3 = 1/2 and β4 = 1 

this yields a second-order accurate time integration method (Fathali, M., 2007). 
 
5 Boundary Conditions: 

We consider the three-dimensional temporal mixing layer in the rectangular domain [0, L1] × [-0.5 L2, 0.5 
L2] × [0, L3], where L1, L2 and L3correspond to the steamwise (x1), normal (x2) and spanwise (x3) directions, 
respectively. Periodic boundary condition are imposed in the stream and spanwise directions,  
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                  (22) 

 
where Φ represents an arbitrary flow variable. The boundaries in the normal direction are free-slip walls, 

which implies a zero normal velocity and zero normal derivatives of density, pressure and tangential velocities 
(Grinestein, F.F., 2004). 
 
6 Initial Conditions: 

The initial mean velocity profile is the hyperbolic tangent profile,  
 

,                     (23) 

 
Whereas the initial temperature profile is obtained from the Busemann-Crocco law, 

 
          (24) 

 
Where γ is the ratio of the specific heats  and  From the temperature and a uniform mean pressure 

distribution ( ) the density is obtained using the equation of state for an ideal gas. In order to initiate 

turbulence, a perturbation consisting of eigen functions provided by linear stability theory is superimposed on 
the mean profile (Sandham & Reynolds 1991). Linear stability theory is essential to understand the initial 
development of the flow. In this theory the Navier-Stokes equations are linearized around the mean profile to 
obtain equations for the disturbances around the mean flow field. Each wave disturbance is represented in the 
form, 
 

                                   (25) 

 
Where the real part of  is a disturbance on the mean profile of ρ, ui or T . The parameters α and β are the 

real wave numbers characterizing the specific mode. Substitution of this disturbance in the linear stability 
equations yields an eigen value problem with complex eigen value and complex eigen 

function  (Sandham, N.D., W.C. Reynolds, 1991; Gurber, M.R., 1993). 

 
7 Defining Substantial Parameters: 

Three substantial parameters in mixing layers are convective Mach number, vorticity and momentum 
thickness that indicated with equations (26), (27) and (28), respectively. 
 

      (26) 

 

                                                      (27) 

 

(1 ) ( ) d                       (28) 

 
In above equations,  is the difference of velocity of upper and lower layers  and , 

 are the speeds of sound for upper and lower  layers, respectively (Balaras, E., 2001; Freund, J.B., 2000). 

 
8 Description of Shocks: 

The temporal mixing layer is simulated at convective Mach number M = 1.4. The Reynolds number based 
on the upper stream velocity and half the initial vorticity thickness equals 100. The initial condition is formed by 
the mean profiles described in section  6 superimposed with a disturbance consisting of one pair of equal and 
opposite oblique modes. The two modes are denoted by (1,1) and (1,-1) and correspond to the most amplified 
waves in the linear stability problem. The amplitude of the initial disturbance is 0.1 for each mode. The stream 
and spanwise wavelengths of these modes determine the sizes of the computational domain in the homogeneous 
directions, given by L1=40 and L3=22 respectively. The length of the domain in the normal direction is 
L2=60. Since shocks can be identified by strong pressure gradients, the finite-volume scheme is applied when 
the pressure gradient exceeds a threshold value. More specifically, when 
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( > c                         (29) 

 
at a certain time t. In  expression (29) si is called the shock- sensor in the xi-direction, whereas ∆xi and 

denote the grid-spacing and the initial  mean pressure respectively  and have been incorporated  in order to 

make si independent of the scaling of the equations. c is a threshold value and for the flow simulated (Clemens, 
N.T. and M.G. Mungal, 1992). In this paper c=0.2 appears to give satisfactory results.   

The flow is simulated on a uniform grid, whereas from t = 0 until t = 200 the simulation is performed on a 
grid with 40 × 64 × 24 points. In the flow, a transition to small scales is observed. At t = 80 the growth of the 
initial perturbation has saturated, nonlinear effects have set in and a vortex structure has developed. When time 
proceeds, additional vortices are formed away from the central layer. These vortices break down into smaller 
vortices, and thus the flow undergoes a transition to small scale turbulence. The results evolution of vorticity 
and momentum thickness are compared with the results of DNS, respectively (Fig. 2, Fig. 3). During this 
process, the momentum thickness rapidly grows and is approximately linear in time. At several times shock-
waves are observed. The simulation is stopped at t =200, since not far beyond this time the growth of the layer 
will slow down when the layer reaches the free-slip walls. Thus, the occurrence of shock-waves in the three-
dimensional mixing layer appears to require a mixing transition to small scales. 
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Fig. 2: Evolution of vorticity thickness using LES (solid) and DNS (dashed). 
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Fig. 3: Evolution of momentum thickness using LES (solid) and DNS (dashed). 
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The flow contains shock-waves in three distinct periods: t=121-123, t=181-183 and t=198-200. Since a 
shock corresponds to a large pressure difference in the direction perpendicular to the shock, it can be detected 
by examining the flow field at times, where at least one of the components of shows a high peak. 

Furthermore, since shocks lead to a strong compression of the fluid, the dilatation  attains large negative 

values within a shock. We have identified the three periods using the shock-sensor , based on the pressure 

gradient (Fig. 4). The shocks occurring in each period will be discussed in more detail below. 
 

 
Fig. 4: Evolution of the shock tensor . 

 
First, we investigate the shocks in the first period (t=121-123) and determine their origin.  Maximum 

values of one of the components of the pressure gradient occur in the center plane x2 = 0. Fig. 5 shows 

contour lines of the pressure in this plane at t = 122 and four shocks are observed. Since there are two 
symmetries in the center plane, it is sufficient to consider the shock at the point (10.0, 0.0, 6.0). Because the 
shock contains strong gradients in the x3-direction, we say that its orientation is in the x3 

-direction. If the fluid 

passes through a shock the pressure jumps from a low to a high value. In general, low pressure regions 
correspond to the cores of vortices, whereas high pressure regions are associated with stagnation points. Fig. 6 
shows the velocity vectors in the plane x2=0. The velocity vectors in Fig. 7 display a spanwise vortex in the 

plane x3=6, which is in front of the shock. The axis of the vortex is at x1=10. This shock is created by a 

sucking vortex which accelerates the fluid along its axis. The shock exists for only a short time, since the 
turbulent flow structure changes rapidly. 
 

 
 

Fig. 5: Contours of the pressure at t=122 in the plane x2 =0. 
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Fig. 6: Velocity vectors at t=122 in the plane x2 =0. 

 

 
Fig. 7: Velocity vectors at t=122 in the plane x3=6. 

 
The orientation, shape and related vortex structure of the shocks at t=182 is different from t=122.  Fig. 8 

shows the pressure in the plane x3=0, which contains the maximum pressure gradient at this time. The two 

shocks in this plane are symmetric and a similar pattern is found in the plane x3=11. In order to study the flow 

structure around (25.0, 5.0, 0.0) in more detail, we turn to the velocity vector plots in the planes x3= 0 (Fig. 9) 

and x2=5 (Fig.10). Fig. 9 shows that the streamwise velocity component through the shock is opposite to the 

upper free stream velocity. Two counter rotating vortices are observed in Fig.10. Not surprisingly, the velocity 
attains relatively high values in the region between these two vortices and becomes supersonic. A shock- wave 
occurs, since the velocity of the fluid has to be reduced in order to reach the stagnation point further 
downstream. Hence, the mechanism which creates shocks is not unique; at t=122 the supersonic flow along the 
axis of a vortex creates a shock, whereas at t=182 the supersonic flow between a pair of counter rotating 
vortices gives rise to a shock. 

Shocks appear for the third time at t = 200. Fig. 11 shows the pressure in the plane with maximum 
pressure gradient, x3 =4. The region enclosed by the pair of shocks is a high-pressure region and contains a 

stagnation point. In this case, the shocks fill a relatively large part of the domain and it is difficult to identify 
separate vortex structures which create the shocks. 
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Fig. 8: Contours of the pressure at t=182 in the plane x3 =0. 
 

 
Fig. 9: Velocity vectors at t=182 in the plane x3 =0. 
 

 
Fig. 10: Velocity vectors at t=182 in the plane x2 =5. 
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Fig. 11: Contours of the pressure at t=200 in the plane x3 =4. 
 
9 Conclusions: 

The compressible temporal mixing layer at convective Mach number 1.4 has been simulated using LES. 
With an initial perturbation of two equal and opposite oblique modes, the flow undergoes a transition to small 
scales. The turbulent flow contains instantaneous shocks at several times. A second order, central scheme cell-
averaged finite-volume method has been introduced in order to accurately represent both the turbulence and 
the shocks. The numerical database has been analyzed in detail at the times when shocks appear. Different 
types of turbulent vortices that generate the shocks have been identified: a vortex which accelerates fluid along 
its axis and a pair of counter rotating vortices. 
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