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Abstract: In this paper, we will construct a kernel K(x,y) and verify that it is a reproducing kernel
in Hilbert space (RKHS). The basic facts and important properties of an RKHS will be reviewed.
Diagonal matrices will be used in the construction of the reproducing kernel. We will construct a
reproducing kernel and extend the kernel Cox regression model for the survival data of HIV patients
by estimating the risk or loss function. The results from analysis indicate that the kernel method is
efficient and helpful in predicting the risk or survival of patients.
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INTRODUCTION

It is known (Aronszajn 1950, Berlinet et al. 2003, Burbea 1976, Hille 1972, Wahba 1998, Li et al. 2003)
that the theory of reproducing kernels is a highly flexible tool in many fields of mathematical investigations.
There exist connections between the reproducing kernels and the problems of conformal mapping, potential
theory, dispersion inequality in high energy physics and statistics. Models based on reproducing kernel Hilbert
space (RKHS) can handle wide variety of data distributions and problems. RKHS can estimate model
derivatives, integrals, values of functions including meaningful projections or components of the model. Kernel
Cox regression models with simple natural inner product kernel were introduced by Li ef al. (2003) for
relating expression profiles to censored survival data and applied to cancer data sets. The basic facts that are
essential to understand RKHS will be reviewed before we generate a reproducing kernel. The kernel will be
used to find

the link function f(x)= ZaiK (x,) of the general Cox model. We will use the negative log partial likelihood

as the loss function to determine the optimal values of the HIV survival data and compare the results
obtained by using the kernel constructed with the simple inner product kernel.

Reproducing Kernel Hilbert Space:

Let H be a Hilbert space of functions on some domain 7 such that for every t ¢ T there exists an
element #, € H such that

f@)=<n,f> foreveryfeH,

where <,> is the inner product in H.

Let K(S,t) =<1,,1, > .Then K(s,t) is positive definite on TxT, meaning

Zaia ;K(#,,t,)20 forevery f,t,,....,t, €T K is called the reproducing kernel for H. The term “reproducing
i

kernels” originated from < K(¢,-), K(s,-) >= K(s,¢). We can define RKHS as follows.
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Definition 1:
Given a set 7, H is a reproducing kernel Hilbert space (RKHS) on T over R, provided that

i. H is a vector subspace of F(7, R), the set of all functions from 7~ R.
ii. H is endowed with an inner product in Hilbert space,
iii. For every ¢t € T, the linear evaluation functional G, : H-R defined by Gt (f)=f(t) is bounded.

Subspaces of RKHS are also RKHS and the reproducing kernels can be obtained on variety of domains.

The Moore- Aronszajn Theorem:
This theorem states that every symmetric and positive definite kernel defines a unique reproducing kernel
Hilbert space (Berlinet 2003).

Theorem 1:

Suppose K is a symmetric and positive definite kernel on a set 7. Then there exists a unique Hilbert
space of functions on 7 for which K is a reproducing kernel.
The space H can be constructed as follows (Berlinet 2003):

Let K =K(x,-) for all x in T. Let H, be the linear span of {Kx ‘X € T} . Let an inner product on H,

be defined as

<i 4K, Zn:ijy, > = i Zn:a_iij(yj’ X;)-
i=1 7=

i=l j=1

Note that K is positive definite and the symmetry of this inner product follows from the symmetry of K.
Let H be the completion of H,, with respect to this inner product. Then H consists of functions of the form

f@=Y K, ()

which converges for every x follows from the Cauchy-Schwarz inequality. By the reproducing kernel
properties,

<f’Kx>:<2aini’Kx>:iaiK(xi’x) = f(x).

Constructing a Reproducing Kernel:
To construct a reproducing kernel, we must verify that it satisfies the properties of RKHS.
Suppose data to be analyzed are real vectors of R and any object is written as

T
x=<x1,x2,...xp) :

For any x,y € R?, let K(x,y) =x"4 y, where A4 is a px p symmetric and positive definite matrix. The function
K (x,y) is a kernel and it is symmetric. Indeed, since A4 is symmetric,

K(x,y)=x"Ay=y" Ax
The positive definiteness result from the following simple calculation is valid for any

n>0, X,X,,....,x, €R” and ¢,c,,...,c, €R
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Zn:Zn:cl.ch(xi,xj) :izn:cicjxiTij

i=l j=1 i=1 j=I
. T

= (cl.xl.) A(c;x))

=

T
=(Zcixij A chxj >0,
j=1

i=1

since 4 is symmetric.

Let 4 and B be diagonal matrices:
a, 0 b, 0

a, b,

0 a 0 b

P L P

. a,>0,b>0,i=12,...

For the vectors XZ(XI,XZ,...,XP) and y:(yl,yz,...,yp) we have

Ax:(alxl,azxz,..., apxp) , By:(blyl,bzyz,..., bpyp)

Then,
K(x,y)=<Ax,By >
=(alxl,azxz,...,apxp)(blyl,bzyz,...,bpyp)

= (alblxly1 +a,b,x,y, +...+apbpxpyp)

a,b, 0
a,b,
- (xl Y2 xp)
i 0 apbp
=x'Cy,
[ab, 0 ]
a,b
where C = 22
0 apbp

Clearly, C is positive definite and symmetric.
Hence, K (x, y) = < Ax, By > 1is positive definite.
Therefore, it is shown that K(x,y) is reproducing kernel.
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Kernel Method and its Application:
We use the kernel K (x, y) = < 4x, By > to find fx) for the general Cox model

At | x) =2, ()exp(f(x,)) 1)

by considering a regularized formulation of Cox regression as a problem in terms of reproducing kernel
Hilbert space (RKHS), Hy and finding

minR,, ()=~ V(6.3 )+,

where V' (¢,,0,, f(x;)) is the loss function which depends only on f{x) at points { f (xl.)}:l:1 . The norm
2
defined in H, is denoted as ” f ” where f=b+h , he H K> beR and &>0is a tuning parameter. The

negative log partial likelihood as the loss function is used in the general Cox model (1).
This leads us to finding the function f{x) such that

I & 2

R, (f)= —;Z@-[f(x,-) —log{> exp(f(x)}1+&| 1], )
i=1 JER;

is minimized where R, ={j: l; 2t,, j=1,2,...,n}is the set of individuals who were at risk at t, . The

solution of this problem is known as the representer theorem and was given by Kimeldorf and Wahba, in
which the optimal f{x) has the form

f(x)=b+zn:aiK(x,xi) 3)

where K is the reproducing kernel of Hy, . The constant b is omitted in the solution procedure because it
can be absorbed into baseline hazard function (1). We chose the diagonal matrices as

P 0 g 0

A= . and B = . ,

0 )% 0 q

where p is the number of covariates and q is the number of individuals or patients.

We have

Ax:p(xl,xz,...,xn) , By:q(yl,yz,...,yn),and.K(x,y):<Ax,By>

Therefore,

S(x)=Y a,K(x,y)=) a,< Ax,By >
i=1 i=1
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f(x):qual.(x1y1+x2y2+...+xnyn)

i=1

= izn:pq a, X;y;

i=l j=1

:Z quaiyi j:Zﬂj'xj
=1 \Ui=1 J=1

J

where 8, = pqa,y,
i=1

The negative log-likelihood function

R (N=-235| f(x)-log| Texa(fCx )y | +E LT,

JER;

=—>a,| Y6 K(x.x) |+ 5 m{B 1 +E) | Y aK(x,x)) |,
i=1 Jj=1 i=1 i=1 Jj=1

where Rl. = {] . Z‘J. 2> t, j= 1,2,...,11} is minimized by using Newton-Raphson method.

The optimal values of vector @ =(a,,d,,...,a,) are applied to find the function f(x)= ZaiK (x,y) .
=)

RESULT AND DISCUSSION
The kernel method was applied to the set of data of 30 HIV positive patients and we observed the

scores f(x)= ZaiK (x,¥). We then compare the values of exXp(f(x;)) of the Cox model using our
i=1
kernel with the normal linear product kernel K (x, y) = < x, y >. and tabulated our observation in Table 1.
We observe from the evaluation of exp(f (x;)), the kernel that we constructed contribute to better survival
values for the HIV data.

n
The scores f (x)= ZaiK (x, y)is divided into two groups, that is £ (x) > 0 and f (x) < 0 and the graphs
i=1
for both kernels observed are shown in Figure 1 and Figure 2.
We observed that the higher the scores of f (x), the higher the risk of death of the HIV patients. Both
graphs show that there is better chance of survival among patients with scores of f (x) < 0.

Conclusion:

More reproducing kernels can be constructed and applied to variety of data provided that we show the
kernels satisfy the properties of RKHS. These kernels can be applied in model of several areas of research.
There exists a connection between kernels and data distributions, and that RKHS method can solve variety
of mathematical and statistical problems.
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Tablel: Observation of exp(f (x)) of Cox Model for K (x, y).

Patient K (x, y) = < 4x, By > K@xy)=<xy> Cox Model
1 2.9405 3.2403818 27.8196
2 3.0217 3.8246125 10.4187
3 3.8021 5.2435605 23.6077
4 4.9425 4.2652138 45.4592
5 3.2467 4.2868631 29.3164
6 2.8353 2.9142841 18.4812
7 2.4997 2.6768211 18.4812
8 2.0633 3.663222 10.9792
9 1.9951 3.5811284 10.9792
10 1.6121 2.9216439 9.5976
11 1.8782 2.9891451 6.3759
12 1.9424 3.057668 6.3759
13 1.5540 3.0255897 10.9792
14 1.3621 2.4066893 6.3759
15 1.6152 3.6464047 24.8778
16 0.2386 0.4769012 6.3759
17 0.2844 0.5698326 7.2937
18 0.3895 0.5310882 27.8196
19 0.8849 0.8525557 18.4812
20 0.4457 0.7716174 7.2937
21 0.6126 0.9008599 6.3759
22 0.7856 0.989134 10.4187
23 0.3208 0.582335 6.3759
24 0.3394 0.6956894 10.9792
25 0.6072 1.0299788 10.9792
26 0.3208 0.582335 6.3759
27 0.7644 0.9710854 10.4187
28 0.5828 0.7462854 6.9213
29 0.4781 0.7621889 6.3759
30 0.6378 0.7931566 6.9213
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Fig. 1: Survival Curves of Patients in Two Groups for K (x, y) = < Ax, By >.
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Fig. 2: Survival Curves of Patients in Two Groups for K (x, y) = <x, y >.
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