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Abstract: In this paper, two successive schemes for solving linear fuzzy Fredholm integral equations

are presented. Using the parametric form of fuzzy numbers, we convert linear fuzzy Fredholm integral

equation of the second kind to a linear system of integral equations of the second kind in the crisp

case. We use two schemes, successive approximation and Taylor-successive approximation methods,

to find the approximate solutions of the converted system, which are the approximate solutions for

the fuzzy Fredholm integral equation of the second kind. The proposed methods are illustrated by two

numerical examples.
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INTRODUCTION

The fuzzy integral equation theory has been well developed (Friedman et al. 1999; Goetschel et al. 1986;

Ma et al. 1999; Puri et al. 1986). Wu and Ma (Wu et al. 1990) investigated the fuzzy Fredholm integral

equations for the first time. In recent years, some numerical methods have been introduced to solve linear

fuzzy Fredholm integral equations of the second kind (FFIE-2). These methods can be found in (Abbasbandy

et al 2006, 2007;  Goghary et al. 2006; Ghanbari et al. 2009). 

In the present work, we are going to construct two different numerical schemes for linear fuzzy Fredholm

integral equations of the second kind based on successive approximation method. These schemes obtain the

approximate-analytical solutions for FFIE-2. 

The remainder of the paper is organized as follows. The next section presents the basic notations of fuzzy

numbers, fuzzy functions and fuzzy integrals. Then linear fuzzy Fredholm integral equations of the second kind

and its parametric form are discussed; and we observe the parametric form of the FFIE-2 is a system of linear

Fredholm integral equations in the crisp case. Then we explain the successive and Taylor-successive

approximation methods for the Fredholm integral equation of the second kind. Next we apply these methods

on the system of Fredholm integral equations produced by FFIE-2, for some examples. Finally, we compare

these results with the exact solutions. 

2. Preliminaries:

Here we recall the basic notations for symmetric fuzzy numbers and symmetric fuzzy linear systems.

Definition 2.1:  

Klir et al. 1997. A fuzzy number is a map                    which satisfies:  

i. u  is upper semi-continuous;

ii. u(x)=0  outside some interval [c,d] � R; 

iii. There exist real numbers a,b such that c�a�b�d where:  

       - u(x) is monotonic increasing on [c,a], 

       - u(x) is monotonic decreasing on [b,d], 



Aust. J. Basic & Appl. Sci., 4(5): 817-825, 2010

818

       -                       . 

The set of all the fuzzy numbers is denoted by     . An equivalent parametric definition of fuzzy numbers

is given in (Goetschel et al. 1986; Ma et al. 1999) as 

Definition 2.2:  

An  arbitrary  fuzzy  number  in  parametric  form  is  represented  by  an  ordered  pair of functions

                      , that satisfies the following requirements

i       is a bounded left-continuous non-decreasing function over [0,1],

ii        is a bounded left-continuous non-increasing function over [0,1],

iii                          .

For arbitrary                     ,                     and         we define addition and multiplication by

k as

                              , 

                              , 

                                         if         ,

                                       if         .

Definition 2.3: 

 For arbitrary fuzzy number             , we use the distance (Goetschel et al. 1986)

                                                              , and it is shown that           is a complete metric

space (Puri et al. 1986). 

Definition 2.4:  

Friedman et al. 1999; Goetschel et al. 1986. Let                  , for each partition                  of 

[a,b] and for arbitrary                 ,            suppose

                               , 

                                      . 

The definite integral of f(t) over [a,b] is

                           ,

provided that the limit exists in the metric D . If the fuzzy function f(t) is continuous in the metric D , its

definite integral exists (Goetschel et al. 1986), and also,  

                                 , 
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                                 . 

3  Fuzzy Integral Equation:

The Fredholm integral equation of the second kind is (Hochstadt 1973)

  (3.1)

where                  is an arbitrary  given kernel  function over the square               and  f(t) is given

function of             . If f(t) is a crisp function then the solution of (3.1) is crisp as well. However, if f(t)

is a fuzzy function these equations may only possess fuzzy solutions. Sufficient conditions for the existence

equation  of   the  second   kind,  where  f(t)  is  a fuzzy  function,  are  given  in  (Wu  et  al.  1990).

Here, we introduce parametric form of a FFIE-2  with respect to Definition 2.4.  Let                    and

                             and             are parametric form of f(t) and u(t), respectively then, parametric

form of FFIE-2 is as follows

  (3.2)

where

                                                            

and

                                                                

For  each               and              . We can see that (3.2) is a system of linear Fredholm integral

equations in the crisp case for each               and             . In next section, we explain two different

successive schemes  as  numerical  algorithms  for  approximating solution of this system of linear integral

equations  in  the  crisp  case  then,  we find the approximate solutions  for          and         , for  each

           and             .

4 Successive Schemes:

In this section, we first review the iterative method (Daftardar-Gejji et al. 2006) briefly. Let us consider

the general functional equation

  (4.1)

where, N is a nonlinear operator and f is a known function. To find a solution, y, we assume that 
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  (4.2)

So, for the nonlinear operator N, we have

  (4.3)

Substituting (4.2) and (4.3) into (4.1), we deduce that

  (4.4)

Regarding  (4.4), we define

 (4.5)

Hence, 

  (4.6)

and

 (4.7)

Now, we denote          order approximation of y by                 , which     ’s are obtained by (4.5).

Therefore we have 

  (4.8)

and in the general form

  (4.9)

Thus, the           order approximation of          , is easily produced iteratively via the recurrence

relation
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 (4.10)

with the initial value

 (4.11)

The method (4.10) is called the successive approximation scheme. Although the successive approximation

scheme (4.10) has its advantage but it may be difficult to calculate the components           and also require

a large amount of computation. To overcome these disadvantages,  the Taylor successive approximation scheme

is proposed. Indeed, we use the Taylor series expansion in (4.10) and (4.11).

 

For a given function g(x), we denote its         order Taylor series expansion at zero by            , i.e.,

 (4.12)

Substituting the         order Taylor series expansion of          into (4.10), we derive  

                     ,

 (4.13)

In  fact,  calculation  of                     for                 is  simple,  because                  , for

             are  now expressed as  polynomials. Furthermore,             , for               has at most v+1

terms and the amount of computation is consequently reduced.

5 Main Results:

The following successive schemes can be obtain by substituting (4.10) and (4.13) for (3.1),

  (5.1)

and

  (5.2)
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In the following theorem, we prove the convergence of these methods. 

Theorem 5.1:

Consider the nonlinear functional equations (5.1) and (5.2). Define 

  (5.3)

And

  (5.4)

If                  and       be contraction i.e., 

 

and 

then the successive approximation methods (5.1) and (5.2) converge to the exact solution of equation (3.2).

Proof: 

If we consider (5.3), then convergence of  (5.1) is obtained from Theorem 4.1 in (Hosseini, 2010). In the

same way, if we consider (5.4) then analogously to the demonstration of Theorem 4.1 in (Hosseini, 2010), we

can prove the convergence of (5.2). 

Example 5.1: 

Consider the fuzzy Fredholm integral equation of the second kind (3.1) with  

                                                        , 

                                                            ,

and 

                             ,                 ,  

and                 .

The exact solutions are given by 

 

               ,                       for all              and             .

By applying the successive approximation scheme (5.1), one can see that, some first terms of the

successive approximation series are as follows:  
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and

 

 

 

  

We use           and           as approximations for          and          , respectively. The exact and

obtained solutions of the fuzzy Fredholm integral equation at t = 1are compared in Table 1 and illustrated in

Figure 1.

Table 1: The exact and approximate solutions for t = 1.

r

0 -9.3512 e-005 0.0 1.999807 2.0

0.1 0.09990152 0.1 1.899812 1.9

0.2 0.1998965 0.2 1.799817 1.8

0.3 0.2998916 0.3 1.699822 1.7

0.4 0.3998866 0.4 1.599827 1.6

0.5 0.4998816 0.5 1.499832 1.5

0.6 0.5998767 0.6 1.399837 1.4

0.7 0.6998717 0.7 1.299842 1.3

0.8 0.7998667 0.8 1.199847 1.2

0.9 0.8998617 0.9 1.099852 1.1

1 0.9998568 1.0 0.9998568 1.0

Fig. 1: The exact and approximate solutions for t = 1 

Example 5.2: Consider the fuzzy Fredholm integral equation (3.1) with 
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and

 

and                  . 

The exact solutions are given by

                                 ,                                     , for all                and               .

In this example, we apply the Taylor-successive approximation scheme (5.2). Some first terms of the

Taylor-successive approximation series are as follows:  

  

 

 

and  

  

  

 

  

We  use           and           as approximations for          and          , respectively. The exact and

approximate solutions of the fuzzy Fredholm integral equation at t = ð are compared in Table 2 and illustrated

in Figure 2.

6 Conclusions:

In this paper, we have outlined two successive schemes for solving fuzzy Fredholm integral equation of

the second kind based on parametric form of fuzzy numbers. The results obtained by these schemes have been

well adapted to the exact solutions. Moreover, the convergence theorem has been presented for these methods.
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Table 2: The exact and approximate solutions for  t = ð

r

0 0.0000188405 0 3.9994 4

0.1 0.110001 0.11 9.8984 3.899

0.2 0.239981 0.24 3.79142 3.792

0.3 0.389957 0.39 3.67244 3.673

0.4 0.559931 0.56 6.53546 3.536

0.5 0.749901 0.75 3.37449 3.375

0.6 0.959868 0.96 3.18352 3.184

0.7 1.18983 1.19 2.95655 2.957

0.8 1.43979 1.44 2.68759 2.688

0.9 1.70975 1.71 2.37064 2.371

1 1.9997 2.0 1.9997 2

Fig. 2: The exact and approximate solutions for t = ð
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