Australian Journal of Basic and Applied Sciences, 4(5): 817-825, 2010 QIBAS

ISSN 1991-8178 Ainraban Jearnal of

L ]

Two Successive Schemes for Numerical Solution of
Linear Fuzzy Fredholm Integral Equations of the Second Kind

'Omid Solaymani Fard, "*Mahmood Sanchooli

'School of Mathematics and Computer Science, Damghan University of Basic Sciences, Damghan,
Iran.
*Member of Young Researchers Club, Islamic Azad University, Aliabad Katul Branch, Aliabad
Katul, Iran.

Abstract: In this paper, two successive schemes for solving linear fuzzy Fredholm integral equations
are presented. Using the parametric form of fuzzy numbers, we convert linear fuzzy Fredholm integral
equation of the second kind to a linear system of integral equations of the second kind in the crisp
case. We use two schemes, successive approximation and Taylor-successive approximation methods,
to find the approximate solutions of the converted system, which are the approximate solutions for
the fuzzy Fredholm integral equation of the second kind. The proposed methods are illustrated by two
numerical examples.
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INTRODUCTION

The fuzzy integral equation theory has been well developed (Friedman et al. 1999; Goetschel et al. 1986;
Ma et al. 1999; Puri et al. 1986). Wu and Ma (Wu et al. 1990) investigated the fuzzy Fredholm integral
equations for the first time. In recent years, some numerical methods have been introduced to solve linear
fuzzy Fredholm integral equations of the second kind (FFIE-2). These methods can be found in (Abbasbandy
et al 2006, 2007; Goghary et al. 2006; Ghanbari et al. 2009).

In the present work, we are going to construct two different numerical schemes for linear fuzzy Fredholm
integral equations of the second kind based on successive approximation method. These schemes obtain the
approximate-analytical solutions for FFIE-2.

The remainder of the paper is organized as follows. The next section presents the basic notations of fuzzy
numbers, fuzzy functions and fuzzy integrals. Then linear fuzzy Fredholm integral equations of the second kind
and its parametric form are discussed; and we observe the parametric form of the FFIE-2 is a system of linear
Fredholm integral equations in the crisp case. Then we explain the successive and Taylor-successive
approximation methods for the Fredholm integral equation of the second kind. Next we apply these methods
on the system of Fredholm integral equations produced by FFIE-2, for some examples. Finally, we compare
these results with the exact solutions.

2. Preliminaries:
Here we recall the basic notations for symmetric fuzzy numbers and symmetric fuzzy linear systems.

Definition 2.1:
Klir et al. 1997. A fuzzy number is a map : F— I =[0,1] which satisfies:

i. u 1is upper semi-continuous;

ii. u(x)=0 outside some interval [c,d] < R;

iii. There exist real numbers a,b such that c<a<b<d where:
- u(x) is monotonic increasing on [c,a],
- u(x) is monotonic decreasing on [b,d],
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~w=l,agsr2h .

The set of all the fuzzy numbers is denoted by £ . An equivalent parametric definition of fuzzy numbers
is given in (Goetschel ef al. 1986; Ma et al. 1999) as

Definition 2.2:
An arbitrary fuzzy number in parametric form is represented by an ordered pair of functions

(), 800, 0 2r £1 | that satisfies the following requirements

i u(r) is a bounded left-continuous non-decreasing function over [0,1],
ii E(.?':I is a bounded left-continuous non-increasing function over [0,1],
i w(ry EE(,0 8y £1

For arbitrary ¥ =[W¥rLIAr} , v={Ar),Pr)} and K<€ K we define addition and multiplication by
k as

(w+v)ir) = lulrj+vir)|
(0+vr) = (T + 70
Ju(ry=k(u(r)) , Ra(ry=k(@er) it k20,

Ri(r) = k(u(r)) , Ja(r)=R(EY) it k<0

Definition 2.3: i
For arbitrary fuzzy number #, ¥ £ & | we use the distance (Goetschel et al. 1986)

D(u, V:I = FUP L a maxﬂﬁ(r)— 17(.?") |,|E£I(.?":I —‘fl(.?":l |} , and it is shown that I:EI,D:I is a complete metric
space (Puri et al. 1986).

Definition 2.4:
Friedman et al. 1999; Goetschel et al. 1986. Let F :[@.5]— E* | for cach partition P =14y,.. .1, of

[a,b] and for arbitrary & € [f3,4] , 151 =5 suppose

RF = E;::lf(e'ij(gi _55_1:' )

A=max{|t -t [Li=l,. ., n

The definite integral of f(¢) over [a,b] is
3

JoF ©dt =limuoRs .

provided that the limit exists in the metric D. If the fuzzy function f(#) is continuous in the metric D, its
definite integral exists (Goetschel et al. 1986), and also,

([[F&rdn = [ ferxt,
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3 Fuzzy Integral Equation:
The Fredholm integral equation of the second kind is (Hochstadt 1973)

F)= 7 +AI:K(S,.;)F(5).:£S 3.1)

where A = 0, K(5.1) is an arbitrary given kernel function over the square & =£, 5 =& and f(1) is given
function of I E[a, f:'] . If f{t) is a crisp function then the solution of (3.1) is crisp as well. However, if f(?)

is a fuzzy function these equations may only possess fuzzy solutions. Sufficient conditions for the existence
equation of the second kind, where f{t) is a fuzzy function, are given in (Wu et al 1990).

Here, we introduce parametric form of a FFIE-2 with respect to Definition 2.4. Let l:f(l‘,.‘f’:l,?l:l‘, .‘r’:I:I and
(E(I,Y},EI:I,Y}},D Zr =]l and te [ﬂ', f:'] are parametric form of f{?) and u(z), respectively then, parametric
form of FFIE-2 is as follows

wlt, r) = fit, /) + A wis,tuls,r), (s, rids,

— (3.2)
T A= Fr+ ,1‘[ W (5,8,0(s, Py (S, P

where

_ | K tiuls, r), Kisriz1,
s dalenr), 80, ) _{K(S,I}E(s, A, Es,r) <0
and

_ {K (s, 005, 71, K(s, 71210,
wis tals, #), 85 =
: K5, tuisr), Kis,rm)<0.

For each 0Z7 =] and @=fZl . We can see that (3.2) is a system of linear Fredholm integral
equations in the crisp case for each 0=r=1 and @=¢t =& . In next section, we explain two different
successive schemes as numerical algorithms for approximating solution of this system of linear integral
equations in the crisp case then, we find the approximate solutions for EI:I, .?':I and #(t,¥}, for each
0<rdl and =t 5h .

4 Successive Schemes:

In this section, we first review the iterative method (Daftardar-Gejji et al. 2006) briefly. Let us consider
the general functional equation

y=Ny+ (4.1)

where, N is a nonlinear operator and f is a known function. To find a solution, y, we assume that
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y= i.}ﬁ (4.2)
imll

So, for the nonlinear operator N, we have

N Zu“"] =NUD)+Z[N[§}’J-]‘N ;tyi]] “3)

Substituting (4.2) and (4.3) into (4.1), we deduce that

> =f+N{yu}+i[N[§yj]—N zlyj]] o

i=l =)

Regarding (4.4), we define

¥o =f,
¥ = Myl

Yo = Ny o) — Ny, (4.5)

T N(yﬂ + ...+l}rm:| —N(};D +...+ym_1:|, mr 1

Hence,

Yot ot Vs = Ny ot yp) m20 (4.6)

and

Y=L 2)’;‘ @7
im

2
Now, we denote Mm — order approximation of y by FM = Z_}’z- , which }; ’s are obtained by (4.5).
Therefore we have imll

Bo=w =1,
b e T L T R (4.8)
Fy=yotm+ty=7+Ny, +y)=7+NE),

and in the general form

P =yt teetypn = F N+ Ny +o) - Ny £
+N|:}.ru +}:1+...+};M:|—N|:yu +}:1+...+}:M_1:| (4.9)
=f+N(yu R +"'+}’j.4) =f+N':FM:'=

th . . . . . . .
Thus, the A4 —  order approximation of ¥, YM , 1s easily produced iteratively via the recurrence
relation
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Frn@)= F+ N(¥,(x)), M 20 (4.10)

with the initial value

Bz =7z “.11)
The method (4.10) is called the successive approximation scheme. Although the successive approximation

scheme (4.10) has its advantage but it may be difficult to calculate the components N(PMII and also require

a large amount of computation. To overcome these disadvantages, the Taylor successive approximation scheme
is proposed. Indeed, we use the Taylor series expansion in (4.10) and (4.11).

For a given function g(x), we denote its 1/ order Taylor series expansion at zero by TLv(g) , Le.,

g™

k
o x (4.12)

TL(gxN=>.

Substituting the 'Lf'm — order Taylor series expansion of YM(X:I into (4.10), we derive

Hix)=f(x),
Y (X)= Fx)+ N(TL (Y, (x)), M 20 (4.13)

In fact, calculation of MN(TIW(¥, )1 for Af =0,1, . is simple, because MN(TIw(F¥, 1), for
M =0,1,.. are now expressed as polynomials. Furthermore, Tiv I:YM:I , for M =10.1,.. has at most v+I
terms and the amount of computation is consequently reduced.

5 Main Results:
The following successive schemes can be obtain by substituting (4.10) and (4.13) for (3.1),

Byl r)=JlEr) + «’%I:V1(S:f=3ﬁd(3:rjsﬁm {s,r)ids,
(2,7 = fle.r),

Tiaa6r) = FEr) * A (025,813 (5,7, Ty (5,7, o
@) = fler),

and

Bpallr)=Jltr) + ﬂf:ﬂv (v (5,8, 854 (5,70, 85, (5,70 ) ds

wy(6r) = £ N

Baglbti= A e ﬂjjﬂv fvs ety Caar it Gor Ny dss
i, (t,7) = F(t.r)
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In the following theorem, we prove the convergence of these methods.
Theorem 5.1:
Consider the nonlinear functional equations (5.1) and (5.2). Define
A - . A -
And

NLQry=A] T (n (5,805,700, 70 )ds , NLEE ) = A 70, (v (s,tuls,r) (s, ri)ds.  (5.4)
If N1=N2:NT1 and f'lﬂgbe contraction i.e.,

| N ) =-N G =kl y-ul, 0<k<] =12
and
| NT (p)-NT () |2k | y—ull, 0=k <1, =12
then the successive approximation methods (5.1) and (5.2) converge to the exact solution of equation (3.2).
Proof:

If we consider (5.3), then convergence of (5.1) is obtained from Theorem 4.1 in (Hosseini, 2010). In the
same way, if we consider (5.4) then analogously to the demonstration of Theorem 4.1 in (Hosseini, 2010), we

can prove the convergence of (5.2).

Example 5.1:
Consider the fuzzy Fredholm integral equation of the second kind (3.1) with

s =R 3263026 r-1013 82 =113 P
Flir)

Flr=2-rt 43026 P4 113877 - 3026 -3/13 87,

and
2+f2_2
Ken=S"2 4o ien
12
and a=0h=2 .

The exact solutions are given by

w(t,ry=rt , T(Lr)=(2-r)t foral re[0,1] and ££[0,2].

By applying the successive approximation scheme (5.1), one can see that, some first terms of the
successive approximation series are as follows:

w, (tr) =1t —(2078584526545145 )/ 180143985094 81 984 - (21651921307087 ri” ¥2514749767 10656
—(21651921307087 t*)/28 1474976710656+ 2078584526545145/13014398509451984,
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WP = rf - (BEAVI25OTAS1 8037 pIf2EE2303T6151711744 - (B22202 1010199451 »f 0STE4E 0752303423458
- (2EAES0ZAE1TINTY £ /1441 1518807 5855872 + 2444557420816 4071441 1 51 BE075E5 557 2,

u (F,r) =ri —(198T29750725357 1461162601 3427357904 - (391 3448007531517 »f W5002055103 55705651712
—(3RA5E2E61491 2660 § WIAEDELEE 14741 0103232+ BA55 5425 83 T4AZE 500 20581 0358105651712
and
B CE ) = C20TE5EA526 545145 p1E01 4398509481984 + 3 £ - pf + (A1631921307027 rf:j.-’EEI-’-ﬁ-’-lQTﬁTlDﬁﬁﬁ
(4157 162272946305 t:j.-rl B014395 500481984 - 20TESE4526 5451 45 /1801 4398500 481 984,
ey =(ESAT525 M5 E05T p2BR 230376 15171 1744 4+ 2§ — pf +(BE2202101019945] »# )5 IE4A0T52303423 458
—(153A33T075 4720379 £ W 3E02E TITI01 2063068 — 30414842 48051 26507 20575940379 271936,

E(E ) =(198720TR0725357 r Y461 162601 242735004 4+ 2 § —pf +(301 3442007231517 pF W500205210358705651712
—(11137524261 10495 § JR2LEET03625477 5805 - 53276601 60243063 T3TE69 76294835 206464.

We use & {t,7) and ETSI(!, Pl as approximations for Eilzf,.?') and (1,7, respectively. The exact and

obtained solutions of the fuzzy Fredholm integral equation at + = lare compared in Table 1 and illustrated in
Figure 1.

Table 1: The exact and approximate solutions for ¢ = 1.

r t: (17) il r) s [1.r) wilri
0 -9.3512 €-005 0.0 1.999807 2.0
0.1 0.09990152 0.1 1.899812 1.9
0.2 0.1998965 0.2 1.799817 1.8
0.3 0.2998916 0.3 1.699822 1.7
0.4 0.3998866 0.4 1.599827 1.6
0.5 0.4998816 0.5 1.499832 1.5
0.6 0.5998767 0.6 1.399837 1.4
0.7 0.6998717 0.7 1.299842 1.3
0.8 0.7998667 0.8 1.199847 1.2
0.9 0.8998617 0.9 1.099852 1.1
1 0.9998568 1.0 0.9998568 1.0

[— Exacl solulion
8 Apgroximale solullon

Hiry

Fig. 1: The exact and approximate solutions for ¢t = 1

Example 5.2: Consider the fuzzy Fredholm integral equation (3.1) with
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Sl )= ain(@2)(1315(-* + )+ 2015(4 = 7% = 1))

Fie, ) = sin(d 202500 + ) +13715(4 - 2% = )
and

Eis. =10 1sini{sisin(fd), 02512 2x,

and @ =0,h= 27T

The exact solutions are given by

wlt,r)=(r* +r)sin(ti2) | @(t,r)= (- —r)sin(i2) | forall #€[0,1] and £e[0,27].

In this example, we apply the Taylor-successive approximation scheme (5.2). Some first terms of the
Taylor-successive approximation series are as follows:

iy (£.7) = sin(e 1 2)(0.86666667% - 0.13333333,% +0.73333333 + 0.53333333),

1, (¢, 7) = (sin(d 2)34747059666704991 # —1276381347322934 ~ + 33470677851007697 ~
+51055258936 348960 /360287F7018963968,

w, (¢, ) = (sin(2)(737T5661 649220148233 »° - 34736207836 3460 »° + T3TT5313525365043200 »
+139015 647836 84047/ 73786976 204 835 206 464

and

i, (¢, ) = — sin(t2)(0.86666667 r> — 0.13333333 +* +0.73333333 r - 3.4666667),

it r) =— (sin(H2)( 2779764 76 180718423 #*-10211051355044222 #° + 2677654 23672752708 r
—111190591 6540319204 N/ 288230370 151711744,

@0y =—(sin(B(T3TT566 1649220148233 ¥° - 347362075363460 »* + 73775313525365043200 »
—2051026480724 725680760 T3T 86076 204538 2064 64,

We use iig {t. 7 and il (¢, 7 as approximations for u(f,r) and iZ(t. 7, respectively. The exact and

approximate solutions of the fuzzy Fredholm integral equation at # = m are compared in Table 2 and illustrated
in Figure 2.

6 Conclusions:

In this paper, we have outlined two successive schemes for solving fuzzy Fredholm integral equation of
the second kind based on parametric form of fuzzy numbers. The results obtained by these schemes have been
well adapted to the exact solutions. Moreover, the convergence theorem has been presented for these methods.
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Table 2: The exact and approximate solutions for = T

r e (7Tr) BT, #. (,r) T
0 0.0000188405 0 3.9994 4

0.1 0.110001 0.11 9.8984 3.899
0.2 0.239981 0.24 3.79142 3.792
0.3 0.389957 0.39 3.67244 3.673
0.4 0.559931 0.56 6.53546 3.536
0.5 0.749901 0.75 3.37449 3.375
0.6 0.959868 0.96 3.18352 3.184
0.7 1.18983 1.19 2.95655 2.957
0.8 1.43979 1.44 2.68759 2.688
0.9 1.70975 1.71 2.37064 2.371
1 1.9997 2.0 1.9997 2

== EXACT SOIUMION
o Approximate solution

(] 08 1 18 2 25 3 35 a
(im0}

Fig. 2: The exact and approximate solutions for t = ©
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