Australian Journal of Basic and Applied Sciences, 4(10): 5306-5313, 2010 mm
ISSN 1991-8178 At ]

Tmiks b ookl i

A Ranking Model of Data Envelopment Analysis as a Centralized
Multi Objective Resource Allocation Problem Tool

Nasruddin Hassan, Maryam Mohaghegh Tabar, Parvaneh Shabanzade

School of Mathematical Sciences, Faculty of Science and Technology, Universiti Kebangsaan
Malaysia 43600 UKM Bangi Selangor D.E., MALAYSIA

Abstract: In this paper we consider a multi objective resource allocation problem (MORAP) that
decision making units are controlled by a central unit. We choose to use a method based on Data
Envelopment Analysis (DEA) model to evaluate centralized-MORAP. A ranking model is proposed
for all allowed allocations for the mentioned problem as well. Our method is illustrated by a
numerical example.
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INTRODUCTION

The centralized resource allocation problem is a DEA-type model which has been recently introduced by
Lozano and Villa (2004), Lozano et al. (2004) and improved by Asmild et al. (2009). The idea behind this
new formulation is to find the ranking for all valid allocations. Thereby a central management in charge of
all the DMUs (decision making units) can optimize the resource utilization of all DMUs across the total entity,
as opposed to the philosophy of traditional DEA models, which optimize the functioning of each DMU
separately. In this section, we recall the notions required to understand this idea, namely data envelopment
analysis and multi objective resource allocation problem.

Data Envelopment Analysis:
Suppose we have DMUs {DMU , j =1,2,...,n}which produce s outputs Yyir= 1, 2, ..., s by utilizing

m inputs X; i=1,2, ..., m. Relative efficiency is defined as the ratio of total weighted outputs to the total

weighted inputs. The efficiency measure for DMU, is defined as
S
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where the weights and are non-negative. To estimate the DEA efficiency of DMU, , we use the following
original DEA model of Charnes, Cooper and Rhodes (1978):
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where £>0 is a non-Archimedean constant.

Multi Objectives Resource Allocation Problem:

We consider without less than generality a kind of multi objective resource allocation problem Yougbare
and Teghem, (2007):

9
Max Z%an r=1..,s,
q=1 3)
0 (
s.t. OSZCW <b, i=1,.,m,
with Q variables (wq,q =1,...,0) ., m constraints (i=1,...,m) and s objectives (r=1,...,5). We note E(sxQ),

C(m>Q) and b(mx1)are the matrices of the data e, ¢, and b, respectively. We suppose that equation (3) has

a finite number n of feasible solutions. Additional notations are introduced to describe the feasible solutions
for j(j=1,...,m). These solutions are denoted by w,=w,,q=1..,0),

0 . . .
where X, =(x; = Zq:l CiyW,yi»1 = 1,...,m)denotes the vector value taken by the left-hand side constraints

. 0
when computed on W, while Y, =(y, :Zqz1er‘qwqf’r=1"”’s) denotes the vector value of the

objectives corresponding to WV, .

2. The Centralized Multi Objective Resource Allocation:

In this section a set 4 of » DMUs using m inputs to produce r outputs, is considered. The set 4 can be
divided into the subset E of p efficient points and the complementary subset / of ¢ = n - p inefficient points
by using CCR, one of the basic DEA models. Based on the set /, a virtual DMU can be created as follows

X (;xﬁ)/q;izl,...,m
DMU, - 4)
(Zy,;)/q;rﬂ,---,s

iel

mean

It is seen that DMU,,,,, is the mean inefficient point. Here the new DMU is added to subset E such that

E=E U {DMU mean} . The aim is to a find common set of weights. Clearly the weights vectors are

obtained such that for all DMUs:
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and according to the assumptions of the previous section we have

>, Y2 el
1 g=1 144

0<-! <1, Vjek 5)

ZVHZM W

We also consider this condition for the virtual DMU where the sum of the inputs of all DMUs as a single
input vector and the sum of the outputs as a single output vector. Then

s .
Z‘”rj Z 2521 €Wy
< r
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where the following inequalities are obtained:
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Now the following problem is proposed to obtain a common set of weights based on members of the set .

Max ZS +Zs

jek jek

Z”az 1rq Wi Zv’]ququ Wi =5 VJEE
Zuqzqu rg Wi Zvuzqu igWyj Ej, Vje

i=1 Jek (8)

Zt/z 1lq q/_’ VJEE
Zuzqultz q1:’ VJEE

i=1 JeE

el

u,,v,2¢€, forallr,i,j

12
Problem (8) is a linear programming problem. According to the results of this linear programming problem,

the mean inefficient point (as an indicator for inefficient points) and all efficient points are evaluated with one
common set of weights (CSW). The constraints of equation (8) is to equal the sum of weighted inputs to the
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sum of weighted outputs. The set of optimal solution for the this problem can be shown as (u*,v* ). By using
this result, the ranking for all allocations can be done.

3. Numerical Example:

In this section, a numerical verification of the proposed method is carried out. We apply the proposed
process for multi objective resource allocation problem (taken from Osman et al., 2005). Consider the problem
of allocating six workers to a certain set of four jobs. Tables 1 and 2 provide the expected efficiency and cost,
respectively.

It is clear for allocating different number of workers to each job, there are 7* allocations. However if
mathematical programming is used, by applying one of the existing software, all of the feasible solutions can
be obtained. In this case there are 95 feasible solutions. We also consider one extra constraint to find a feasible
solution where allocatiion of the workers to jobs should be nonzero for at least three jobs. Applying one of
the basic DEA models (CCR model) to evaluate the 95 DMUs, yields results of 50 efficient points as shown
in the Table 3. Based on these results, the set of £ is obtained.

[X =57.55,52.22,48.44,1 14.33j

Y =25.22, 24.08, 28.82,13.82

We then apply the proposed model to obtain a CSW between efficient points and the mean inefficient point.
The constraints of equation (8) is to equal the sum of the weighted inputs to the sum of the weighted outputs.

E = {Efficient DMUs and DMU, =

mean

The set of optimal solution for the problem (8) can be shown to be (u",v") . The result is as follows:

u” =0.0008228,0.0007771,0.0009593,0.001093
v =0.00001, 0.00001, 0.00001, 0.00001

Now we apply this common set of weights for all feasible points, where the results are shown in Table
4. The available results of all feasible allocations can be ranked as shown in Table 5.

Table 1: Expected efficiency

Number of workers Job

1 2 3 4
0 0 0 0 0
1 25 20 33 13
2 42 38 43 24
3 55 54 47 32
4 63 65 50 39
5 69 73 52 45
6 74 80 53 50

Table 2: Expected cost

Number of workers Job
1 2 3 4

0 70 90 85 130
1 60 60 60 115
2 50 50 50 100
3 40 40 55 100
4 40 30 40 90
5 45 20 30 80
6 50 25 25 80

11 12 13 14 6] 02 03 04 Efficiency

1 70 60 60 115 0 20 33 13 0.6779
2 70 60 60 100 0 20 33 24 0.7858
3 70 60 60 100 0 20 33 32 0.8949
4 70 60 60 90 0 20 33 39 1

5 70 60 50 115 0 20 43 13 0.8651
6 70 60 50 100 0 20 43 24 0.9596
7 70 60 50 100 0 20 43 32 1

5309



Table 3: Continue

Aust. J. Basic & Appl. Sci., 4(10): 5306-5313, 2010

115
100
115
115
100
100
115
100
115
115
100
115
115
115
100
100

115
100
100
115
100
115
115
100
100

130
115
100
100
130
115
100
130
115
130
115
100
100
130
115
100
130
115
130
115
100
130
115
130
115
130
115
100
100
115
100
115
115
100
100
130
115
100
130
115
130

S OO oo oo o oo Co o

5310



Aust. J. Basic & Appl. Sci., 4(10): 5306-5313, 2010

Table 3: Continue

76 50 60 85 115 42 38 0 13 0.8611
77 50 60 85 100 42 38 0 24 1
78 50 60 60 130 42 38 33 0 0.8944
79 50 60 60 115 42 38 33 13 1
80 50 60 50 130 42 38 43 0 1
81 50 40 85 115 42 54 0 13 1
82 50 40 60 130 42 54 33 0 1
83 40 90 60 115 55 0 33 13 0.9191
84 40 90 60 100 55 0 33 24 1
85 40 90 50 115 55 0 43 13 1
86 40 60 85 115 55 20 0 13 0.9017
87 40 60 85 100 55 20 0 24 1
88 40 60 60 130 55 20 33 0 0.9186
89 40 60 60 115 55 20 33 13 1
90 40 60 50 130 55 20 43 0 1
91 40 50 85 115 55 38 0 13 1
92 40 50 60 130 55 38 33 0 1
93 40 90 60 115 63 0 33 13 1
94 40 60 85 115 63 20 0 13 1
95 40 60 60 130 63 20 33 13 1

Table 4: Results of the new efficiency score and ranking based on CSW

11 12 13 14 o1 02 03 04 Efficiency R
1 70 60 60 115 0 20 33 13 0.503289 94
2 70 60 60 100 0 20 33 24 0.632986 80
3 70 60 60 100 0 20 33 32 0.708379 63
4 70 60 60 90 0 20 33 39 0.802004 37
5 70 60 50 115 0 20 43 13 0.601637 87
6 70 60 50 100 0 20 43 24 0.741236 58
7 70 60 50 100 0 20 43 32 0.819321 31
8 70 60 55 115 0 20 47 13 0.623583 85
9 70 60 55 100 0 20 47 24 0.761888 53
10 70 60 40 115 0 20 50 13 0.681646 66
11 70 50 60 115 0 38 33 13 0.638844 78
12 70 50 60 100 0 38 33 24 0.780436 45
13 70 50 60 100 0 38 33 32 0.858521 22
14 70 50 50 115 0 38 43 13 0.7454 57
15 70 50 50 100 0 38 43 24 0.898156 17
16 70 50 55 115 0 38 47 13 0.765624 50
17 70 40 60 115 0 54 33 13 0.770284 48
18 70 40 60 100 0 54 33 24 0.924422 14
19 70 40 50 115 0 54 43 13 0.885495 19
20 70 30 60 115 0 65 33 13 0.875975 21
21 60 90 60 115 25 0 33 13 0.51104 92
22 60 90 60 100 25 0 33 24 0.632745 81
23 60 90 60 100 25 0 33 32 0.703274 64
24 60 90 60 90 25 0 33 39 0.790487 41
25 60 90 50 115 25 0 43 13 0.60339 86
26 60 90 50 100 25 0 43 24 0.73377 60
27 60 90 50 100 25 0 43 32 0.80665 33
28 60 90 55 115 25 0 47 13 0.623938 84
29 60 90 55 100 25 0 47 24 0.75319 55
30 60 90 40 115 25 0 50 13 0.67821 70
31 60 60 85 115 25 20 0 13 0.393106 95
32 60 60 85 100 25 20 0 24 0.511007 93
33 60 60 85 100 25 20 0 32 0.582692 88
34 60 60 85 90 25 20 0 39 0.667295 71
35 60 60 60 130 25 20 33 0 0.546448 89
36 60 60 60 115 25 20 33 13 0.694671 65
37 60 60 60 100 25 20 33 24 0.839254 29
38 60 60 60 100 25 20 33 32 0.917339 15
39 60 60 50 130 25 20 43 0 0.644597 76
40 60 60 50 115 25 20 43 13 0.803186 36
41 60 60 50 100 25 20 43 24 0.959152 11
42 60 60 55 130 25 20 47 0 0.665479 72
43 60 60 55 115 25 20 47 13 0.822414 30
44 60 60 40 130 25 20 50 13 0.847221 24
45 60 50 85 115 25 38 0 13 0.518548 91
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46 60 50 85 100 25 38 0 24 0.646824 75
47 60 50 85 100 25 38 0 32 0.720939 62
48 60 50 60 130 25 38 33 0 0.681183 68
49 60 50 60 115 25 38 33 13 0.841698 26
50 60 50 60 100 25 38 33 24 0.999804 2
51 60 50 50 130 25 38 43 0 0.787362 43
52 60 50 50 115 25 38 43 13 0.959505 10
53 60 50 55 130 25 38 47 0 0.806532 35
54 60 40 85 115 25 54 0 13 0.639407 77
55 60 40 85 100 25 54 0 24 0.778544 46
56 60 40 60 130 25 54 33 0 0.811817 32
57 60 40 60 115 25 54 33 13 0.985295 3
58 60 40 50 130 25 54 43 0 0.926454 13
59 60 30 85 115 25 54 0 13 0.661455 73
60 60 30 60 130 25 54 33 0 0.840811 28
61 50 90 60 115 42 0 33 13 0.638276 79
62 50 90 60 100 42 0 33 24 0.7704 47
63 50 90 60 100 42 0 33 32 0.84328 25
64 50 90 50 115 42 0 43 13 0.737826 59
65 50 90 50 100 42 0 43 24 0.879655 20
66 50 90 55 115 42 0 47 13 0.756868 54
67 50 60 85 115 42 20 0 13 0.51859 90
68 50 60 85 100 42 20 0 24 0.646868 74
69 50 60 85 100 42 20 0 32 0.720983 61
70 50 60 60 130 42 20 33 0 0.681227 67
71 50 60 60 115 42 20 33 13 0.841744 27
72 50 60 60 100 42 20 33 24 0.999852 1
73 50 60 50 130 42 20 43 0 0.787407 42
74 50 60 50 115 42 20 43 13 0.959553 9
75 50 60 55 130 42 20 47 0 0.806576 34
76 50 60 85 115 42 38 0 13 0.631352 82
77 50 60 85 100 42 38 0 24 0.765363 51
78 50 60 60 130 42 38 33 0 0.797747 39
79 50 60 60 115 42 38 33 13 0.964396 8
80 50 60 50 130 42 38 43 0 0.907945 6
81 50 40 85 115 42 54 0 13 0.782038 44
82 50 40 60 130 42 54 33 0 0.9657 7
83 40 90 60 115 55 0 33 13 0.746879 56
84 40 90 60 100 55 0 33 24 0.889176 18
85 40 90 50 115 55 0 43 13 0.853485 23
86 40 60 85 115 55 20 0 13 0.625013 83
87 40 60 85 100 55 20 0 24 0.763393 52
88 40 60 60 130 55 20 33 0 0.796928 40
89 40 60 60 115 55 20 33 13 0.969593 5
90 40 60 50 130 55 20 43 0 0.911032 16
91 40 50 85 115 55 38 0 13 0.767103 49
92 40 50 60 130 55 38 33 0 0.950232 12
93 40 90 60 115 63 0 33 13 0.800833 38
94 40 60 85 115 63 20 0 13 0.679867 69
95 40 60 60 130 63 20 33 13 0.976186 4
Table 5: Ranking of all feasible solutions

Jobl Job2 Job3  Job4 Rank Jobl Job2 Job3 Job4 Rank Jobl  Job2 Job3  Job4 Rank
2 1 1 2 1 1 0 2 3 33 1 1 1 1 65
1 2 1 2 2 2 1 3 0 34 0 1 4 1 66
1 3 1 1 3 1 2 3 0 35 2 1 1 0 67
4 1 1 0 4 1 1 2 1 36 1 2 1 0 68
3 1 1 1 5 0 1 1 4 37 4 1 0 1 69
2 2 2 0 6 4 0 1 1 38 1 0 4 1 70
2 3 1 0 7 2 2 1 0 39 1 1 0 4 71
2 2 1 1 8 3 1 1 0 40 1 1 3 0 72
2 1 2 1 9 1 0 1 4 41 1 4 0 1 73
1 2 2 1 10 2 1 2 0 42 2 1 0 2 74
1 1 2 2 11 1 2 2 0 43 1 2 0 2 75
3 2 1 0 12 2 3 0 1 44 1 1 2 0 76
1 3 2 0 13 0 2 1 2 45 1 3 0 1 77
0 3 1 2 14 1 3 0 2 46 0 2 1 1 78
1 1 1 3 15 2 0 1 2 47 2 0 1 1 79
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Table 5: Continue

3 1 2 0 16 0 3 1 1 48 0 1 1 2 80
0 2 2 2 17 3 2 0 1 49 1 0 1 2 81
3 0 1 2 18 0 2 3 1 50 2 2 0 1 82
0 3 2 1 19 2 2 0 2 51 3 1 0 1 83
2 0 2 2 20 3 1 0 2 52 1 0 3 1 84
0 4 1 1 21 0 1 3 2 53 0 1 3 1 85
0 2 1 3 22 2 0 3 1 54 1 0 2 1 86
3 0 2 1 23 1 0 3 2 55 0 1 2 1 87
1 1 4 0 24 3 0 1 1 56 1 1 0 3 88
2 0 1 3 25 0 2 2 1 57 1 1 1 0 89
1 2 1 1 26 0 1 2 2 58 2 1 0 1 90
2 1 1 1 27 2 0 2 1 59 1 2 0 1 91
1 4 1 0 28 1 0 2 2 60 1 0 1 1 92
1 1 1 2 29 2 1 0 3 61 1 1 0 2 93
1 1 3 1 30 1 2 0 3 62 0 1 1 1 94
0 1 2 3 31 0 1 1 3 63 1 1 0 1 95
1 3 1 0 32 1 0 1 3 64

4. Conclusion:

In this paper we considered a multi objective resource allocation problem that units are controlled by a
central unit. The aim is to find a ranking for all allowed allocations for the mentioned problem. To this end
we collected new data as decision making units according to available data. Then we applied one of the basic
DEA models to evaluate the decision making units. We provided a modified model based on the CCR model
to obtain a common set of weights for previously efficient units and the mean inefficient points. This common
set of weights was used to rank the DMUs. On the other hand the feasible solutions for the original problem
were ranked. Numerical example at the end of the paper, illustrates the application.
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