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A Numerical Method to the One-demential Heat equation with an Integral Condition
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Abstract: In this research a numerical technique is developed for the one-dimensional heat equation
that combine classical and integral boundary conditions. New matrix formulation technique are
presented for the numerical solution of this equation. By this method we reduce the problem to a set
of algebraic equation. We give a simple and efficient algorithm for numerical solution illustrate
accuracy of the method by numerical results. 2000 Mathematics subject classification: 65Mxx
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INTRODUCTION

In 1963, nonlocal boundary equation have been presented by Cannon, (1963) and Batten, (1963)
independently. Then, parabolic initial-boundary problems with nonlocal integral conditions for parabolic
equations were investigated by Kamynin, (1964) and Ionkin, (1977). Then, many numerical methods are applied
to solve this case of problem.

In this paper we develop expansion methods, based on orthogonal polynomials, for the numerical solution
of the following diffusion equation

Up — Uy +u= f[:x, t:}.l x€(0,1), 0<t<T, (1)

with the initial condition
u(x,0)=r(x), 0<t<T, 0<x<1, (2)

and boundary condition
{u(ﬂ,t) =p(t), 0<t<T,
wl.t)=glt), 0=t=<T, @)

And

1

jk(x)u(x,t)dx= gt), 0<t<T

[}

(4)

where the functions f{(x,?),r(x),s(x), p(t) and ¢(¢) and the positive constants a, f and y are known. Recently,
expansion methods based on various polynomials have been utilized for different equations (Dehghan and
Saadatmandi, 2006; Tari and Shahmorad, 2008; Hosseini and Shahmorad, 2005). The theoretical discussion of
these case of equations can be found in (Cannon and Lin, 1988). The famous work of (Lin, 1991) was one
of the first to the solution of similar parabolic inverse problems.

Authors of (Azari, 2002; Prilepko and Orlovskii, 1985) considered this case of equations numerically. M.
Dehghan some finite-difference schemes (Dehghan, 2003; 2005) and a shifted Tau method (Dehghan, 2006)
for solving similar problem.

Similar form of this case of parabolic equations have been considered by various authors (Cannon et al.,
1987; Cannon, et al. 1990; Gumel, 1999).
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2 Matrix formulation: » ] .
In (1 - 4), the functions Fx 1), k() r(x), g(0),(t) 5ng p(t) generally are not polynomials. We assume

that these functions are polynomial or they can be approximated by polynomials to any degree of accuracy.
For this purpose, one may use one or two variate Taylor or Chebyshev series or other suitable methods. So
we can write:

[ fx,1) = Z EZ S = XTET,
k{x} L Zﬂ kixl - J{TK, r{x} L zn r-lx' - J{TRJ
., :“D =

alx) = ax =x'a,  pl)=~ Z pt = PT,
. ]

qlt) = od gt =QT, g~ Zh_ugjﬂ' = GT,

(5)

X =T [l!xlxzj "'lxn]TJ T . [1ltltzj "'!tn] Tl
R o [TulrllTZJ ---rrn]rr K —3 [kﬂlkll kz; "'lk'ﬂ.]TJ
A T [aDJ all az; = a‘ﬂ]TJ P = [polpllpz.l ---:pn]T: (6}
Q = [ql]l qll q?.! =iy '?n]rn G = [.gﬂngrgZJ '“lg‘ﬂ]TJ
= [ﬁ]lﬁern---nﬁ-;]Tn Fi = [fﬂilfliJfZiJ '"ani]Tl = U,l,...,n

Remark:

Note that, we have taken all polynomials of degree n, since otherwise it may be taken the maximum
degree of fk,p,g,q.a.

Therefore we consider approximate solution of the form

U (%0 ~ Z Z ux't = XTUT, (7)
i=0 &=dj=0

Where

U= [UyU,,Us,.., U], (8)

With

U; = [ug;,uy; uzi:--uum]r-

The matrix U is an (n+1)x(n+1) matrix which contains (n+1)’ unknown coefficients of u (x,£) To find these
unknowns, we proceed as follows.
We first consider the initial condition

u(x,0) = alx), x €[0,1].

then by substituting from (5) and (7), we obtain

XTly = X74,
which implies

U,=4, 9)
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since X is a basis vector.
From (9), we can find the first column of U. Thus the required equations reduced to n(n+1) equations.
By a similar process and from (3), (5) and (7), we have

XIU =P, D<t=T

(10)
and
T
X, =43, 0<t=<T, (11)
where X, = [1, 0, 0, ..., 0] and X, =[1, 1, 1, ..., 1]. Now we consider
[ k(xuxdx=g(r), 0<t<T
We substitute again from (5) and (7) and obtain
n 2 : n n n
ot = [ () (33 e
j=0 h=0 i=0 j=0
0
it
(Zro e Dok d [ 2ax)
= § L N N i 0<t<T
h=0 i=0 i=0 ®h ij hti+1 J ? e -
or equivalently
DUT=GT (12)
o %
W here D =[do,dy,ds, -, dy] , with
n
di = Z kh Vhti+1 i= 0!1121 L
h=0
And
1 ;
Vneisl =TT i’ c=012
The equivalent from (12) is
DU=G (13)

Since T is a basis vector.

We use the following lemmas to write equation (1) in the matrix form to determine remainder equations.
These lemmas are proved by induction.

Lemma 2.1:
The effect of r repeated differentiation on coefficients vector

yn(x) = aX

a
— is the same as that of postmultiplication of — by the matrix

T
a4= [ﬂ,;;,.vl".l'] G2y v 'nﬂ-l f a polynomial

n‘!"

:

ds™

Yu(x) =an’,
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Where

0 00 oo

1 0 0 00
=0 2 0 oo

0 0 0 - n Opiainen)
Lemma 2.2: _ T 2 T

Let with yn(x) =X YT' With X = []'J'xrx J'"an] )

T = [lxt;tzn--; tn] % and Y= D’OJ}’lryZJ '--Jyn]TJ lj = [yo_frylpyzp

d 5
—y (x.0) = XT(n7)¥T,
gy "

"

a .
—y [x.¢) = X"¥YyT.
dt

Corollary 2.3:
By using lemma 2.2, we have

Uyx = XT(TFT)EYT
O i
= X T

Therefore substituting from (5), (7) and (15) in (1), leads to
XTUnT — XTUn*T+ AXT(nT)2UT = XTFT,
Or
Un—Un*+2")*U =F,
Since X and T are basis vectors.

Algorithm:

2010

'"’y"‘f]’ Then

(14)

(15)

(16)

In this section, we arrange the linear equations obtained in the previous section, to have a system of (n+1)
(n+1) equations for the (n+1) (n+tl) unknowns. We find (n+1) equations from (9). Note that, since the
equation(l) and boundary conditions (2), (3) and (4) are not defined for xe [0, 1] and t€[0,7] we chose
equations from (9), equations from (10), n equationsfrom (11) and n(n+1) equations from (16).

By equation (9), we have

ug=a; i=012..,n,

and from (10), we have

uﬂj . p_]'! } s 1121 - T

and from (11), we get

Tiouy =g, j=12,..m

from (13), we have
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af
Eyy =gy, f=12,...0
Z’I—Q (R ) H.l 7 (20)

Finally, we select n(n+1) equations from (16). then for j=1,2...,n we have

1 . ) .
u;; =}(fi,j—1 i e RTeLL s L RS GeeR
1 2n
Up_1,j = J?(ﬁa—1,;—1 o 1“71—1,;‘—1)-

The equations (17-21) generate a system of (n+1)(n+1) equations. By solving this system of equations,
the unknown coefficients of ca be calculated. For solving this system we introduce a simple interesting process.
we know that by (17), the first column of U and by (18) the first row of and from (21) the (n+1) th row of
were obtained. In every step, we obtain one column of U by an interesting process. for example for finding
the 2th column of U, we know that the value of u,, and u,,, have been calculated. thus from

= (fio— Ao+ {0+ D0 + Drgeap), i=2,..,0-2,

(22)
the value of u,,, u,,, u,,, can be found. for finding we utilize u,, u,, (19,20). thus we write
[] 1 ] [ul,l] _ [Cl,l]
dl fin X fl: uz,l : (23)
Where
n-1 n—1

Cia: Z Usr, €207 Z diyy

: (24)

i=0.iz1 i=0,iz1

Now, by solving (28), we obtain the values of u,,, u,,. Now 2th column of U have been obtained. By
the similar process, we obtain the remainder columns of U.

Algorithm:

step 1: Choose neN as the degree of approximate solution.
step 2: Determine the vectors K,R,G,P and Q and the matrix F.

n
step 3: For i=0,1,2,...,n, set d; = Z KpVhii+1s and then

h=0
set D=[d,.d,,...,d,].
step 4: Set
p— [ 1 1]
. dl d'n.

step 5: If det(D)=0, then enter a new value for ”»n” and go to step 2.

g 2 nlT . 2 n| T
step 6: Set =1, _. x"% iy o I |

step 7: For i =0,1,2,...,n set u,, = a
step 8: For j =1,2,...,n, set u,, = p,
step 9: For j = 1,2,3,...n-2,

i

1
set un_ll_,- TR (fn—l,j—i r ﬂ'uﬂ_Lj_l)'
J

i=2,3,..,n-2 do
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1 . .
U = j_' (fi,j—l ST C+2)@+ l}ui-i-z,j—l)i

end . s n—-1 = Tn-1
then set = ¢ =p({)— i=0,iz1 i1, C2 _ g() 0,121 Qilliy

Solve the system DL=C and find the matrix L.

Finally set Uo; =Ly, Unj =L, .

End

step 10: Set U, (x,0) =X"UT.

step 11: End

Step 10 gives the approximate solution of equation (1)-(4).

Numerical Examples:
In this section, we illustrate efficiency and accuracy of the presented method by the following numerical
examples.

Example 1:
Consider the heat equation

Uy — Uy +u=2+6t+ 11t% — 2x — 2xt — xt? — 8x? — 8tx? — 4x?¢?,
x € (0,1), k<=t <F,
with the conditions

w(x,0) = 3—x — 4x?, 0=t =T, Dsxs=1,
u(0,t) =3 + 3%, 0<t=T,
u(l, )= =2 - 2t% 0<t=T,

1

2 3
Jlf’l + 22 )uix,t) E+Er3, 0<t=T,
L}

By using this method and choosing n = 2, we obtain
3 o 3
U= [—1 0 —1]
—4 0 -4
u(x,t) = (1+t)HE—x—4x?)

and by using (7), we get which is the exact solution.

Example 2:
Consider the heat equation

U — Uy, +u=(10—2x)e*, x€{0,1), 0<t<T

with the conditions
ufx,0)=5-—x, 0=<t=T, 0=x=1,
ul(0,t) = 5&t, 0<t=T,
u(l,t) = 4et, 0=<t=T,

1

9
I(1+?.x_‘]u(x.n} Ee'. 0<tr=<T,
[}
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This example has analytical solution u(x,#)=(5-x)e’ The computed results at various time lengths with x=0.5
are shown in Table 1.

Table 1: Absolute errors of the presented method for x=0.5.

t n=>5 n=10 n=15

0.0 0 0 0

0.1 6.340 x 10” 0 0

0.2 4.117 x 107 8.882 x 10'° 8.882 x 107°
0.3 4.759 x 10° 2.052 x 107 8.882 x 107°
0.4 2.714 x 10° 4.889 x 10" 8.882 x 107°
0.5 1.051 x 10* 5.743 x 10" 1.776 x 107"
0.6 3.186 x 10* 4.304 x 10" 1.066 x 10
0.7 8.158 x 10* 2.367 x 107 9.592 x 10"
0.8 1.846 x 107 1.037 x 10 6.573 x 10"
0.9 3.802 x 107 3.823 x 10° 3.688 x 10"
1.0 7.268 x 10° 1.229 x 107 1.726 x 10"
Conclusions:

In this article we presented a computational method for solving the parabolic heat equation with an integral
condition. An expansion method based on ordinary base was utilized and with this method we found an
iteration process that it produced very accuracy results. By other similar expansion methods we haven’t any
special algorithm for finding the unknown coefficients. Moreover if the exact solution of (1)-(4) be a
polynomial of degree m, then we find the exact solution for n>m (see example 1).
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