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Abstract: This paper presents an interval approach for determining sensitivity of geometric
programming problems under uncertainty. The proposed approach derives the lower and upper bounds
of the solution procedure for geometric programming problems with fuzzy parameters. The fuzzy
parameters are represented by triangular fuzzy numbers. A pair of two-level mathematical programs
is formulated to calculate the lower and upper bounds of the objective value. By the proposed
approach, the crisp intervals for the stability of the solution could be determined for the geometric
programming problems with fuzzy parameters. The stability intervals can be obtained for both primal
and dual geometric programming problems after solving pair of mathematical problems. An illustrative
example is presented to clarify the proposed stability interval approach of the geometric programming
problems.  
Key words: Optimization; Geometric programming; Fuzzy parameters; Duality theorem; Interval

stability.

INTRODUCTION

Geometric programming is a methodology for solving nonlinear problems where nonlinear relations can
be well presented by an exponential function. One of the important properties of geometric programming is
that a problem with nonlinear constraints can be represented as one with only linear constraints because of
duality theorem for geometric programming problems. If the primal geometric problem is in minimizing form,
then a global minimizing solution to that problem can be obtained by solving the dual maximization.  Many
applications of geometric programming are engineering design problems in which some of the parameters are
estimated of actual values. Choi and Bricker (1996) and Prasad et al. (1997) have presented applications of
geometric programming in engineering design. Scott and Jefferson (1995) have presented other geometric
programming applications in project management. While Cheng (1991); Lee (1993); Roy and Maiti (1997);
Kim and Lee (1998) and Jung and Klein (2001) have presented other geometric programming applications in
an inventory management. Kortanek et al. (1997); Maranas and Floudas (1997); Peterson (2001) and Rajgoptal
and Bricker (2002) have been developed several algorithms for solving geometric programming problems when
the parameters in the problem are deterministic. Kyparisis (1990) has presented sensitivity analysis in geometric
programming when the parameters in the problem are handled indirectly and are not allowed to vary
simultaneously while calculating the bounds of the objective value. Cooper et al (2001) and Kao and Liu
(2004) have also presented many applications of geometric programming problems in which the uncertain
parameters are represented by interval data. Liu (2006) has developed a solution method to calculate the
bounds of the objective value in geometric programming with interval parameters. Liu (2008) has presented
an approach for solving posynomial geometric programming problems with interval exponents of the decision
variables and coefficients. Yousef, Badra and Abu-El-Yazied (2009) apply the geometric programming with
fuzzy parameters to crane load sway.

Corresponding Author: N. Badra, Department of Engineering Mathematics, Faculty of Engineering, Ain Shams University,
Cairo, Egypt.

5224



Aust. J. Basic & Appl. Sci., 4(10): 5224-5233, 2010

This paper presents the intervals for the stability of the solution for the geometric programming problems
under uncertainty. The proposed approach derives the lower and upper bounds of the solution procedure for
geometric programming problems with fuzzy parameters. The fuzzy parameters are represented by triangular
fuzzy numbers. A pair of two-level mathematical problems is formulated to calculate the lower and upper
bounds of the objective value.  After solving a pair of mathematical programming problems, the stability
intervals can be determined for both primal and dual geometric programming problems directly without the
need for using any parametric study as usual in determining stability of problems. 

Geometric Programming Problem:
The geometric programming problem with fuzzy parameters (GPFP) can be formulated as follows:

Min  (Z = C Xo)   (1)
subject to

A   X 1 � b   (2)
X   >   0   (3)

where,
X is a column vector of n dimensional representing the decision variables,
X o is a column vector of so dimensional representing terms of the objective function,
X1 is a column vector of sm dimensional representing terms of the m constraints,
C is a row vector of so dimensional representing objective function coefficients,
A is a matrix of m x sm dimensional representing constraints coefficients,
b is a column vector of sm dimensional of positive numbers representing right-hand sides of the constraints. 

Interval Approach to Sensitivity of Geometric Programming Problem:
The objective function coefficients may be represented in triangular fuzzy numbers.   Furthermore, the

constraints coefficients and the right-hand sides of the constraints may also be represented in triangular fuzzy
numbers, which means:

C to  =   [  Cto
L,   Cto

m ,  Cto
U ]  ,   a i t  =  [ a i t

L  ,  a i t
m ,  a i t

 U ]     
b t    =  [  b t

L ,   b t
 m ,  b t

U  ]  ,    to =1,2,…,so   ,  t =1,2,…,sm , i=1,2,…,m.   (4)

The major difficulty lies on how to deal with fuzzy numbers in the objective function and the constraints.
Let
T  =  { (      ,     ,        ) |   Cto

L + �  (Cto
m - Cto

L )  �        �  Cto
U - � (Cto

U - Cto
m)   cto�

   

 a i t�
  

b t
�   cto�

     a i t
 L  +  �   (a i t

 m - a i t
 L)   �         �   a i t

 U  -  � (a i t
 U - a i t

 m )  a i t�

     b t
 L   +  �  ( b t

 m  -  b t
 L )   �         �   b t

 U  -  � (b t
 U - b t

 m ) 
  

b t
�

0  � � � 1}   (5)

For each  (      ,     ,        ) � T, the value Z (       ,        ,       )  is  denoted by the objective   cto�
  a i t�

   

b t
�   cto�

  a i t�
  

b t
�

value of 

the Model (1-3). Let Z L and ZU be the minimum and maximum of Z (     ,         ,        ) on  T,  cto�
   

 a i t�
   

b t
�

respectively as follows:
Z L = Min {Z (      ,         ,        ) | (      ,         ,       )� T}   cto�

  a i t�
  

b t
�   cto�

  a i t�
  

b t
�

Z U = Max {Z (       ,         ,       )  |  (      ,        ,      ) � T}   (6)   cto�
  a i t�

  

b t
�   cto�

  a i t�
  

b t
�

which can be reformulated as the following pair of two-level mathematical problems
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Z L =                         C Xo

to it t
 (  ,  ,  )   Tc a b

Min
��� �  

Min
x

subject to

A X 1 � b          (7-a)
X > 0

ZU =                        C Xo  
to it t

 (  ,  ,  )   Tc a b
Max

��� �  
Min

x

subject to

A X 1 � b          (7-b)
X > 0

In Models (7-a) and (7-b) the right – hand side value b may not be equal to the constant value 1. In this
case, the constraint coefficients A can be divided by the right – hand side value b for every constraint i, thus,
the following standard geometric programming problems will be as follows:

Z L =                        C Xo

to it t
 (  ,  ,  )   Tc a b

Min
��� �  

Min
x

subject to

A1 X 1 � I (8-a)
X > 0  

ZU =                        C  X o  
to it t

 (  ,  ,  )   Tc a b
Max

��� �  
Min

x

subject to

A1 X1 � I          (8-b)
X > 0  

where,
I is a column vector of sm dimensional of identity numbers representing right-hand sides of the constraints.

Model ( 8-a ) is to derive the lower bound of the objective value of the Model. The minimum value can
be obtained  by  setting all C to  their  lower bounds in the objective function. Moreover, since the values 

of the right-hand sides are the identity values, the lower the ratio of        /      in constraints, the larger the   a i t�
  

b t
�

feasible region is. Thus, the value of       must be set to its lower bound and      to its upper bound for every    

 a i t�
  

b t
�

i and t. The Model ( 8-a ) can be transformed to the following fuzzy primal geometric programming problem
(FPLGPP) as follows:

(FPLGPP):  Z L  =                ( C to
 L  +  �  (C to

 m - C to
 L) )        x j

  � tj    
 

Min
x 1

o

t

s

�
�

1

n

j�
�

subject to

        (a i t
 L + � (a i t

 m - a i t
 L) ) (b i

 U  -  � (b i
 U - b i

 m ) ) -1          x j
 � tj  � 1,  i=1,2,…,m

1

o m

o
t

s s

s

�

� �
�

1

n

j�
�

       0 � � � 1, x j  > 0 , j=1,2,…,n          (9-a)
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The solution of this problem at  � = 0 is  x L (1) , z L (1) and at  � = 1 is  x L (2), z L (2) , thus any solution
of this problem X1 ranges between xL(1) and xL(2). This means that:

X1 � [x L (1) ,  x L (2)] , Z1� [z L (1), z L (2)]  (10)

Model  ( 8-b ) is to derive the upper bound of the objective value of the Model. The maximum value can
be obtained by setting all C to their upper bounds in the objective function. Moreover, since the values of the 

right-hand sides are the identity values, the upper the ratio of        /      in constraints, the larger the feasible   a i t�
  

b t
�

region is. Thus, the value of         must be set to its upper bound and      to its lower bound for every i    

 a i t�
  

b t
�

and t. The Model ( 8-b ) can be transformed to the following fuzzy primal geometric programming problem
(FPUGPP) as follows:

(FPUGPP):   Z U =                 (Cto
U - � (Cto

U - Cto
m))       x j

� tj
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�
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�

subject to

         (ait
U - � (a i t
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L + � (bi
 m - bi

 L)) -1       x j
 � tj � 1, i=1,2,…,m

1

o m

o
t

s s

s
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� �
�

1

n

j�
�

0 � � � 1,  x j > 0 , j=1,2,…,n          (9-b)

The solution of this problem at � = 0 is x U (1), z U (1) and at � = 1 is xU(2), z U (2), thus any solution of this
problem X2 ranges between xU(1) and xU(2). This means that:

X 2� [x U (1), xU(2)] ,  Z2 � [ z U (1) , z U (2) ]          (11)
Definition 1.

The crisp intervals of stability for the solution X and  Z of fuzzy primal geometric programming problems
(FPLGPP) and (FPUGPP) are determined as follows:

X 1 � [xL (1), x L (2)], X 2 � [x U (1), x U (2)], X = X1 � X 2 , Z = Z1 � Z 2           (12)

The solution techniques for geometric programming problem may be treated as either primal-based
algorithms that solve the nonlinear primal problems at different cuts �, or dual-based algorithms that solve the
equivalent linear dual problems at also at different cuts �.

Beightler and Phillips (1976) and Duffin et al. (1967) the Models ( 9-a ) and ( 9-b ) can be transformed
to the corresponding fuzzy dual geometric programming problems (FDLGPP) and (FDUGPP) as follows:

(FDLGPP): ZL=             ((Cto
L+�(Cto

m–Cto
L))/yt)yt       [(ait

L+�(ait
m-ait

L))(bi
U-�(bi

U-bi
m))-1 yt/yit)yit   
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o
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s
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o
t

s s

s
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� �
�

y t  =  1
1

o

t

s

�
�

0 � � � 1,   y t � 0, t =1,2,…, so+sm        (13-a)

The solution of this problem at  � = 0 is  y L (1) , z L (1) and at  � = 1 is  y L (2), z L (2), thus any solution
of this problem Y1 ranges between yL(1) and yL(2). This means that:
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Y 1� [y L (1) , y L (2)] , Z 1 � [ z L (1) , z L (2)]          (14)

(FDUGPP): ZU=               ((Cto
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U–Cto
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U-ait
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The solution of this problem at � = 0 is y U (1), z U (1) and at � = 1 is y U (2), z U (2) , thus any solution of
this problem Y2 ranges between yU(1) and yU (2). This means that:

Y2 � [yU(1), yU(2)] , Z2 � [zU(1), zU(2)]           (15)

Definition 2:
The crisp intervals of stability for the solution Y of fuzzy primal geometric programming problems

(FDLGPP) and (FDUGPP) are determined as follows:

Y1 � [yL(1) , yL(2)] , Y2 � [yU(1) , yU(2)] , Y = Y1 � Y 2, Z = Z1 � Z2           (16)

The lower bound ZL and upper bound ZU of the objective value are solved from Models (13-a) and (13-b),
respectively. In this paper, the fuzzy parameters in the problem are allowed to vary simultaneously.

The Proposed Interval Approach:
In this paper, an interval approach is introduced in order to determine the stability of fuzzy geometric

programming problems. The steps of the proposed stability procedure are as follows: 

Step 1:
Solve the fuzzy primal problem (FPLGPP) using the Model (9-a) at �=0 and �=1 and  obtain xL(1), xL (2),

zL(1) and zL(2), and formulate the solution of the lower primal problem X1 and Z1 such that:

X1 � [x L (1) , xL(2)] ,  Z1 � [zL(1), zL(2)]           (17)

Step 2:
Solve the fuzzy primal problem (FPUGPP) using the Model (9-b) at �=0 and �=1 and obtain xU(1), xU(2),

z U (1)  and  z U (2) , and formulate the solution of the upper primal problem X2 and Z2 such that:

X 2 � [ xU(1) , xU(2)] , Z2 � [zU(1), zU (2)]           (18)

Step 3:
Determine the interval of stability for the solution X and Z of the fuzzy primal geometric programming

problems (FPLGPP) and (FPUGPP) such that:

X = X 1 � X 2  ,  Z = Z 1 � Z2           (19)

Step 4:
Solve the fuzzy dual problem (FDLGPP) using the Model (13-a) at �=0 and �=1 and  obtain y L (1) , y L

(2), z L (1) and z L (2), and formulate the solution of the lower dual problem Y 1 and Z1 such that:
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Y 1 � [yL(1) , yL(2)] , Z1 � [zL(1), zL(2)]           (20)

Step 5:
Solve the fuzzy dual problem (FDUGPP) using the Model (13-b) at �=0 and �=1 and obtain yU(1), yU(2),

z U(1) and zU(2), and formulate the solution of the upper dual problem Y2 and Z2 such that:

Y2 � [yU(1) , yU(2)]  , Z 2 � [zU(1), zU(2)]           (21)

Step 6:
Determine the interval of stability for the solution Y and Z of the fuzzy dual geometric programming

problems (FDLGPP) and (FDUGPP) such that:

Y = Y1 � Y2 , Z = Z 1 � Z 2           (22)

Illustrative Example:
Consider the fuzzy geometric programming problem (FGPP1) as follows: 

Min (Z = C  Xo)           (23)
subject to
A X 1 � b           (24)
X > 0           (25)

where,
C = [(6,8,10) (8,10,12)], Xo = [ x1 x2 -1 x3

2 x4
-2   x1

3 x2
-2 x3

2]t

A =                             , X 1 = [x1 x 3
3  x1

 -1 x 3
-2  x 2 x 3

-1 x 4
2   x 1 x 2

2 x 4 ] t(6,8,10) 1 0 0
0 0 (3,5,7) 1

� �
	 

� �

b =             , X = [ x1  x2  x3  x 4 ] t   
(5.8,10)

1
� �
	 

� �

where (6,8,10) and (8,10,12) represent the triangular fuzzy numbers of the coefficient in the objective function,
(6,8,10) represent the triangular fuzzy numbers of constraints and (5,8,10) represents the triangular fuzzy
number of the right-hand side constraints.  In this example, so=2 and sm=4. According to Models ( 9-a ) and
( 9-b ), the problem can be transformed to the following pair of primal geometric programming problems:

(FPLGPP1): ZL =          CL Xo           (26)
 

Min
xsubject to

AL X 1 � bU           (27)
X > 0           (28)

where,
CL = [ 6+2�  8+2� ] , Xo = [ x1 x2

-1 x3
 2 x 4

-2  x 1
 3 x 2

 -2 x 3
 2 ] t

AL =                              ,  X1 = [x1 x 3
3   x1

 -1 x 3
-2   x 2 x 3

-1 x 4
2   x 1 x 2

2 x 4 ] t   
6 2 1 0 0

0 0 3 2 1





�� �

	 
�� �

bU =             ,  X =  [  x 1  x 2  x 3  x 4 ] t ,  0  � � � 1
10 2

1

�� �

	 

� �

Results of fuzzy optimization for the lower bound of the primal geometric programming problem at �=0
and �=1 are given in Table 1.
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Table 1: Results of fuzzy optimization for primal geometric programming problem of the Example.
� Z L x 1

 L x 2
 L x 3

 L x 4
 L

0 0.2050 0.0076 0.2636 4.4500 4.0950
1.0 0.8202 0.0450 0.3282 2.0520 2.4259

The solution of the lower primal problem  X 1 and Z 1 can be obtained such that:

x1
1 � [0.0076, 0.0450], x2

1� [0.2636, 0.3282], x 3 
1 � [2.052, 4.45]

x 4 
1 � [2.4259, 4.095],  Z 1 � [0.205, 0.8202]      (29)

(FPUGPP1): ZU =          CU Xo      (30)
 

Min
xsubject to

A U  X 1 � b L      (31)
X > 0      (32)

where,
CU = [10-2� 12-2� ],  X o  =  [ x 1

  x 2
 -1 x 3

 2  x 4
-2   x 1

 3 x 2
 -2 x 3

 2 ] t

AU =                             ,  X 1 = [x1 x 3
3     x1

 -1 x 3
-2     x 2 x 3

-1 x 4
2     x 1 x 2

2 x 4 ] t   
10 2 1 0 0

0 0 7 2 1





�� �

	 
�� �

b L  =          ,  X = [ x1  x 2  x 3   x 4 ] t , 0 � � � 1
5 3

1

�� �

	 

� �

Results of fuzzy optimization for the upper bound of the primal geometric programming problem at �=0
and �=1  are given in  Table 2.

Table 2:  Results of fuzzy optimization for primal geometric programming problem of the Example.
� Z U x 1

 U x 2
 U x 3

 U x 4
 U

0 27.098 0.7624 0.4295 0.6406 0.6908
1.0 0.8202 0.0450 0.3282 2.0520 2.4259

The solution of the upper primal problem X 2 and Z 2 can be obtained such that:
x1

2� [0.0450, 0.7624], x2
2 � [0.3282, 0.4295], x 3 

2 � [0.6406, 2.0520]

x 4 
2 � [0.6908, 2.4259], Z 2 � [0.8202, 27.098]      (33)

Thus, the interval of stability for the solution X and Z of the fuzzy primal geometric programming
problems (FPLGPP1) and (FPUGPP1) can be determined such that:

x 1  =  x 1
 1  �  x 1

 2  =  [0.0076, 0.7624],  x 2  =  x 2
 1  �  x 2

 2  =  [0.2636, 0.4295]
x 3  =  x 3

 1  �  x 3
 2  =  [0.6406, 4.4500],  x 4  =  x 4

 1  �  x 4
 2  =  [0.6908, 4.0950]

Z   =   Z 1  �   Z 2   =  [0.2050, 27.098]      (34)

According to Models (13-a) and (13-b), the problem can be transformed to the following pair of dual
geometric programming problems:
(FDLGPP1):

ZL=                                                                                          
1

1

6 2
y

y

� ��

� �
� �

2

2

8 2
y

y

� ��

� �
� �

3

3 4

3

(5 2 )( )
(10 2 ) 

y
y y

y





� �� �
� ��� �

4

3 4

4(10 2 ) 

y
y y

y

� ��
� ��� �

5

5 6

5 

y
y y

y
� ��
� �
� �

6

5 6

6

(3 2 ) )(
 

y
y y

y

� �� �

� �
� �

subject to:
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C Y = B
y t  � 0, t =1,2,…,5      (35)

where,

C =           ,                         ,  

1 3 1 1 0 1
1 2 0 0 1 2

2 2 3 2 1 0
2 0 0 0 2 1

1 1 0 0 0 0

�� �
	 
� �	 

	 
� �
	 
�	 

	 
� �

1

2

3

4

5

6

Y

y
y
y
y
y
y

� �
	 

	 

	 

	 

	 
� 	 

	 

	 

	 

	 

	 
� �

0
0
0
0
0
1

B

� �
	 

	 

	 


� 	 

	 

	 

	 

� �

Results of fuzzy optimization for the lower bound of the dual geometric programming problem at �=0 and
�=1  are given in  Table 3.

Table 3:  Results of fuzzy optimization for dual geometric programming problem of the Example.
� Z L y 1

 L y 2
 L y 3

 L y 4
 L y 5

 L y 6
 L

0 0.2050 0.9951 0.0049 16.3121 32.3677 4.8388 0.0316
1.0 0.8202 0.9566 0.0434 3.3174 6.4325 1.1473 0.0717

The solution of the lower dual problem Y 1 and Z 1 can be obtained such that:
y 1 

1 � [0.9566,0.9951], y 2 
1 � [0.0049,0.0434], y 3 

1 � [3.3174,16.3121], y 4 
1 � [2.052,4.45]

y 5 
1 � [1.1473,4.8388], y 6 

1 �  [0.0316,0.717],  Z 1 � [0.205, 0.8202]       (36)

(FDUGPP1):

ZU=   
3 5 61 2 4

 

3 4 3 4 5 6 5 6

1 2 3 4 5 6

(9 2 )( ) (7 2 ) )(10 2 12 2
Max (5 3 )(5 3 )    y

y y yy y y
y y y y y y y y

y y y y y y

 

 





� � � � � �� � � � � �� � � � � �� �
� � � � � �� � � � � ���� � � � � �� � � � � �

subject to:

C Y = B
y t  � 0,  t =1,2,…,5       (37)

where,

1

2

3

4

5

6

0
1 3 1 1 0 1

0
1 2 0 0 1 2

0
, ,2 2 3 2 1 0

0
2 0 0 0 2 1

0
1 1 0 0 0 0

1

C Y B

y
y
y
y
y
y

� �
	 


� �	 
�� � 	 
	 
	 
 	 
� � 	 
	 
 	 
	 
	 
� � �� � 	 
	 
	 
 	 
	 
�	 
 	 
	 
	 
 	 
� � 	 
 � �	 

	 
� �

Results of fuzzy optimization for the lower bound of the dual geometric programming problem at �=0 and
�=1  are given in  Table 4.

Table 4:  Results of fuzzy optimization for dual geometric programming problem of the Example.
� Z U y 1 U y 2

 U y 3
 U y 4

 U y 5
 U y 6

 U

0 27.0980 0.5634 0.4366 0.0666 0.1180 0.0118 0.0251
1.0 0.8202 0.9566 0.0434 3.3174 6.4325 1.1473 0.0717

The solution of the lower dual problem Y 2 and Z 2 can be obtained such that:
y 1 

2 � [0.5634,0.9566], y 2 
2 � [0.0434,0.4366], y 3 

2 � [0.0666, 3.3174], y 4 
2 � [0.1180, 6.4325]
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y 5 
2 � [0.0118,1.1473], y 6 

2 � [0.0251,0.0717], Z 2 � [0.8202, 27.098]       (38)

Thus, the interval of stability for the solution Y and Z of the fuzzy dual geometric programming problems
(FDLGPP1) and (FDUGPP1) can be determined such that:

y 1  =  y 1
 1  �  y 1

 2  =  [0.5634 , 0.9951], y 2  =  y 2
 1  �  y 2

 2  =  [0.0049 , 0.4366]
y 3  =  y 3

 1  �  y 3
 2  =  [0.0666 , 16.312],  y 4  =  y 4

 1 �  y 4
 2  =  [0.1180 , 32.3677]

y 5  =  y 5
 1  �  y 5

 2  =  [0.0118 , 4.8388],  y 6  =  y 6
 1 �  y 6

 2  =  [0.0251 , 0.0717]
Z   =   Z 1  �  Z 2   =  [0.2050 , 27.098]       (39)

Figure 1 shows the lower and upper bounds of the objective values for the geometric programming of both
primal and dual problems at different values of  �  of the Example.

Fig. 1: Lower and upper objective values at different values of � for the Example.

Conclusion:
This paper presents an interval approach for determining sensitivity of geometric programming problems

under uncertainty. The proposed approach derives the lower and upper bounds of the solution procedure for
geometric programming problems with fuzzy parameters. The fuzzy parameters are represented by triangular
fuzzy numbers. A pair of two-level mathematical problems is formulated to calculate the lower and upper
bounds of the objective value. The solution is in a range. The interval approach is presented in order to
determine the stability of the fuzzy geometric programming problems. The definitions of crisp intervals of
stability for the solution of both fuzzy primal and dual geometric programming problems are presented. By
the proposed approach, the crisp intervals for the stability of the solution could be determined for the geometric
programming problems with fuzzy parameters directly without the need for using any parametric study as usual
in determining stability of problems.  The stability intervals can be obtained for both primal and dual geometric
programming problems after solving pair of mathematical programs.  An illustrative example is presented to
clarify the proposed stability interval approach of the geometric programming problems.  
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