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On the Existence of Nonnegative Blow-up Boundary Solutions for Quasilinear
Elliptic Equations
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Abstract: In this paper we consider the quasilinear elliptic problem Aju = a(x)Au) in Q, with the
boundary blow-up condition u| s0= 100 , where Q=B (the unit ball in RY(N=2)), A = div,

(|Vu|P72 Vp), p > ljs p-Laplacian operator, a(x)eC(Q) is radial, fin C' is a positive nondecreasing

function o n (0,%) such that r 11

only £

dt =00 . We show that a nonnegative solution exists if and

1-N 1
[ ([1"" atydn ™ ds =+
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INTRODUCTION

Consider the quasilinear elliptic problem with boundary blow-up

A u= , inQ)
{ u=a(x)f(u),in W

u(x)=+on, ondQ)
where Q=B (the unit ball in RV (N>2));
the last condition means that u(x)-+e as d(x) = dis (x,0Q)-0.
Problems of this type arise in the study of the subsonic motion of a gas, the electric potential in some bodies
and Riemannian geometry,which were originally studied by Bieber- bach (Bieberbach, 1916). Yang haitao
(2006) studied the existence and nonexistence of entire large solution of A =a(x) f(u), inQ

and u|8£2 =+

The main goal of this paper is to improve the results cited above. We assume that / fulfills the following
more general hypotheses:

(f1) feC'(0,00), £'>0, £(0)=0 and f >0 on (0,) ,

(f2) f%dt:oo
fr @)
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2. Main results:
Lemma: Suppose that a(r)e C[o,1) is nonnegative and nontrivial, and fe C[o,) satisfies (f1)-(f2). Then
for any a,>1, the problem

N u' @[ (r) = ™ fu(r)a®
u(0) = a,, u’(0) = 0 (2)

has a positive solution u (r) in [o,1).
Proof of Lemma: The integral form of (2) is

1

A u(r)= ao+£s”l(LtN1 F (@) a@)d) ds. ©)

Define u, = a, for r € [o,1). Let {u,},., be a sequence of functions given by

L
e, (r)=a, + J; S [ f e 1)) ey > @
rel0,1),k=0,1,2,....

By (f1), it is easy to see that {u,}, ., is a nondecreasing sequence.
Moreover, for each k > 0 and r € [0;1),
-N

0<u',, (N=r" <J;’t“f<u 0)a()dn "

< /7 Gt ()1 ([ 1 a0y
thus
%07( (0" aydn ™. )
fpil(ukﬂ)

Integrating (5) yields

-N

0<F (u, (") =F (a)< [ s ([ atydn) s,

where F(s)= L —dr therefore

f’”(t)

1—

=

1

([ aydn ds).

T \

<ug (N<F (F(ay)+ [ s

5222



Aust. J. Basic & Appl. Sci., 4(10): 5221-5223, 2010

Thus {u,},., is bounded and equicontinuous on [o,1-€] for any €>0. By Arzela-Ascoli theorem, {u},.,
has a subsequence converging uniformly on [o0,1-€]. Then u(r) = sup, u(r) is finite for r € [o0,1) and letting
k - « in (3), we get that u(r) is a solution of (2). The proof of this lemma is completed.

Theorem:
Suppose that Q = B; f € C[0; «) satisfies (f1)-(f2), and a(x) = a(r) € C[o,l) is nonnegative and
nontrivial.then problem (1) has a positive solution u if and only if

1- 1

SV s
fs P L t V' a(t)de) " ds =+ ©)

0

Proof of Theorem:
Sufficiency. Let U be a solution of (2), obviously, u > a, in [0,1). Since f is nondecreasing, it is clear by
(3) and lemma that
1-N 1
. . Y o _ 1
limu (r)>a, + f (&, lim J;s 7 LtN Ya(t)dt) " ds = +oo
r—1 r—1

This means that u is radial positive solution of problem (1).
Necessity. Assume that (1) has a positive solution u(x). Let

V(x)= f”’(”—i dr,
VA

For any function g(x), deg¢ne its spherical mean by

_ 1
g(r) —M LBr(O) g(x)do
We have
A T=r R ) 7Y () '<a) =alr). v
Thus

1- 1

V(r)SV(O)+j;sﬁ(fzfv*la(t)dt)ﬁds ®)

By (f2), v(x) » + « as d(x) = dist(x, 0B) - 0, and then v(r) ! +1 \7(1") —> +00 as r ~ 1. This completes
the proof of theorem.
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