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Homotopy Analysis Method for Solving Fractional Sturm-Liouville Problems
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Abstract: The aim of this paper is to present an efficient and reliable treatment of the homotopy
analysis method (HAM) for solving fractional Sturm-Liouville differential equation

D y(t)+q(®)y(t) = Ay () ¥(2), l<a<2, t€[0,1]

which the second order derivatives is replaced by a fractional derivative. y(t) is positive and smooth
function and D? that denotes the fractional differential operator of order a, is described in the Caputo
sense. Several illustrative examples are given to demonstrate effectiveness and reliability of HAM for
solving fractional Sturm-Liouville problems.

Key words: Fractional derivative and integral- Caputo derivative— Homotopy analysis method—
Diffusion and Wave equation.

INTRODUCTION

The analytic method, homotopy analysis method (HAM), proposed by Liao (Brown and Churchill, 1993)
is a powerful method to solve non-linear problems. Several analytical and numerical method have been
proposed to solve FDEs. Adomian decomposition method (ADM) (Al-Mdallal, ;Momani, 2006; Momani, 2005;
2006; 2006; Odibat and Momani, 2006), Variational iteration method (VIM) (He, 1998; 1997) and other
methods (Momani and Odibat, 2007; 2006; 2008). In recent years; this method (HAM) employed to solve
many types of differential equation of fractional order (Momani and Odibat, 2006). For example, to solve
fractional partial differential equation. In this paper, we solve fractional Sturm-Liouville problem

Dy +qWD) = Ay,  l<as<2  1e(,])

subject to

ay(0)+by'(0) =0, () +dy'(1)=0

where a,b,c,d € R.

This paper has been divided as follows: several definition of fractional calculus, analysis of (HAM),
applying this method for solving fractional Sturm-Liouville differential equation and fractional diffusion-wave
equation.

Fractional Calculus:
Definitionl:
A real function f{7), 0, is said to be in the space C,

w

4 € R, if there exists a real number #»>y such that
f@)=t"f,(t) , where f,(¢)eC[0,0) and it is said to be in the Cﬂk if and only if /e C, k eN.

Definition2:
The Riemann-Liouville fractional integral operator of order or n > 0 of a function £, of a function

feC

D 1 >—1is defined as (Miller, 1993)
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fo=——Jo P f(r)dr.
Igf(t)=1“f(l) I'f(t)=1(@).

Remark:
The Riemann-Liouville integral operator has the following properties:

b I =1

.. Ve _ M8 — r(ﬂ"’l) N AYEY

i) 1)(x-b) —F(v+ﬁ+1)(x b)

where fECﬂ, u=>2=1,v,y>0 and p>-1.

Definition3:
The Caputo's fractional derivative of f'is given by

DVf(r)—r(k_ [@=ry== ™ @yr.

D' f(t)=1""D"f(¢).
where fECflk, k=1<v<k,keN,t>0 .
Noting to above definitions, for f € C'ﬂk, u=>—-1,k—1<v<k,ke N and 0 , we have
D DI = ()
) ¢+ (t a)j
i)y 1,D;f(t)=f()- Zf’(O I

Definition4:
The Mittage- Lefﬂer function E (z) forn > 0 and z € C is defined by the series representation [6,14]

E (z)= Zr(k Ty v>0, zeC.

3 Analysis of the Method:
To describe the basic idea of the standard HAM, we consider differential equation N[y(¢)]=g(z) whit

N[y(@®)]=D"y(t)+(q(t)— Aw(t))y(t), where N is suggests that we define a non-linear operator, ¢ denotes
the independent variable, y(7) is unknown function and g(7) is known analytic function representing the non-

homogeneous term. By means of generalizing the traditional homotopy method Liao (1992), constructs the so-
called zeroth-order deformation equation:

(=) Llp(t,q) ()] = ghH () N[p(t, 9)] (1
where ¢ €[0,1] is an embedding parameter, /=0 is a non-zero auxiliary parameter, H(¢)# 0is a non-zero
auxiliary function, L(=D“,1<a <2) is an auxiliary linear operator, y,(¢)is the initial guesses of y(¢) and
#(t,q)is unknown functions. It is important to note that one has greet freedom to choose the auxiliary objects
in HAM.

For ¢=0and ¢=1¢(¢,q) = y,(¢) and ¢(z,q) = y(t) hold, respectively. Therefore, as increase from 0
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to 1 the solutions ¢(#,q) vary from the initial guesses y,(¢) to the solutions y(7). Expanding ¢(7,q) in

Taylor series with respect to ¢, one has
P(t,q) =y, () +D_ v, (1) @)
j=1

1 9p(t,9) ‘
j' aq’ 1
h and the auxiliary function are properly chosen the series (2) converges at g=1, then we have

PN =100+ 33, 0).

which is one of the solutions non-linear equation as proved by Liao (He, 1998). Define the vectors

Vo =00 (s 0,(), .., v, (D)}

Differentiating equation (1) j times with respect to the embedding parameter ¢ and then setting ¢=0, and finally
dividing them by j/, we conclude j th-order deformation equation

where y, (1) = If the auxiliary linear operator, the initial guesses, the auxiliary parameter

Ly, @)= x,y,.(O]=hH(OR, () 3)
where
= 1 0" {N[p@t, 9]}
R,(3,,)= . o
g (yjfl) (-1 aqﬁl ‘q—

and

0 j=<1
I
Operating the Riemann-Liouville integral operator /“(1<a <2) on both side of Eq.(3)
Y0 =2,y,,0= 2y, (0)+ Y, (0N} +hH(OI*R,_ (V) -

It should be emphasized that y,(x) is governed by the Eq.(3) with the linear boundary conditions that come
from the original problem, which can be easily solved by symbolic computation softwares such as Maple and
Mathematica.

4 Examples:
In this section, we offer three examples by using HAM.
Examplel:
First, we consider a fractional differential equation
4
3 2
D [y(0]+1y(2) = A" y(2), 1€(0,1) @
subject to

»(0)=0,  »y'(0)=4
Where A4 is constant. To solve Eq.(4) by means of HAM, by using initial conditions, it is a straightforward

that the initial approximation should be in the form y,(#) = Az. We choose the linear operator
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4

Nlp(1.9)]= D*[p(t. )] +t9(t,q) = A’ p(t.q) .
According to above definition, assumption H(z)=1, we construct the zeroth-order deformation equation,
(A=) Llp(t,9)] -y, ()] = ghN[p(t, 9)]

Thus, we obtain the j- th- order deformation equation

L[yj (t) —XVia ]= hR,- ()7;‘71) (5)
where

4
R, =Dy, (O]+ty,, ()= Ay, (D). (6)

4

Operating the Riemann-Liouville integral operator [ 3 on both side of Eq.(5) we obtain
4 4

7,0 =G+ Wy (O =, + )y, (0=, + )y, (0 +hPty, ()= APy ().
Finally, we have »(f)=y, (t)+2yl. (t) . So, From (6) and initial condition y,(f) = At , we get
i1

(@) = hrl((z)) _ACG) 3

13

F(?) r(?) 13 16

Q) G ) B R L awre e TG ARTOTG) v

yz(t):r(“’)l I O N [ N A N L
3 3 3 3 3 3 3 3

Dy,

305

23
)

7
t3

/1h21“(2)1“(136) 1 RATE)I(
- 13+

10, 20 13
F(?)F(?) F(?

So, when h = -1, the series solution expression by the HAM is

13 16
i oo T w AFGIE) n
0= RO gt
Iy TR TN

arr® v 2rerdd) o
i r(”’)r<23°) o r(”)P(g) t
3 3 3 3

Example2:
We consider the regular fractional eigenvalue problem

3

D2y()+ Ay(t) =0, 1e(0,1) 7)
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along with the boundary conditions
y'(0)=0,y(1)=0

To solve Eq. (7) by means of standard HAM, it is natural to choose initial approximation y,(#) =4,
3

where 4 is constant. We choose the linear operator L[@(7,q)] = D*[@(t,q)]with the property L(c)=0 where
¢ is constant. Furthermore, suggests that we define a nonlinear operator. Also, we define a nonlinear operator
3
Nlp(t,9)]= D*[p(t, )]+ 24(t,q)
Noting above, with H(t) = 1, we construct the zeroth-order deformation
(=q)Llp(t,q) - y, ()] = qhN[p(t,q)] .
Thus, we obtain the j th-order deformation equation
Ly, )= x;y,.(O]=hR [y, ] ®)

where
3

R[3,,1= D[y, (D]+Ay,,(1) .
4
Operating the Riemann-Liouville integral operator /3 on both side of Eq.(8) we obtain
3
YO = +h)y @)= (x, +h)y, L (0)=(x, + by (0)+ AhL*y (1) ©)]

Finally, y(?) = y,()+ Zyi (#) . From (9) and initial condition y,(f)=A we have

i=1

Ah 2 4an 2
N=—"12(=—=12
»n® 51 Vr )
')
2
Ah(L+h) 2 2R, 4/1h 3 4/1h2 3 /1112
»()= 1+ r'(= r)
2 ré EOMAREN AN
2
Ah(1+h)? A+ h) /13h3 4 4/1h 2 4/1h2 3 /”Lh23 arn* 2
y, (1) = t2 2 r+ t2( r+ 12
' r(é) I'(4) \/— \/7 Wr
2

4/1h3 3 /1h2 A Mﬁ 32,1 h3 2

£+ r+ £
3\/_ 6 945J_

Hence

(1) = yo(t)+y1(t)+y2(t)+---

Now, if h=-1, we have
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=1~ /15 t§+r’z;) r- }“131 t%+...=(—ﬂ)”iﬂ:(—A)”Eg(t%)'
e ') T+ ) 2

3
where E,(—At*)denotes the Mittag-Leffler function. Now, using the boundary condition, we explore the first
2

three eigenvalues (4, ,, 4, ,and A, )numerically in following table where represents the number of terms used
in the following series, i.e.
MOEDWAG)
n=0
The numericl evidence in table suggests that the first three eigenvalue are

A, =2.11027708, A, =13.76538223, A, =24.24328676

Table 1: The approximation to the first three eigenvalues

i 11,1- 12,1' ﬂ'},i

17 2.11027708 13.76538387 24.10237991
18 2.11027708 13.76538208 24.26958889
19 2.11027708 13.76538224 24.23941883
20 2.11027708 13.76538223 24.24383027
21 2.11027708 13.76538223 24.24329538
22 2.11027708 13.76538223 24.24328578
23 2.11027708 13.76538223 24.24328687
24 2.11027708 13.76538223 24.24328675
25 2.11027708 13.76538223 24.24328676
Example3:

We consider the following nonhomogeneous fractional Diffusion-Wave equation
O*u(x,1)
—2+

D Tu(x,t)] =k t, l<a<?2 (10)
subject to:
u(0,0)=u(z,t)=0, 0<r<l

u(x,0)=x, O<x<rx 11

u,(x,0)=0, O<x<rx
. . .. ou .
where, k is constant and the caputo fractional derivative of order a, for a—(x,t) , is defined as:
t

O
ou 0" (x.9)
D,M[u(xal)]=D,a(5(3€,l))=1_ — 9 ds, m-l<a<m, meN.

1
(m—-a) os"

By separation of variables method, we suppose u(x,#) = X (x)T(¢)is a solution of homogeneous part (10),

J;(z —g)net

together with the boundary conditions(11). So, we have
X'(x)+1X(x)=0, X(0)=0, X(z)=0 (12)

D[T()]+kAT(H)=0, T(0)=B, T'(0)=0, O0<r<l (13)

where B is constant. The Sturm-Liouville problem (12), has eigenvalues A, = n® and the corresponding
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eigenfunctions X, (x) =sinnx,(n=12,...) . Now, for the case ﬂ,n =n’ , by the HAM, we solve fractional
Sturm-Liouville equation
De[T ()] +kn’T,(¢) =0, T(0)=B,T'(0)=0, O0<r<l (14)

To solve Eq.(14), by HAM, according to initial conditions, it isnatural to choose initial approximation
T (0)= B, where B, is constant. We choose the linear operator L[¢(¢,q)]= D “[@(t,q)], (in here
#(t,q)= ZTm (1)g' ) with the property L(c)=0, where ¢ is constant. Furthermore, N suggests that we
define a nonlinear operator
Nlg(t,q)]1= D*[p(t, )]+ kn*$(2,q).
According to above definition, assumption H(f)=1, we construct the zeroth-order deformation
(=g Llg(t.q) =T, ()] = ghN[p(2, 9)]-
Thus, we obtain the j-th-order deformation equation

LIT, (1)~ ,T, ()= hR [T-] (s)

where

[ﬂwan D[T w1 ()] + kn’T,,_, (1).
Operating the Riemann-Liouville integral operator /“ on both side of Eq.(15), we obtain
T,(0)= (7, + T, ()~ (2, + W, (0~ (7, + WT,,(0) +kn*hI“T 1), (16)
From (16)and initial condition 7,,(0) =B, , we get

BKn

nl()_l_,( +1)ta
T.(0)=(+h) hB Kn® . W’ B, (kn®)* 2
I« D rQRa+1)

Now, if #=-1, we have

K 2
nl( ) = & a
T+l
B (kn
T, 2(;):#
IQa+1)
RO GBI
FGa+1)

So, the solution of (14) is
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=BT ) e,

where E, denotes the Mittag-Leffler function. Now, we look for the solution of the nonhomogeneous problem
(10-11), which is of the form

U(x,t)=Y H,(t)Sinnx (17)
n=l1

From (Brown and Churchill, 1993) we have

o3 2-CD]

Sin nx O<x<rxm (18)
nr

Therefore, from (10) we conclude
= 1-(-1
Z[D“Hn(t)+Kn2Hn(t)]Sin nx = Z A= ]tSin nx (19)
n=1 n=1 niw
Hence, we get by identifying the coefficients two side of the Sin series (19)
(=11,
nr

DH (t)+Kn’H (1) =2 n=12,.. (20)

that is a non-homogeneous fractional Sturm-Liouville equation with

2[1-(-1)"
g(1) Z@ . Using (11) and u(x,0)=0 ie.
nr
ZHn(O)Sinnxzx (21)
n=1
So, we get
h=H (O)_l(Smnx Cosnx) 22)

that is independent of 7 To solve Eq. (20), by HAM, according to (22), it is natural to choose initial
approximation /1, ,(#)=h, . We choose the linear operator L[@(t,q)]=D,"[@(t,q)] . (in here
o(t,q) = ZHm.(t)qi ) with the property L(c) =0, where ¢ is constant. Furthermore, N suggests that we

i=0
define a nonlinear operator

Nio(t,9)]= D*[o(t,)]+kn’¢(t,q).

According to above definition, assumption H(?)=1 , we construct the zeroth-order deformation

(=q)Llp(t,q) - H ()] = ghN[o(1,q) = M 1].

Where M, :M . Thus, we obtain the j-th-order deformation equation

nw IR
LH,, () - x,H, (1)]=hR,[H ] (23)
where

R[H yr(t)] = D*[Hoyr(0)]+ ot H, ()~ (Mt — 7, M, 1),

Operating the Riemann-Liouville integral operator /“on both side of Eq.(23), we obtain
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H,(6)=(x; +H, ()~ (z;,+MH,(0)~(x, +H, (0)+knhl“H, (1)~ 1" (M, - x,M,1).

From (16)and initial condition /,,(0)=4h, . we get
hKn® M t*

H,0)= " =h

I'a+1) IN'a+2)

h2hn (Kn®)® 2% _ )2 M, ezl

n

HoO=+ W =20 r2a+2)

Now, if #=-1, we have
—Kn? s M,
Hnl( ) = . t
INa+ 1) F(a +2)
h, (kn® M
an (t) — n( ) t2a _ t2a+l

n

'Ca+1) '2a+2)

So the solution of (14) is
—Kn’ Kn*)™ far
H (f) _ ,72 ( ) Z( ) 1
7 [(io+ 1) Y T(io+ 2)
or

M M
H,(1)= hE,(~Kn't) + =", | (—anz“)+K—’:f (24)

Substituting (22) and (24) in (17), we get

u(x,t)=— ZE (—Kn’t )(Slnnx Cosnx)S x+t2— (= —kn’t” )Sznnx+tZ—Smnx

T =1 n=1 KN o kn

Conclusions:

In his work, the homotopy analysis method has been applied to studythe fractional Sturm-Liouville
problems. In HAM we can choose / in such away that we get most accurate solution and this is the
mostimportant feature of this technique. In the exdample 2, we have proposed the numerical solution by using
mathematica. These solutions, as A=-1, are the same results given by Adomian decomposition method
(Al-Mdallal,).
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