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Abstract: The homogeneous balance method is used to construct exact traveling wave solutions of
equal width wave equation, in which the homogeneous balance method is applied to solve the Riccati
equation and the reduced nonlinear ordinary differential equation, respectively. Many exact traveling
wave solutions of equal width wave equation are successfully obtained, which contain soliton-like and
periodic-like solutions. This method is straightforward and concise, and it can also be applied to other
nonlinear evolution equations.
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INTRODUCTION

Nonlinear evolution equations have a major role in various scientific and engineering fields, such as fluid
mechanics, plasma physics, optical fibers, solid state physics, chemical kinematics, chemical physics and
geochemistry. Nonlinear wave phenomena of dispersion, dissipation, diffusion, reaction and convection are very
important in nonlinear wave equations. In recent years Wang (1995; 1996), Khalafallah (2009) used a useful
homogeneous balance (HB) method for finding exact solutions of a given nonlinear partial differential
equations. Fan (2000) used HB method to search for Backlund transformation and similarity reduction of
nonlinear partial differential equations. In this paper, we use the homogeneous balance method (HB) to solve

the Riccati equation ¢’ = ag’ + b+ cand the reduced nonlinear ordinary differential equation for equal width
wave equation, respectively. It makes the HB method use more extensively.

Equal Width Wave Equation:
For equal width wave equation (Evans and Raslan, 2005)

u,+euu, —vu_, =0, (1)

where € and vare nonnegative constants.
Let us consider the traveling wave solutions

u(x,0)=u(§),§=hkx+1lt+¢ (2)

Where £,/ and are constants.
0
Substituting (2) into (1), then (1) is reduced to the following nonlinear ordinary differential equation

"__

' + ekuu’ —vk*lu" =0, 3)

We now look for the solutions of (3) in the form
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m .
u= Zal¢’ , 4)
where l;ioare constants to be determined later and ¢ satisfy the Riccati equation
¢ =ap’> +bp+c (5)
where a,b and ¢ are constants.
Balancing »” with uu”in (3) gives
m+3=m+m+1,
so that
m=2.

The homogeneous balance method admits the use of the finite expansion in the form
u=a,+ad+a,d’, (6)
where a,,a, and @, are constants to be determined and ¢ satisfy Eq. (5).

Substituting Eqs. (6) and (5) into Eq. (3), and equating the coefficients of like powers of
#'(i=0,1,2,3,4,5) to zero yields a set of algebraic system for ao,al,az,k and /
la,c —vk*l(a,(2ac® + b’c) + 6a,c’b) + gka,a,c =0,

I(a,b+2a,c) —vk*l(6a,c(2ac + b*) + 6a,b’c

+2a, (2ac® +b’c) + a,(b(2ac + b*) + 6abc))
+ekay(a,b+2a,c)+ gkajc =0,

[(aa, +2a,b) - vl’czl(Za2 (b(2ac + b*) + 6abc)
+a,(3b*a+4a(2ac + b*)) + 2ea, (ab + 6a,b(2ac + b*))
+¢kay(aa, +2a,b) + eka,(ab + 2a,c) + eka,a,c = 0,
2laa, —vk’l(12a,ca’ +18a,b’a + 6aa,(2ac + b*)
+2a,(3b°a+4a(2ac + b*)) +12a,a’h) + 2ea,a,a (7)
+¢&ka,(aa, +2a,b) + gka,(ab + 2a,c) =0,

2¢kaa,a, + gka,(aa, + 2a,b) —vk’l(54a,ba’ + 6a’a,) =0,
2£kaa22 - 24vk21a3a2 =0.

For which, with the aid of Maple, we find
. [(8vk*ac + b*vk* 1) _ 12vkilab _ 12vkla®

,a ,a . (3
0 ck ! & : &
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It is to be noted that the Riccati equation (5) can be solved using the homogeneous balance method as
follows

m
Case:I. Let ¢ = Zbl tanh' . Balancing ¢,With ¢2 leads to
i=0

¢=>b,+b tanh¢. )

Substituting Eq. (9) into Eq. (5) we obtain the following solution of Eq. (5)

2
¢=—i(b+2tanh§), ac=%—1. (10)

Substituting Egs. (8) and (10) into (2) and (6), we get the following traveling wave solutions of equal
width wave equation (1):

_—l+ 8vkiacl + Ib*vic* — 3vk*1b* . 12vkl
ck &

u(x,1) tanh’ (kx + 1t + &), (11)

2
where ac =——1.

m
Similarly, let ¢ = Zbi coth’ (,Z , then we obtain the following new traveling wave soliton solutions of
i=0
equal width wave equation (1):
~1 +8vik’acl + Ib*vk* - 3vk’Ib’ N 12vkl
£

ck

u(x,t)= coth® (kx + 1t + &), (12)

2
where ac =——1.
4

Case: II. From (Zhao and Tang, 2002), when a=1, b=0 the Riccati Eq. (5) has the following solutions
¢=-+/-c tanh(v/—c&), <0,
1
¢ =——, c=0,
¢ =c tan(-/c&), 0.
From (6), (8) and (13), we have the following new traveling wave solutions of equal width wave equation

(1) which contain traveling wave solutions, periodic wave solutions and rational solutions as follows
When ¢<0, we have the following traveling wave (soliton-like) solutions of equal width wave equation

(1):

2 2 2
w(rt) = I(8vk’ac +bvk* —1)  12vklaby/—c anh(S e (o + 1+ £))
2 &k & (14)
_IoVMae o (e e+ 1t + £,)).
&
When ¢=0 we have
1(8vk*ac + b*vk* —1) 12vklab
u(x,t)= -
ck el +1t+ ) )
12vkla?
.
e(hkx+1t+ &)
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When ¢>0 we have the following traveling wave (periodic-like) solutions of equal width wave equation (1):

2 2 72

w(ed) = [Bvk’ac + b'vk® ~1) | 12vklabJc an(a e + 1+ £)

ck £ (16)

2
AR (el + T+ &),
&
Case: III. We suppose that the Riccati equation (5) has the following solutions of the form
p=Ay+ D (A4S + B g), (17)
i=1

with
1 sinh &

N cosh§+r’g_ cosh&+ 7’

Balancing ¢' with ¢2 leads to

=4, +Af+Bg. (18)
Substituting Eq. (18) into (5), collecting the coefficient of the same power f (£)g'(£)(i=0,1,2;/=0,1)
and setting each of the obtained coefficients to zero yield the following set of algebra equations

aA; +aB} +bA,+c=0,

2aA,4, —2arB} —rB, + b4, =0,

aAl2 +a(r’ - 1)B12 +(r - 1B, =0,

2a4,B,+bB, =0,
2aA4,B, + 4, =0,
which have solutions
b (r*=1) 1 b -1
:——’A =+ ’BZ ,C= . 19
4 247" 4a’ 1 2a 4a (1)
From Egs. (18), (19), we obtain
1 sinh & F /(7 =1)
¢= (b+ )- (20)
2a cosh& +r
From Egs. (6), (8), and (20), we obtain the new solutions of equal width wave equation
—1 +8vk>acl + Ib*vk’ — 3vk’Ib’
u(x,t) =
ek
) 5 21
+ 3vkl (Slnh(kx +it+E)F 1) )2
& cosh(kx + 1t + &) +7 '
Case: IV. We take ¢ in the Riccati equation (5) being of the form
¢=e" p(2)+ py(&), (22)
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where

Z:ep2§p(z)+p3,

where p, p, and p; are constants to be determined.
. . —pr +b
Substituting (22) into (5) we find that when ¢ = —————, we have

4a
né _ b
b= 121: LAY (23)
a(e” +py) 2a

If p,=1 in (23), we have

)2 1 b
=—""tanh(— - 24
$ == tanh(pg) - (24)
If p, in (23), we have
P 1 a_tb
¢= 2aC0th(2P1§) 0 (25)

From (6), (8) and (23), we obtain the following new traveling wave solutions of equal width wave
equation (1) :

l(8vk2ac+b2vk2—1)+12vkl pePtiee) b)

u(x,t)= ( -
ck < eb](kwlwfo) +p3 2 (26)
pe” Ty b
X( P (kxtli+&y) - )
e + p, 2

When p,=1 we have the following traveling wave (soliton-like) solutions of equal width wave equation

(1):

u(x,t)=

~1 +8vik*acl + Ib*vk* - 3vk’Ib’ N 3vkip}
ek €
When p,=-1 we have the following traveling wave (periodic-like) solutions of equal width wave equation

(1):

u(x,t)=

tanh’ (% ke +1+E)). 27)

~1 +8vk*acl + Ib*vk* — 3vk’*Ib® N 3vkip]
ek

coth’ (% p(kx+ 1t + E)). (28)

Case: V. We suppose that the Riccati equation (5) have the following solutions of the form:

¢=A,+ Y _sinh™ (4 sinhw+ B, coshw), (29)

i=1
dw . w
where d—§= sinhw or d_ =coshw. It is easy to find that m=1 by balancing ¢' and ¢52 .
So we choose

¢ = A, + A sinhw+ B coshw, (30)

aw . . aw . . .
when —— =sinh W, we substitute (30) and d_ =sinh W, into (5) and set the coefficients of
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sinh’ weosh’ w(i = 0,1,2; j =0,1) to zero. A set of algebraic equations is obtained as follows:
aA; +aB’ + b4, +c=0,

2ad, 4, + b4, =0,

aA’ +aB! - B, =0,

2a4,B, +bB, =0,

2a4B,+ 4, =0,
for which, we have the following solutions:
b 1
Ay=——, A4=0, B=—, @31
2a a
b* -4
where ¢ = , and
4a
b f 1 1
=——, 4=%/—, B=—, 32
4 2a° 2a ' 2a 32)
b* -1
where ¢ = .
a
w .
To — =sinh W, we have
d
sinhw=—csché, coshw=—coth¢. (33)
From (31) - (33), we obtain
b+2cothé
p=-—", (34)
2a
2 —
where ¢ = b 4, and
a
b+t csché +cothé
¢p=- ; (35)
2a
b -1
where ¢ = .
a

From Egs. (6), (8), (34) and (35) we get the following traveling wave solutions of equal width wave
equation (1):

2 2 2 271.2
w(x.t) = [+ 8vk“acl + Ib*vk™ —3vk°lb N 1ZVklcoth2(kx+lt+cfo), 36)
ek £
2
where C=b 4, and
4a
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—1+8vk*acl + Ib*vk* — 3vk*Ib*

u(x,t)=
3kl N D
+ 2% (coth( + 1 + &) + osch(k + 1t + &),
&
b* -1
where ¢ = .
a

w
Similarly, when — = cOSh W, we obtain the following traveling wave (periodic-like) solutions of equal

width wave equation (1):

2 2 2 271.2
w(x.t) = =l +8vk-acl + Ib°vk” —3vk~lb N 12vkl cotz(kx+lt+§0), (38)
ek £
2
where ¢ = b _4, and
4a
—1 +8vklacl + Ib*vk* = 3vi’Ib*
u(x,t)=
3vkl * %
+ 2% (cot(hor + 1t + &) £ esc(ke + 1t + &),
£
b -1
where ¢ = .
4a

In summary we have used the extended homogeneous balance method to obtain many traveling wave
solutions of equal width wave equation.
We now summarize the key steps as follows:
Step 1 : For a given nonlinear evolution equation

F(uu,u_u_u,..)=0, (40)

xt?

we consider its traveling wave solutions u(x,t) = u(f),éj =kx+1t+ 50 then Eq. (40) is reduced to an
nonlinear ordinary differential equation

Ou,u'",u",u",..)=0, (41)
where a prime denotes —.

Step 2: For a given ansatz equation (for example, the ansatz equation is @' = ag’ + b+ ¢ in this paper),

the from of u is decided and the homogeneous balance method is used on Eq. (41) to find the coefficients of

u.
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