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Abstract: Ranking fuzzy numbers plays an very important role in linguistic decision making and some
other fuzzy application systems. Many methods have been proposed to deal with ranking fuzzy
numbers. The approach is illustrated by numerical examples, showing that it overcomes the
shortcoming existing fuzzy ranking approaches, especially when it is difficult to use other methods
to solve ranking fuzzy problems.
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INTRODUCTION

Ranking fuzzy numbers is important in decision-making, data analysis, artificial intel-ligence and
socioeconomic systems. Jain (1976,1978), Dubois and Prade (1978) introduced the relevant concepts of fuzzy
numbers. Bortolan and Degani (1985) reviewed some methods to rank fuzzy numbers, Chen and Hwang (1992)
proposed fuzzy multiple attribute decision making, Choobineh and Li (1993) proposed an index for ordering
fuzzy numbers, Dias (1993) ranked alternatives by ordering fuzzy numbers, Lee et al. (1994) ranked fuzzy
numbers with a satisfaction function, Requena et al. (1994) utilized artificial neural networks for the automatic
ranking of fuzzy numbers, Fortemps and Roubens (1996) presented ranking and defuzzication methods based
on area compensation, and Raj er al. (1999) investigated maximizing and minimizing sets to rank fuzzy
alternatives with fuzzy weights. However, Chu and Tsao (2002) proposed a method of ranking fuzzy numbers
with an area between the centroid and original points. Chu and Tsaos method originated from the concepts
of Lee, Li (1988) and Cheng (1998). Lee and Li proposed the comparison of fuzzy numbers, for which they
considered mean and standard deviation values for fuzzy numbers based on the uniform and proportional
probability distributions. Then Cheng proposed the coefficient of variance to improve Lee and Li’s method
based Cheng also proposed a new distance index to improve the method proposed by Murakami et al. (1983)
Recently, Wang and Lee (2006) presented a new method of ranking fuzzy numbers with using radius of
gyration.

In Section 2, we introduce some preliminaries. In Section 3, we remind other ranking method. In Section
4, we explain Hadi method and in last Section, we compare Hadi method with other ranking fuzzy number
methods.

2. Preliminaries:

In practical use, ranking fuzzy numbers is very important in fuzzy topics. For example, the concept of
optimum or the best choice is completely based on ranking or comparison. Therefore, to set the rank of fuzzy
numbers is one of the main problems. The concept of fuzzy sets was originally introduced by Zadeh. The
concept of fuzzy numbers is presented by Jain (1978) and Dubois and Prade (1978). Ranking methods are
classified into four major classed according to Chen and Hwang (1992) which are listed as follows:

(1) preference relation

a) Degree of optimality b) Hamming distance c) a-cut d) Comparison function

(2) Fuzzy mean and spread probability distribution

(3)Fuzzy scoring

a) Proportion to optimal b) Left/Right scores c¢) Centroid index d) Area measurement
(4)Linguistic expression

a) Intuition b) Linguistic approximation
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Definition 2.1:
Let U be a universe set. A fuzzy set A of U is defined by a member-ship function p, =* [0, 1], where
pa(x), Vx € U, indicates the degree of x in A.

Definition 2.2:
A fuzzy subset A of universe set U is normal if and only if sup,.; ps(x) = 1, where U is the universe
set.

Definition 2.3:
The a- cut set of a fuzzy set A is a crisp set defined by A, = {x € X|u,(X) > a}

Definition 2.4:
A fuzzy subset A of universe set U is convex if and only if p,(Ax + (1 - A)y) > min{(p,(X) * pa(y))},
vx,y € U, VA € [0,1].

Definition 2.5:
A fuzzy set A is a fuzzy number if and only if A is normal and convex on U.

Definition 2.6:
A trapezoidal fuzzy number A is a fuzzy number with a membership function p, defined by:

x—a,
1
—, a,<x<a,,
a,—q
, a, <x<a,,
/JA(x):
a,—x
= a,<x<a,
a,—a,
0, otherwise

which can be denoted as a quartet (a,, a,, a;, a,).
Definition 2.7. The membership function f, of A can be expressed as
Loa<x<
f/, a<x<a,
@) w, b<x<c,
X) = (1
4 R
f,, c<x<d,

0, otherwise

where f1 :[a,b]—[0,w] and f[ :[c,d]—>[0,w] . Since f} :[a,b]—>[0,w] is continuous and
strictly increasing, the inverse function of f} exists. Similarly, since f AL :[a,b] > [0,w] is continuous
and strictly decreasing, the inverse function of £, also exists. The inverse functions of f; and fF can be
denoted by g, and g, respectively. Since f, :[a,b]—>[0,w]is continuous and strictly increasing,
g% :[0,w] > [a,b] is also continuous and strictly increasing. Similarly, since f :[a,b]—>[0,w] is
continuous and strictly decreasing, g* :[0, w] —>[c,d] is also continuous and strictly increasing, g“ and

g are continuous on [0, w]; they are integrable on [0, w]. That is, both LW ghdy and LM ghdy exist.
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3. Other Ranking:
3.1. the Cheng and Chu-tsao Methods:

The centroid point of a fuzzy number corresponds to an X value on the horizontal axis and a y value

on the vertical axis. The centroid point ()_C , )_/) for a fuzzy number A:
J:’ (of Py + [ e+ f (xf " )dx
[ 5+ [ xate [ (£ 1)

X(A) =

[ Gehdy+ [ gy

y(A) =
’ [ (ehdv+ [ (gl

where f! and fF are the left and right membership functions of fuzzy number A, respectively. gj and
g% are the inverse functions of f/ and f .

Cheng method: The centroid point (x,y) for a fuzzy number A:

R(A) =X +7°.

Chu-Tsao method:

S(A) = 3.

3.2. The ROG Method:

Radius of gyration is a concept in mechanics. In this paper, we present a new area method to rank fuzzy
numbers with the radius of gyration (ROG) points. For better understanding our method, we briefly introduce
some important definitions (Hibbeler, R.C., 2000). The moment of inertia of the area A with respect to the
x axis, and the moment of inertia of the area A with respect to the y axis are defined, respectively, as

I.=[yda, I,= [xdd @
A A

The radius of gyration of an area A with respect to the x axis is defined as the quantity r,, that satisfies
the relation,

2
I =714, ®3)
where [ is the moment of inertia of A with respect to the x axis. Solving equation for r,, we have
1
VA @

In a similar way, we define the radius of gyration of an area A with respect to the y axis is

2
Iy —ryA, (5)
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1
r =] (6)
A

¥

Fig. 3.1:
In the following of this paper, when a generalized fuzzy number A is given, the radius of gyration (ROG)
points of the generalized fuzzy number A is denoted as (7 : ,T yA) whose value can be obtained by equations

(3) and (5). For an area made up of a number of simple shapes, the moment of inertia of the entire area is
the sum of the moments of inertia of each of the individual area about the axis desired. For example, the
moment of inertia of the generalized trapezoidal fuzzy number in Figure 1 can be obtained as follows,

[ =1,+1,+1,, Iy:1y1+]y2+ly3 (7)

Example 1:

Determine the moment of inertia and the radius of gyration of the generalized trapezoidal fuzzy number.
First, the trapezoid (a, e, f, d) can be divided into three parts, (a, ¢, b) , (b, e, f, ¢) and (c, f, d). The moment
of inertia of the area (aeb) with respect to x axis, and the moment of inertia of the area (a, e, b) with respect
to y axis can be calculated

2 [ O—aw=y) (b-—aw
(L) [, vdd=[ " R A

(Iy)lj xX2dA = (b_a)3W+(b—a)a2w+2(b_a)2w

8
laeb 4 2 3 ( )

The moment of inertia of area befc and cfd, with respect to x axis and y axis, can be obtained,
respectively, as follows,

B (c-b)w’
(Ix)Z - 3 4

B (d—c)w’
(Ix)3 - 12 ]
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_ 3
1), :wﬂc—b)bzwﬂc—b)zbw,

N _ 2 R )
(1), = (d-c) W (d-c)c W (d-c) cw

12 2 3

So, the (ROG) point of generalized trapezoidal fuzzy number can be calculated as

L),y
A (((c=b)+(d—a)w) /2

g (((c=b)+(d—-a)).w)/2
4. Hadi’s Method for Ranking Trapezoidal Fuzzy Numbers:
In this section, we briefly explain Hadi’s method for ranking trapezoidal fuzzy numbers which is very
simple and efficient (see [16]).
For any trapezoidal fuzzy number a=(a",a",a”,a”) , define

1 _ 1
a=a,——h, a=a"+—h,
2 - 2
a“ +ad" a” a’
where amz—,haza—ﬁandhaza—ﬁ
2 = a“+a a“ +a

Now assume that @ = (aL,aU,aa,aﬂ), b= (bL,bU,ba,bﬂ) be two trapezoidal fuzzy numbers.
Let

R@,b)y=a-b, R@b)=a-b
Definition 4.1:
Assume 4 = (aL,aU,a“,aﬂ ), 5 = (bL,bU,ba,bﬂ) be two trapezoidal fuzzy numbers and

R(a,b) >0 af R(a,b) <0 , then change role a and b ). Define the relation < and = on F(R) as

follows:
i)a~b if and only if R(b,a) = R(a,b)
iiya < b if and only if R(b,a)> R(a,b)

Remark 4.1:

We denote @ <b ifand only if @~ b and &< b . Then a <b if and only if R(a,b) >0 and

R(a,b)>R(a,b) . Also a<b ifand only if b>a .
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Remark 4.2:
We let 0= (0,0,0,0) as the zero trapezoidal fuzzy number. Thus any & such that a = 0 , is a zero
fuzzy number too.

Lemma 4.1: ~

Assume d<b , then —a > —b .
Lemma 4.2:
Assume gl,[; eF (R) . The relation < is a partial order on F(R).
Remark 4.3:
We emphasis that the relation < is a linear order on F(R) too, becaquse any two elements in F(R) are
comparable by this relation.
Lemma 4.3:
If G<b and ¢<d ,then a+¢<b+d .
Algorithm 4.1: Hadi’s method:
For two trapezoidal fuzzy numbers a and 5 , assume that b > a
Compute: R(a,b)=a—b and R(b,a)=b—a .
Let R =l_3(5,&) - E(gl,l;) . Then
if R=0, then ax [; s
else if R>0, then a < b~ , else 5 <a .
5. Numerical Examples:
In this section, we solve some examples to illustrate the advantage of Hadi’s method in ranking fuzzy

numbers.

Example 5.1:
Consider the following fuzzy numbers:

11F B

1

os9
03
o7
06
os
0.4
(e
0z
o1

Fig. 5.1:
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method Cheng Chu-Tsao ROG Hadi
result R, » R, R, <R, R, » R, R, <R

As we see in Fig. 5.1 the fuzzy number R, is bigger than R, while ROG and Cheng’s methods show that
R, < R,.
Example 5.2:

Consider the following fuzzy numbers:
R, = (-16,-6,4,4), R, = (8,9,2,2)

Fig. 5.2:

method Cheng Chu-Tsao ROG Hadi
resultR, > R, R, < R, R, » R R, < R

Fig. 5.2 shows R, < R, while ROG and Cheng’s methods show R, > R,.

Example 5.3: Consider the following fuzzy numbers:
Rl = (_3705152)7 RZ = (457’])2)5 R} = (457>2>2)7 R4 = (458717])

7 I, T I - o S =H 4
08+ E
R(1) R Ri3) 6y}
OB 4
04r -
02 B
D 1 1 1 1 1
Fig. 5.3: -4 2 i) 2 4 B ] 10
method Cheng Chu-Tsao ROG Hadi
result R, <Ry <R, <R, R, <R, <R, <R, R, <R, <R, <R, R, <Ry <R, <R
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The above tableau shows Hadi and Chu-Tsao’s methods can order fuzzy numbers in the good strategy.

6. Conclusion:

In this paper, we focused on Hadi’s method for ranking trapozoidal fuzzy numbers. We examined the
advantage of Hadi’s method by comparing to Chu-Tsao and Cheng’s methods and recently proposed method
entitled ROG method. We saw Hadi’s method in all examples obtained better results as well as Chu-Tsao
method. This method also will be useful in solving fuzzy linear programming problems.
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