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Solving Fuzzy Linear Programming by Using Revised Tsao’s Method
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Abstract: Ranking fuzzy numbers plays an important role in linguistic decision making and some
other fuzzy application systems such as management, operations research and etc. Many methods have
been proposed to deal with ranking fuzzy numbers. In 2006, Yong Deng, Zhu Zhenfu and Liu Qi
presented a method to rank fuzzy numbers. They employed radius of gyration rank fuzzy numbers;
however there were some problems with the ranking method. Recently the revised Tsao method is
proposed for ranking fuzzy number which was over-came the short coming of the privous method.
On the other hand, usually the fuzzy primal simplex algorithm is designed based on ranking fuzzy
numbers. Hence, in this paper, using the revised Tsao method for solving fuzzy linear programming
is proposed.
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INTRODUCTION

In fuzzy decision making problems, the concept of maximizing decision was proposed by Bellman and
Zadeh (1970). This concept was adopted to problems of mathematical programming by Tanaka et al. (1984).
Zimmermann (1983) presented a fuzzy approach to multi objective linear programming. He also studied the
duality relations in fuzzy linear programming. Dubois and Prade (1978) investigated linear fuzzy constraints.
Tanaka and Asai (1984) also proposed a formulation of fuzzy linear programming with fuzzy constraints and
gave a method for its solution which based on inequality relations between fuzzy numbers. Shaocheng (1994)
considered the fuzzy linear programming problem with fuzzy constraints and defuzzificated it by first
determining an upper bound for the objective function. Further he solved the so-obtained crisp problem by the
fuzzy decisive set method introduced by Sakawa and Yana (1994). Maleki et al. (2000) considered linear
programming problem with fuzzy variables and defined an auxiliary problem (a linear programming including
the trapezoidal fuzzy numbers in the cost coefficients) for solving them. They solved the auxiliary problem
by using Yager’s ranking method. After that, Mahdavi-Amiri and Nasseri extended their works to linear
ranking functions and established the duality on fuzzy number linear programing and linear programming with
fuzzy variables. Now we are going to propose the revised Tsao’s method as a tool for using the fuzzy primal
simplex algorithm in solving the auxiliary problems or generally the linear programming with fuzzy cost
coefficients. This paper is organized in 6 sections. In Section 2, we introduce some preliminaries of fuzzy sets.
In Section 3, we explain the revised Tsao’s method for ranking fuzzy numbers. Fuzzy linear programming is
defined in Section 4. An illustrative example is given in Section 5. We conclude in Section 6.

2 Preliminaries:
Fuzzy numbers are a special kind of fuzzy set, which are normal and convex. Although these numbers

can be described by using many special methods and shapes, triangular and trapezoidal shapes are widely best
used for solving practical applications. In this paper, we consider these two fuzzy numbers. In many fuzzy
multiple criteria decision-making problems, the final scores of alternatives are represented in terms of fuzzy
numbers. In order to choose best alternatives, we need a method for building a crisp total ordering from fuzzy
numbers. Many methods for ranking of fuzzy numbers have been suggested. Each method appears to have
some advantages as well as disadvantages. In fuzzy multiple criteria decision making problems, many triangular
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fuzzy numbers can intuitively rank its ordering by drawing its curves. If its ordering cannot be ranked by
figures, we can use many other methods of ranking fuzzy numbers.

Definition 2.1:
Let U be a universe set. A fuzzy set A of U is defined by a membership function                 , where[0,1]A� �

μA(x),�x � U, indicates the degree of x in A.

Definition 2.2:
A fuzzy subset A of universe set U is normal if and only if supx�U μA(x) = 1, where U is the universe set.

Definition 2.3:
A fuzzy subset A of universe set U is convex if and only if μA(�x + (1 - �)y) � (μA(x),  μA(y)), �x, y

� U, �� � [0, 1], where ^ denotes the minimum operator. 

Definition 2.4:
A fuzzy set A is a fuzzy number if and only if A is normal and convex on U.

Definition 2.5:
A triangular fuzzy number A is a fuzzy number with a piecewise linear membership function μA defined

by:
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which can be denoted as a triplet (�1, �2, �3).

Remark 2.1:
We consider                as the zero triangular fuzzy number. 0 (0,0,0)��

Definition 2.6: The membership function fA of A can be expressed as

(2.1)
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where       : [a, b] � [0, w] and        : [c, d] � [0, w]. Since      : [a, b] � [0, w] is continuous and strictly L
Af R

Af L
Af

increasing, the inverse function of      exists. Similarly, since      : [a, b] � [0, w] is continuous and strictly L
Af L

Af
decreasing, the inverse function of       also exists. The inverse functions of      and       can be denoted R

Af L
Af R

Af
by       and      , respectively. Since      : [c, d] � [0, w] is continuous and strictly increasing,      : [0, w] L

Ag R
Ag L

Af L
Ag

[a, b] is also continuous and strictly increasing. Similarly, since       : [a, b] � [0, w] is continuous and strictly L
Af
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decreasing,       : [0, w] � [c, d] is also continuous and strictly increasing,        and       are continuous R
Ag L

Ag R
Ag

on [0, w]; they are integrable on [0, w]. That is, both                                exist.
0 0

w wL R
R Ag dy and g dy� �

3 The Revised Method of Ranking Fuzzy Numbers with an Area Between the Centroid and Original Points:
Ranking fuzzy numbers is important in decision-making, data analysis operations re-search, artificial

intelligence and socioeconomic systems. Jain, Dubois and Prade (Dubois, D., H. Prade, 1978; Jain, R., 1976;
Jain, R., 1978) introduced the relevant concepts of fuzzy numbers. Bortolan and Degani (1985) reviewed some
methods to rank fuzzy numbers in 1985, Chen and Hwang (1992) proposed fuzzy multiple attribute decision
making in 1992, Choobineh and Li (1993) proposed an index for ordering fuzzy numbers in 1993, Dias (1993)
ranked alternatives by ordering fuzzy numbers in 1993, Lee et al. (1994) ranked fuzzy numbers with a
satisfaction function in 1994, Requena et al. (1994) utilized artificial neural networks for the automatic ranking
of fuzzy numbers in 1994, Fortemps and Roubens (1996) presented ranking and defuzzication methods based
on area compensation in 1996, and Raj et al. (1999) investigated maximizing and minimizing sets to rank
fuzzy alternatives with fuzzy weights in 1999. However, Chu and Tsao (2002) proposed a method of ranking
fuzzy numbers with an area between the centroid and original points. Chu and Tsaos method originated from
the concepts of Lee, Li (1988) and Cheng (1998). In 1988, Lee and Li proposed the comparison of fuzzy
numbers, for which they considered mean and standard deviation values for fuzzy numbers based on the
uniform and proportional probability distributions. Then Cheng proposed the coefficient of variance in 1998
to improve Lee and Li’s method based Cheng also proposed a new distance index to improve the method
proposed by Murakami et al (1983).

The centroid point of a fuzzy number corresponds to an     value on the horizontal axis and a     value x y
on the vertical axis. The centroid point           for a fuzzy number A:( , )x y
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where         and        are the left and right membership functions of fuzzy number A, respectively.      L
Af R

Af L
Ag

and       are  the  inverse  functions of       and       , respectively. The area between the centroid point R
Ag L

Af R
Af

 and original point (0,0) of the fuzzy number A is then defined as( , )x y
( ) . ,S A x y�

where     and      are  the  centroid points of fuzzy number A. To rank fuzzy numbers, we know that the x y
importance of the degree of representative location is higher than average height. Based on this concept, a
revision of Chu and Tsao’s method (Wang, Y.J., H.S. Lee, 2008) is presented as follows. For any two fuzzy 

numbers       and     , we have following situations.A B

( ) ( )
( ) ( )

if x A x B A B
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( ) ( )
( ) ( ) ( ) ( )

( ) ( )

If y A y B A B
If x A x B If y A y B A B

If y A y B A B

� 
 � 

�

� � � � �	
� � � �


Example 3.1:
We  want  to  compare  two  fuzzy  numbers                                          with the revised(5, 2, 2) (7, 2,3)A and B� �� �

Tsao’s method.
Since        = 5.000 and          = 7.333, thus the fuzzy number      is bigger than the fuzzy number ( )x A ( )x B A�

    . The following figure verifies this result.B�

Fig. 1:

4 Fuzzy Linear Programming:
A linear programming problem is defined as:

(4.1) s.t.
0

Max z cx
Ax b
x

�
�
�

where                                                             and                          and the vector x � 1 1( ,...., ) , ( ,...., )T T n T m
n mc c c b b b� � � �� � [ ] m n

ijA a �� ��
�m is an unknown vector. In this problem, all parameters are crisp. If some parameters be fuzzy numbers, we
have a kind of fuzzy linear programming. In many real situations the cost coefficients in linear programming
problems are fuzzy numbers. Here, we consider these kind problems including to the triangular fuzzy numbers
and is defined as following:

(4.2)s.t.
0

Max z cx
Ax b
x

�
�
�

��
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where                                                    .  We  denote these  problems  with  FLP and any x, , , ( )m n m n T nb x A c F�� � � ��� � � �
satisfies the system                 is  said a  feasible  solution  to (4.2). Now for defining a basic feasible , 0Ax b x� �

solution for FLP problems, consider the system Ax = b with x � 0, where A is an m × n matrix and b is an
m vector. Suppose that rank(A) = m. Partition after possibly rearranging the column of A as [B, N] that B 

is an m × m  matrix. The  vector                   , where                          is called a basic feasible ( , )T T T
B Nx x x� 1 , 0B Nx B b x�� �

solution (BFS)  of system.  Here  B  is  called  the  basic matrix and N is called the nonbasic matrix. The 

components of      are called the basic variables. If           , then x is called a nondegenerate basic feasible Bx 0Bx 


solution, and the corresponding fuzzy objective value is              , where                      .B Bz c x� ��
1

( , ..., )
mB B Bc c c�� � �

Now, corresponding to every index j, 1 � j � n, define.

1
j B j B jz c y c B a�� �� ��

Observe that for any basic index j = Bi, 1 � i � m, we have B-1aj = ei, where ei = (0, ...,0, 1,0, ...,0)T is 

ith unitvector, since                                              and so we have:
1

[ ,..., ,..., ]
i m ii B B B i B jBe a a a e e a� � �

 (4.3)1 0j j B j j B j j jz c c B a c c c c c�� � � � � � � � �� � � � � � ��

s.t.
, 0

B B N N

B N

B N

Max z c x c x
Bx Nx b
x x

� �
� �

�

� ��

Definition 4.1:
A feasible solution x* is an optimal solution for (4.2), if               , for all feasible solution x. We can *cx cx�� �

write                              . Therefore,                                .1 1
B Nx B Nx B b� �� � 1( )B N N Bz c N c x c B b�� � �� � ��

Theorem 4.1:
Let the FLP problem be nondegenerate. A basic feasible solution xB = B-1b, xN = 0 is optimal to (4.2) if 

and only if        , for all j, 1 � j � n. j jz c� ��

Proof:
Suppose that                      is a basic feasible solution to (4.2), where xB = B-1b, xN = 0. Then* ( , )T T T

B Nx x x�

              ` (4.4)
1

B B Bz c x c B b�� �� ��

On the other hand, for every feasible solution x to (4.2), we have

(4.5)B Nb Ax Bx Nx� � �
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Hence, we can rewrite (4.5) as follows:

 (4.6)1 1
b Nx B b B Nx� �� �

Then, for any fuzzy basic feasible solution to (4.2), we have

 1 1( )B B N N B B j j j
j B

z cx c x c x c B b c B a c x� �

�

� � � � � ��� � � � � ��

Hence, using (4.3) and (4.4) we have

(4.7)* ( )j j j
j B

z z z c x
�

� � �� �� � �

Now, if for all j, 1 � j � n  we have            ,  then from feasibility of x  we  have                      ,j jz c� �� ( ). 0j j jz c x� � ���

and then we obtain                         .  Therefore,  it  follows  from  (4.7)  that            , and so x* ( ) 0
i

j j j
j B

z c x
�

� �� ��� *z z�� �

is optimal. For ”only if” part, let x* be a fuzzy optimal basic feasible solution to (4.2). For j = Bi, 1 � i � 

m, from (4.3) we know that                  . From (4.7) it is obvious that if for any nonbasic variable xj we 0j jz c� � ���

have              , then  we can  enter xj into  the  basic   and  obtain            (because  the problem is j jz c
 �� *z z
� �

nondegenerate and xj >  0  in  the  new  basis).  This  is  a  contradiction  to        begin  optimal.  Hence *z�
we  must  have                           .( ),1j jz c j n� � ���

Remark 4.1:
According the optimality conditions (Theorem 4.1) we are at the optimal  solution if                , for 0j jz c� � ���

nonbasic variables. On the other hand, if               , for  some nonbasic variables, then  the  problem is 0i iz c� � ���

either unbounded or exchange of a basic variable xBr and nonbasic variable xk can be made to increase the rank
of the objective value.

Theorem 4.2:
If in an FLP simplex tableau, there is a column k (not is basis) so that                and yij �. i = 1,...,m,0k kz c� � ���

then the FLP problem is unbounded. 

Proof. See in (Mahdavi-Amiri, N., S.H. Nasseri, 2007; Maleki, H.R., M. Tata, M. Mashinchi, 2000).

Theorem 4.3:
If in an FLP simplex tableau, ak exists such that                 and there exists a basic index Bi such 0k kz c� � ���

that yik > 0, then a pivoting row r can be found so that pivoting on Yrk yields a feasible tableau with a
corresponding nondecreasing (increasing under nondegeneracy assumption) fuzzy objective value.

Proof. See in (Mahdavi-Amiri, N., S.H. Nasseri, 2007; Maleki, H.R., M. Tata, M. Mashinchi, 2000).

Remark 4.2:
If k exists such that                  and  the  problem  is  not unbounded then r can be chosen so that0k kz c� � ���
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 min{ 0,1 }ro io
ik

rk ik

y y y i m
y y

� 
 � �

In order to replace      in the basis by xk, resulting in a new basis
rbx

1 11( , ..., , , , ..., )
r mB r k B BB a a a a a
���

�

The new basis is primal feasible and the corresponding fuzzy objective value is nondecreasing (increasing
under nondegeneracy). It can be shown that the new simplex tableau is obtained by pivoting on yrk, that is,
doing Gaussian elimination on the k th column using the pivot row r, with the pivot yrk, to transform the kth
column to the unit er. It is easily seen that the new fuzzy objective value is: 

ro
oo oo ok oo

rk

yy y y y
y

� � ��

Remark 4.3:
If xk enters the basis and xBr leaves the basis, then pivoting on yrk in the simplex tableau is stated as

follows:
First divide row r by yrk (Since yrk > 0). So for i = 0, 1, ..., m and i � r, update the ith row by adding

to it -yrk times the new rth row.

5 Numerical Example:
Example 5.1:

Consider the following FLP problem

1 2

1 2

1 2

1 2

(3, 2, 2) (5, 2, 4)
s.t. 3 8

8
0

Max z x x
x x
x x
x x

� �
� �
� �
� �

�

First exchange into normal form:

 
1 2 3

1 2 4

3 4
4 2 8
x x x

x x x
� � �

� � �

The FLP simplex tableau corresponding to B = I, B1 = 3, B2 = 4.

Since                                  and                                 , then, usingRevised Tsao method 01 1 1 ( 3, 2, 2)y z c� � � �� �� 02 2 2 ( 5, 4, 2)y z c� � � �� ��

for ordering                 , we have               and hence x2 enters the basis and the leaving variable is 01 02y and y� � 01 02y y
� �

x3. Pivoting on y23 = 3, results in the next table:
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Again using Revised Tsao method conclude that             and            , for all j � Bi 	 {1} and hence 01 0y � �� 0 0jy 
 ��

x1 enters the basis and the leaving variable is x4. Pivoting on            , results in the next table: 14
14
3

y �

Note that, this table is optimal, because                           . Therefore, the fuzzy optimal value of 3 3 4 4( , ) 0z c z c� � 
 �� �� �

the objective function is                          .
1044 552 912( , , )
147 147 147

z ��

6 Conclusion:
Revised Tsao method is one of the most efficient methods for ranking fuzzy numbers. In this paper, we

suggested using this method in the fuzzy primal simplex where we need to evaluate the optimality condition
in each iteration. The mentioned approach will be useful when one have to use the fuzzy dual simplex too.
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