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Abstract: In this paper, the homotopy perturbation method is extended to investigate the numerical
solutions of the complex nonlinear wave equation. To examine the accuracy of the method, the
available analytical solutions of the coupled nonlinear differential equations are compared with the
homotopy perturbation method. The numerical results validate the convergence and accuracy of the
homotopy perturbation method. Finally, the accuracy properties are demonstrated by some examples.
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INTRODUCTION

To find the explicit solutions of nonlinear differential equations, many powerful methods have been used
(Abbasbandy, 2006)-(Liao, 1995). The homotopy perturbation method (HPM) (He, 1998), proposed first by He
in 1998. The applications of the HPM (Abbasbandy, 2006)-(Ghasemi, et.al., 2007) have appeared in a lot of
research, especially during recent years, showing that the method is a powerful technique for studying the
numerical solutions. The HPM always continuously deforms a simple problem which is easy to solve into the
difficult problem under study. With this method, the rapidly convergent series solutions can be obtained, along
with easily computable components.

One of the most important problems in mathematical physics is the vibration of a stretched string.
Simplicity and frequent occurrence in many branches of mathematical physics make it a classic example in
the theory of partial differential equations.

We would like to extend the applications of the HPM from the single equation to the coupled systems
to construct the numerical solutions for the complex nonlinear wave equation (NWE).

The complex NWE is written as:

ax?

a
uo.£) = (), EU[O, £) = g(t)

(D

i) a*u
{ U§=¢(x,t), 0=xt=1/2

where U=u +1Iv. ¢ = ¢, +lgpy, f= A +1f. 9= g+ g I=v-1

In fact, the study of the complex NWE is very interesting and important because when substituting U=u+iv
into Eq. (1), collecting the real and imaginary parts, a coupled system
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is derived. In other words, the two Egs. (1) and (2) are equal.

The paper is organized as follows: In Section 2, some descriptions are given on the HPM to the coupled
systems. In Section 3, we present the numerical solutions by some examples and show the efficiency and
simplicity of the proposed method. Finally, the sections are followed by the conclusion.
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2 The Homotopy Perturbation Method to the Coupled Systems:
The HPM to the coupled systems is described as follows. Consider the nonlinear coupled differential
equations in this form:

{ L]_(ﬂ} +Rj_(u;1?} - ﬁ(‘l"} =0,
Ly(v) + Ry(wv) — fo(r) =0, reQ 3)

with the boundary conditions of

where Li (i=1,2) are the linear operators, and their inverse operator can be easily solved; R; are the operators
for the remaining parts of the functions u, v; f(r) are the known analytical functions, B, are the boundary
operators, ' is the boundary of the domain Q, and n is the unit outward normal of Q. We construct the
following homotopy Q x [0, 1]~ R for the extended HPM, which satisfies

{ Hywv,p) = (1 - p)[Ly(u) — Ly(ue)] + p [Ly(w) + Rylww) — f)] = 0,

Hy(wv.p) = (1 — p) [La(v) — Ly(wp)] + p[L(¥) + Rp(uv) — ()] = 0 4)
Or
{ Hiwvp) = Li(u) — Li(ug) + p[Lo(uo) + Ryluw) — f0)] =0,

Hy(wv.p) = Ly(v) — Ly(wo) + p[La(ve) + Ry(uwv) — f()] = 0, 5)

where pe[0,1] is an embedding parameter; u, and v, are the known initial approximations of Eq. (3) that satisfy
the boundary conditions mentioned above. It is clear that

Hj_('u.-"lF'J 0} = Lj_('l!'n} - -Irj_[u[)]' = D.-

Hyluw,0) = Ly(w) — Ly(w,) = 0, (6)
HyGuv, 1) = L) + RB(uwv) — £6) =0,

Hylwv. 1) = Ly(v) + By(wv) —f(r)= 0.

This shows that H,(u,v,p) and H,(u,v,p) continuously deform from the trivial problems L,(u)-L,(u,)=0 and
L,(v)-L,(v,)=0 respectively, to the original problem investigated (3). In topology, the deformations from L, (u)-
L,(u,)=0 to L,(u)*+R,(u,v)-f,(r) and from L,(u)-L,(u,)=0 to L,(u)+R,(u,v)-£;(r), are known to be homotopic.

For the coupled system (3), we assume that the solutions u(x,7) and v(x,7) are given by the infinity series
of the homotopy parameter p in the form

“ =ZP‘H£ = up + puy + pluy +- -
i=0

_ @)
v =ZP‘1’£ = vy + pyy+ plug oo

=0

The approximate solutions of (3) can be obtained when p-1:

=
I

o
LiﬂZp‘u[ = up fuytug +---
i=0

N ®)
I=

The convergence must depend on the choices for L, R, and f; (i=1,2) and the initial conditions. The series
(7), is convergent for most cases (He, 1998). In the following section, we will apply the HPM to the complex
NWE equation to derive the numerical solutions.
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3 Numerical Examples and Comparisons:
Consider the operator form of the real and imaginary parts of the complex NWE (1)

{Ll (u)_(uvn _Wn)_¢1 =0 )
L2 (V) - (uvtt —Vu”) - ¢2 =0
‘ Li=L=1=— . : L-1=ffdrdx :
where the linear operator dx? with the inverse operator. o Jo Applying the
inverse operator, and according to the extended HPM, we construct the following homotopy:
a8 v
Hilwv,p) =ulx.£) — hylx £ - pI f ( afz atz)d_rd_r—[}
8 u 10
Hylwv.p) =vix, £} — hylx.t) - -pj f uﬁ‘“"ﬁ dxdx = 0, (10)

where

hi(x.6) = () + xg(E) +f f oi(x t)dxdx, i = 1,2
[ I i}

Substituting (7) into (10), and equating the terms with identical powers of p, we find
pD H HD&; f) = hl':x.- f);
vD(x, f) = hz(xa t);

Liu —fxfx u@—v ﬂzvn dxdx

P 1 o Jo o ar2 o At2 !
6‘21’[, 8 uy

1= I I Uoggz TP |dxdx

. o i - LT % ug v, 8ty
pi: ‘u2=JD In unﬁ-l-ul?—vnﬁ—vl e drdx,

o i B 8y a%u, % uy
'1;'2=JIJ L un—atz +1L,|:j_—atz +vn—at2 + vy P doedex,

We can obtain the approximation solution to the real and imaginary parts of the complex NWE (1) in finite
series as follows :

-
u=zu[=un -|--;_,;]_-|--!,;z.|....J v:Zvisz +‘|p1+1;12+...
i=0 =0
H ous w, = 28 u; e, = . .
By computing some terms, say a = Li=oUi+ and @ i=0¥i+  an approximate solution would

be achieved. To give a clear overview of the methodology, as an illustrative example, we take the complex
nonlinear wave equation described by

8* 8*
_ — = ] 2 L g2
Sl UatZU 1+ 3/2(x2 + £%) + 2I(1 — 2% — £%), O<xt<1)2 (an

]
U0, 8) =—+ 1+, —U0.6) =0,
2 Bx

where U = u + Jv,] =4/ -1
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Substituting (7) into (10) yields a system of algebraic equations of p. Through collecting all the same
power of p, and setting all the coefficients of the terms p’ to zero, we can get an over-determined system of
differential equations with unknown variables #; and v; (i=0,1,...). For the convenience of the readers, we only
write the first few terms of equations. Also, with the aid of the symbolic computation system Maple, we can
easily obtain the solution:

pUrupy= 1728 + 1/8x* + 1/2x% + 3/4x%ed,

vy = £ —1/6x*+ x* —x%?
1 77 7 11
1. S - S - SN -FE- ST - U5 S 4_ 2.2
[ T 3843: +720 x 2403: t +24.x t 1/8x 3/4 x5,
1 77 1 1 1
= B 6 T 6y g T dpT g T4 242
vy 1]23: +360x mx +12x +6x + x
p?i uy = 13494 L 327 LT 4321 L1232 4 299 L1052
53222400 15724800 79833600 201600
+ 7, 327 " 7453 w9 62 11 gz _

725760 © 182476800 © 1037836800 ‘1440 © a8~

11 13 533
—_— B g2 8,1
120° TTo20 * teoea0*
pm 857 L 223291 e 439 gy 527 s
14968800 7264857600 2494800 12758777356000
2304613 20 1013 31
22 0,2 _ 10 22,3

18584668118016000 © © 113400° ° 1814400 ' 23589145600 ©

3089579 202457 36402997 . 10715 ey

871782012000~ 10897286400 +266T65571072000x ‘ 27897053184

61947029 N 12257249 o 7 . 1 .01
0654373048320000 ©  533531142144000° 60 22" 60> T
13 118733 oz 53 ez

560" T oa650716160000 © © 8064

Hence, we obtain an approximate solution of the complex NWE as follows:

527 7453 1 1. 49 11
,t ~ 16 _ 14 1 _tz - Btz — .dti
ulz.t) 91238400 © 518918400 © T8~ T2f T720* et b T

1 13 11 13040 790 200
— ol 3 4' ZSZ - B LB 12 10 lﬂtz
P HIA A e — 0 ® T oge11200° 362880 ° 100800 ¢ ¢ T

33 227 13,2 4321 2.2

20320° © ~ 7362400 © © 30016800 © ©°

3089579 i 202457 . 36492997
T 435301456000 © 5448643200 + 133382785536000

xlBtZ

vix, £) =
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Continuing this process, the complex solution
n n
u=Ilim ? u, v= imz'u'[

M- 4 n—so 4
i=0 I=0

is found by means of n-term approximation. For this example, we consider the three-terms approximation

U =uUg = Up t Uy FUp V=V, = ¥y + ¥+ V2 Continuing this technique, the analytical solution is
i u(xt) = (x¥ + 572, v(xt) = x + £°

obtained ' s L

The error, the exact solution, and the numerical results are given and compared to each other in Table 1
for some values of x and ¢, where

Error =|(u + Iv) — (ug + Tv )l = Jlu-u)? + (v -u, )%

As expected, the numerical solutions in Table 1 clearly indicate how the decomposition scheme obtains
efficient results much closer to the actual solutions. At this point, we consider the following nonlinear wave
equation (Ghasemi et al.,, 2007)

u *u

e R 2
32 uatz 1 (x* + t5)/2, 0=x,t=1, (12)
with initial conditions
? a2
w0, =%, —u(0,¢) =0
£ = 2 o+t
The exact solution of (12), for the special case of ¥ = fz =gz =#2 = 0 {5 given by u(xt) ==,

In this case, we have the following single homotopy form from (10).

X pX a!u

Hyuwp) = uCed) = (0 —p [ [ ugtdedr =0
o Jo B (13)

Ry ) = 0O 4 0 I3 0 (r )

where

Substituting (7) into (13), and equating the terms with identical powers of p, we will find the
approximation solution which is denoted in (Ghasemi et al., 2007).
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Table 1: Comparison of the exact solution with the numerical solution

X t u v u, vV, Error

0.00 0.00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00
0.02 0.02 6.250E-04 1.250E-03 6.253E-04 1.250E-03 5.696E-07
0.05 0.05 2.500E-03 5.000E-03 2.505E-03 4.993E-03 9.110E-06
0.08 0.08 5.625E-03 1.125E-02 5.653E-03 1.121E-02 4.609E-05
0.10 0.10 1.000E-02 2.000E-02 1.009E-02 1.988E-02 1.455E-04
0.12 0.12 1.562E-02 3.125E-02 1.584E-02 3.096E-02 3.549E-04
0.15 0.15 2.250E-02 4.500E-02 2.294E-02 4.441E-02 7.349E-04
0.18 0.18 3.062E-02 6.125E-02 3.143E-02 6.015E-02 1.359E-03
0.20 0.20 4.000E-02 8.000E-02 4.136E-02 7.813E-02 2.315E-03
0.22 0.22 5.062E-02 1.012E-01 5.278E-02 9.825E-02 3.699E-03
0.25 0.25 6.250E-02 1.250E-01 6.576E-02 1.204E-01 5.624E-03
0.28 0.28 7.562E-02 1.512E-01 8.035E-02 1.445E-01 8.212E-03
0.30 0.30 9.000E-02 1.800E-01 9.663E-02 1.705E-01 1.160E-02
0.32 0.32 1.056E-01 2.112E-01 1.146E-01 1.981E-01 1.592E-02
0.35 0.35 1.225E-01 2.450E-01 1.345E-01 2.273E-01 2.133E-02
0.38 0.38 1.406E-01 2.812E-01 1.562E-01 2.580E-01 2.800E-02
0.40 0.40 1.600E-01 3.200E-01 1.798E-01 2.898E-01 3.610E-02
0.42 0.42 1.806E-01 3.612E-01 2.055E-01 3.228E-01 4.579E-02
0.45 0.45 2.025E-01 4.050E-01 2.332E-01 3.567E-01 5.727E-02
0.48 0.48 2.256E-01 4.512E-01 2.630E-01 3.912E-01 7.071E-02
0.50 0.50 2.500E-01 5.000E-01 2.950E-01 4.263E-01 8.632E-02
Conclusion:

In this study, we successfully apply the homotopy perturbation method to approximate the complex
solution of a nonlinear wave equation. It gives a simple and a powerful mathematical tool for nonlinear
problems. In our study, we use the Maple Package to calculate the series obtained from the iteration method.
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