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1.INTRODUCTION 

 
 

Any functional equation in which the unknown function appears under the sign of integration is called an integral equation. Integral equations arise in a great 

many branches of science; for example, in potential theory, acoustics, elasticity, fluid mechanics, radiative transfer, theory of population, etc (Abdul, 2011). 

Abel’s equation is one of the integral equation derived directly from a concrete problem of mechanics or physics (without passing through a differential 

equation). Historically, Abel’s problem is the first one that led to the study of integral equations. The generalized Abel’s integral equations on a finite segment 

appeared in the paper of Zeilon (N. Zeilon, 1924) for the first time. 
A comprehensive reference on Abel-type equations, including an extensive list of applications, can be found in R. (Gorenflo, Vessella, 1991) and (R. 

Gorenflo, Vessella, 1991) 

Also, many researchers have been studied heat transfer application say. 
In 1985, Franco and Mckee, (Franco, Mckee, 1985) used a family of high order product integration methods to solve integral equation of Light hill. In 2006, 

Tao and Yong, (L.Tao and H.Yong, 2006) used Extrapolation method for solving NLVWSIEs of the second kind which arises in a heat transfer problem. In 2010, 

Abdul – Majid Wazwaz and Mona S.Mehanna, (Abdul, Mona, Mehanna, 2010) used the combined Laplace – Adomian method for Handling SIE of heat transfer. 
In 2010, Rebelo and Diogo, (M. Rebelo, Diogo, 2010) used a hybrid collocation method for solving nonlinear Volterra integral equation with weakly singular 

kernel. The rest of this paper is organized as follows. In the section two Chebyshev polynomials of the first kind. In the section three modes of heat transfer. In the 

section four the proposed method for solving nonlinear Volterra weakly singular integral equations. Example is presented in section five. Finally, a brief 
Conclusion is stated in last section. 

 

2.Chebyshev polynomials of the first kind        (Mason, Handscomb, 2003): 

2.1Definition 

Chebyshev polynomialof degree     is defined as  

                                          (1) 

          Or, in a more instructive form ,           ,               
 

2.2 Properties of the Chebyshev polynomials      : 
1. The Chebyshev polynomials of the first kind               

are a set of orthogonal polynomials over the interval [-1,1] with respect to the weight function                 , that is : 

           
          

     
  

                 
 

 
         

          

  

  
               (2) 

        has n distinct real roots    on the interval [-1,1], these roots are defined by: 

                  
      

  
                                           (3) 

are called Chebyshev nodes.       assumes its absolute extrema at  

                  
  

 
  for              

        3.Recursive relation of chebyshev polynomials                                                                                                                         
            

4.Apolynomial of degree N in Chebyshev form is a polynomial              
 
              (5) 

Where    is the    Chebyshev form  
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2.3 Shifted to any interval: 

         The transformation    
 

 
                                                                                                                                                                                        (6) 

             
                                                                                                                                                                       (7)                                        

           

Transforms the nodes    in        in to the corresponding nodes     in        
 

3.Heat Transfer(Geankoplis, Christie, 2003): 

Heat transfer is a discipline of thermal engineering that concerns the generation, use, conversion, and exchange of thermal energy (heat) between physical 

systems. Heat transfer is classified into various mechanisms, such as thermal conduction, thermal convection, thermal radiation, and transfer of energy by phase 
changes. Engineers also consider the transfer of mass of differing chemical species, either cold or hot, to achieve heat transfer. While these mechanisms have 

distinct characteristics, they often occur simultaneously in the same system. 

Heat conduction, also called diffusion, is the direct microscopic exchange of kinetic energy of particles through the boundary between two systems. When 
an object is at a different temperature from another body or its surroundings, heat flows so that the body and the surroundings reach the same temperature, at which 

point they are in thermal equilibrium. Such spontaneous heat transfer always occurs from a region of high temperature to another region of lower temperature, as 

described in the second law of thermodynamics. 
Heat convection occurs when bulk flow of a fluid (gas or liquid) carries heat along with the flow of matter in the fluid. The flow of fluid may be forced by 

external processes, or sometimes (in gravitational fields) by buoyancy forces caused when thermal energy expands the fluid (for example in a fire plume), thus 

influencing its own transfer. The latter process is often called "natural convection". All convective processes also move heat partly by diffusion, as well. Another 
form of convection is forced convection. In this case the fluid is forced to flow by use of a pump, fan or other mechanical means. 

Thermal radiation occurs through a vacuum or any transparent medium (solid or fluid). It is the transfer of energy by means of photons in electromagnetic 

waves governed by the same laws. 
 

4.The Approximate Solution of Heat Radiation of NLVWSIE sin A Semi-infinite Solid: 

In this section we will study an Abel-type nonlinear Volterra integral equation  

     
 

  
 

          

    
   

 

 
                           (8) 

Where y(x) gives the temperature at the surface for all time. The physical problem which motivated consideration of (8) is that of determining 

(W.E.Olmstead, and R.A.Handelsman, 1976) the temperature in a semi-infinite solid ,whose surface can dissipate heat by nonlinear radiation. At the surface, 

energy is supplied according to the given function    , while radiated energy (Olmstead, Handelsman, 1976). escapes in proportion to      . Equation (8) may be 

rewritten as 
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As afirst application, we select     
 

 
 and    . Equation (9) becomes  

      
 

 
 

 

  
 

 

    
                                  

 

 
            (10) 

the expansion method using Chebyshev polynomials of thirsting of degree nas a basis function to handle (10). To determine an approximate solution of (10) , 

the function      defined in [0,1]. This function maybe represented by the first kind shifted Chebyshev polynomials 

               
 
                  (11) 

If we truncated the series (11), then we can write (11) as follows: 

                       
                 (12) 

                    
 
   

 
                       (13) 

where                                                        
  

clearly   is         vectors and   is         vectors. 
Then the aim is to find Chebyshev coefficients, that is the matrix C .We first substitute the Chebyshev nodes, which are defined by 

        
       

  
                into (12) and (13)  

then rearrange a new matrix form to determine C: 

                          (14) 

in which   is the nonlinear integral part of (10) and  

  

 

 
 
 

      

      
 
 
 

       

 
 
 
    

 

 
 
 

      
      
 
 
 

       

 
 
 
    

 

 
 
 

      

      
 
 
 

       

 
 
 

                                 (15)

  

by substituting (12) and(13) into (14) give nonlinear algebraic equations in       unknown coefficients . These equations are solved byusing (Matlab 

R2017b) to obtain the unknown coefficients   which are then substitute into (12) to get the approximate solution of (10). 

 

 

5.Example: 

In this section, we give application to the heat radiation of NLVWSIEs, in the following ax ample,    is the number of mesh points        denotes the 

approximate solution, where   is the number of terms of the shifted Chebyshev polynomials, the computations have been performed by using Matlab R2017b. 
We consider NL VWSIEs which arises in a heat radiation problem  

      
 

 
 

 

  
 

 

    
       

 

 

                                          

The approximate solution of heat radiation for N=2,4,6,8 is given  

When N=2  Roots of Shifted Chebyshev 

                 
 0.066987298107780676618138414623532 
                                 0.5 

 0.93301270189221932338186158537647 

Shifted Chebyshev coefficients is 

                                                      
 The approximate solution is  
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Elapsed time is 7.515077 seconds 

 

 
 
                                                            Fig. 3: The approximate solution of heat radiation of NLVWSIEs when N=2. 

  

When      Roots of Shifted Chebyshev 
  

                 
 0.024471741852423213941780333310309 
  0.20610737385376343541564702268046 

                                 0.5 

  0.79389262614623656458435297731954 
  0.97552825814757678605821966668969 

Shifted Chebyshev coefficients is  

                                                       

                                        
The approximate solution is 

                                                              
Elapsed time is 57.145148 secondes 

 
                                                          Fig. 4: The approximate solution of heat radiation of NLVWSIEs when N=4. 

When N=6 Roots of shifted Chebyshev                                          

 

    = 

  
 0.0005.800.9090330980909.005350.0.0 

  0.0090300530859350958050000.888090 

  0.03.0530.00000009.90800053..50530 
                                 0.5 

  0.0089003895530090800.033008800003 
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  0.3909050000.0000900.5000008...00. 

  0.93008.95809090030.50908530009890  

 
Shifted Chebyshev coefficients is 

                                                                                                      
 The approximate solution is  

                                                                    
Elapsed time is 324.068763secondes 
 

 
 

                                                          Fig. 5: The approximate solution of  heat radiation of  NLVWSIEs when N=6.  
   When N=8  Roots of Shifted Chebyshev 

  

    = 
  

 0.00059800.09.395900.088030300050.35 

  0.0889300930000308088030.300080.5.0 

   0.0038080950580.0..83.3803095008.0 
   0..03939903..00858..00095009085330 

                                  0/0 

   0.8000000008803.0.88500009300.000. 
   0.300.9.30030.08988.080.0000095.8. 

   0.9..000000390009.0..30380535.0800 

   0.99000.30850800000983..0050009008 
 

 Shifted Chebyshev coefficients is  

 

                                                                                                                     
             

The approximate solution is  

                                                                                      
Elapsed time is 1646.952734secondes 
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                                                              Fig. 6: The approximate solution of heat  radiation of  NLVWSIEs when N=8. 

 

 

Conclusions:  

The expansion method using Shifted Chebyshev polynomials of the first kind of degree n is effectively to handle NLVWSIE’s that describes of heat 

radiation. The expansion method using Shifted Chebyshev polynomials useful way to develop an analytic treatment for these kinds of nonlinear singular integral 
equations. Example we have reduced the solution of NLVWSIE’s to the system of nonlinear equations by removing the singularity using an approximate point t, 

and we have the following results: The proposed method is an accurate and efficient to solve NLVWSIEs.  
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