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 State Estimation techniques have been developed to estimate the current operating state 

of the power systems in the most reliable manner so that the estimated state variables 
aid the energy management system to implement security related decisions so as to 

enhance the security level under normal as well as contingency conditions. In general, 

those SE algorithms which consume lesser execution time, occupy lesser memory and 
comparatively less sensitive towards the presence of bad measurements are considered 

to be computationally efficient by the utilities. In this paper, a new, line flow based 

WLS state estimation (LFBSE) technique for power systems using line flows, bus 
power injections and bus voltage magnitudes as measurement vector has been 

presented. State variables are estimated through the constant, line flow based jacobian 

matrix constructed from the network equations. The proposed selection of state 
variables has been advantageous as the jacobian matrix turns out to be constant which 

reduces the computational burden. Moreover the suggested technique generates an 
output which gives an idea about the overloaded lines and limit violated buses instantly 

rather than calculating them through separate equations. Weighted Least Squares 

(WLS) technique has been applied for solving the proposed line flow based state 
equations in the absence as well as presence of bad measurements and the results are 

validated against those obtained using the conventional WLS technique. 
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INTRODUCTION 

 

 State estimation techniques are developed for generating an estimate of the power system which is closer to 

the real system state. In the present day circumstances where the power systems are operated under constant 

stress, system security is under great threat and to ensure that the system operates in a secure manner even under 

contingent conditions the system is to be monitored continuously and corrective actions are to be implemented 

to correct the out of bound voltages and to relieve the overloaded lines. This makes it inevitable to use real time 

monitoring and estimating techniques and these real time estimation techniques should be fast, accurate and 

robust. State estimation problem is nonlinear and least squares technique is one of the simple, well known, 

widely adopted method for solving it. WLS method (Schweppe, F.C. and J. Wildes, 1970) which considers the 

system measurements along with their weightages is widely used as problem formulation is simple and this 

method provides an estimate of the system which depends upon the goodness and reliability of the 

measurements. Due to various reasons such as fault in the meters, noise in telemetry channel etc., bad 

measurements creep in to the measurement vector and by chance if higher weightages happened to be assigned 

to these bad measurements that make the estimated values deviate widely from the actual system state. This 

establishes a need for developing estimation techniques that are less sensitive for the presence of bad 

measurements in the measurement vector.  

 A method for real time state calculation of power systems based on line flow measurements is proposed in 

(Dopazo, J.F., 1972) where network element voltages and bus voltages are computed alternatively until the 

convergence condition on bus voltages is satisfied. A fuzzy logic based weighted least squares state estimation 

is proposed in (Shabani, F.R., 1996) where the problem of minimizing the residuals is formulated as a 

multiobjective optimization problem. A fast super decoupled  state estimator is suggested in (Roy, L. and T.A. 
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Mohammed, 1997) in which  both, the vectors of measurement function and state variables are operated by a 

rotational operator resulting in a formulation that demands alternate iterations of active and reactive equations 

thereby avoiding the approximation errors due to decoupling. A WLS state estimation augmented by singular 

value decomposition which can yield a solution despite unobservability is suggested in (Madtharad, C., 2003). 

A Genetic Algorithm supported maximum agreement algorithm for the solution of state estimation problem is 

outlined in (Gastoni, S., 2004). Global convergence is assured through a back tracking algorithm proposed in 

(Pajic, S. and K.A. Clements, 2005) where the trust region formed indicates that the algorithm is more robust 

than other methods.  

 An LP norm based state estimation has been developed in (Logic, N., 2005) with a view to obtain robust 

solution. A QR decomposition based approach in which virtual measurements are treated as equality constraints 

to avoid numerical ill conditioning is explained in (Zhengchun, D., 2005), where triangular factorization of the 

coefficient matrix is performed through QR decomposition on two partitioned matrices and solution is obtained 

by solving a linear  equation set involving a sparse triangular matrix. 

 An LAV approach which applies an iteratively reweighted least squares method for sequential L1 regression 

is proposed in (Jabr, R.A., 2006). A modified WLS formulation which considers measurements to be dependent 

on one another is suggested in (Caro, E., 2009). A two stage phasor assisted state estimation algorithm in which 

at the first stage conventional WLS solves the problem and in the second stage solution quality is enhanced 

using current and voltage phasor measurements is presented in (Ranjana, S., 2010). 

 A new SE algorithm in which  line flows and voltage magnitudes as treated as state variables has been 

proposed in this work with a view to linearize the SE problem and to realize a constant jacobian matrix. The 

proposed method has been tested on three standard test systems in the absence as well as presence of bad 

measurements and results are validated against those obtained through the conventional WLS technique. 

 

 

 

Conventional WLS State Estimation: 

 The objective of state estimation algorithms is to find a set of state vectors that minimize the measurement 

residuals. Basically the problem is a minimization problem and as the quantities involved are nonlinear, it is a 

problem of minimizing a nonlinear objective function which is conveniently achieved using least squares 

technique. The measurements are expressed as a function of the state vector of the system as 

z=h(x)+v                                            (1) 

 Here, the measurement errors which generally show normal distribution around a zero mean are assumed to 

be independent of each other. Each one of the measurement is assigned a suitable weightage reflecting the 

accuracy and the reliability of that particular measurement. These weightages are decided based upon several 

factors such as the condition of the measuring equipment, noise of the telemetry channel etc.  

 The objective of WLS state estimator is to generate a suitable set of state variables in terms of bus voltage 

magnitudes and angles to minimize the weighted sum of the squares of the measurement errors, to achieve this 

the objective function is formulated as 

J x = [z − h x ]T W[z − h x ]                                                     (2) 

where W is the weightage matrix , which is a diagonal matrix formed by measurement covariances when the 

measurements are independent of each other. The above equation is solved iteratively for estimating the state 

vector that minimizes J. At the end of every 𝑘𝑡
 iteration, the state vector is updated using the correction vector 

as 

𝑥𝑘+1 = 𝑥𝑘 + ∆𝑥                                                         (3) 

in which ∆𝑥 obtained by solving the equation  

∆xk = [HTWH]−1HTW[z − h x ]                                            (4) 

where 𝐻 stands for the Jacobian and [𝐻𝑇𝑊𝐻] represents the gain matrix. 

 

Proposed Method: 

 The proposed method tries to solve the SE problem by applying WLS technique on a line flow based model 

(Yan, P., A. Sekar, 2005) which is constructed using power balance equations, line voltage equations and loop 

phase angle equations. 

The general power balance equations for the system are written as 

tT

F

eTP



)(                          (5)
 

A. p − PGL − A′. l = 0                                (6) 

A. q − QGL−A′. m − H. V2 = 0                                                                                      (7)  

where A and A′  are defined as bus incidence and modified bus incidence matrices in which all +1’s in A are set 

to zeros, l and m represent the real and reactive power losses in the transmission lines, H is an    (n-1) diagonal 
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matrix formed by the sum of charging and compensating susceptances at each bus bar, PGL and QGL are the real 

and reactive bus power injections, p and q are the real and reactive power flows measured at the receiving end 

of the transmission line. When the reactive mismatch equations are deleted at generator buses then the above 

equation can be rewritten as  

A1.q − QGLl − A1 .m − H1.V2 = 0                                        (8) 

in which H′ is a diagonal matrix with only the elements corresponding to load buses present in it. 

 The line voltage equations are written based on a network branch model developed without taking into 

account the shunt elements including the line capacitances as, 

2Rp + 2Xq − (⋀A1+
T + A1−

T )V2  =  − k +  ⋀AC
TVPV

2                                                      (9) 

where k is the vector of apparent line losses, AC is the bus bar incidence matrix corresponding to only the PV 

buses, VPV
2  is the vector of the square of the generator bus voltages, ⋀ is the diagonal matrix of order 1 with the 

values equal to the square of the tap settings, A1+ and A1−  are the positive and negative element parts 

of A1, R and X are the diagonal resistance and reactance matrices. 

 The loop phase angle equations are written based on the fact that the algebraic sum of phase angle drops 

around independent loops are zeros. 

CXp − CRq = 0                                      (10) 

 The real and reactive bus powers as a function of real line flows, reactive line flows, real line loss, reactive 

line loss and 𝑉𝑚
2  can be written as 

𝑃𝑖 =   𝐴𝑖𝑗    𝑝𝑗
𝑛𝑙
𝑗=1 −   𝐴𝑖𝑗

′𝑛𝑙
𝑗=1  𝑙𝑗                                                                                                           (11) 

𝑄
𝑖= 
 𝐴𝑖𝑗

𝑛𝑙
𝑗=1  𝑞

𝑗
−   𝐴𝑖𝑗 

𝑛𝑙
𝑗=1 𝑚𝑗  +  𝐻𝑖𝑖 𝑉𝑖

2                                                                                                       (12) 

 Treating  𝑝, 𝑞 and 𝑉𝑚 as state variable[𝑥], the measurement set [𝑍] can be represented as  
 𝑍 = [𝑓 𝑥 ]                                                                                                         (13) 

where  𝑍 = [𝑃, 𝑄, 𝑝, 𝑞, 𝑉2 ]𝑇. The WLS objective function is written as  

𝑀𝑖𝑛 𝜑 =  [𝑓 𝑥 − 𝑍]
𝑇 𝑤 [𝑓 𝑥 − 𝑍]                                                                                         (14) 

 As the above equation does not include line capacitances and shunt susceptances, it is inadequate to 

estimate the system state. However the problem is made solvable by considering the constraint equations 

involving branch voltage drop and phase angle variations. These equations are written as  

 𝑥 =  2𝑅𝑝 + 2𝑋𝑞 −  Λ𝐴1+
𝑇 +  𝐴1−

𝑇  𝑉2 = 0                                                                                         (15) 

𝑔 𝑥 = 𝐶𝑋𝑝 − 𝐶𝑅𝑞 − 𝐶𝛼 = 0                                                                                                       (16) 

 The constrained optimization problem involving equations (3.10), (3.11) and (3.12) is converted into an 

unconstrained problem through Lagrangian multipliers 𝜆 𝑎𝑛𝑑 𝜇 as 

𝑀𝑖𝑛 𝜑 =  [𝑓 𝑥 − 𝑍]
𝑇 𝑊  𝑓 𝑥 − 𝑍 − 𝜆 𝑥 −  𝜇𝑔(𝑥)                     (17) 

 Linearising the above equation around a known operating point 𝑥0 , and then differentiating it and equating 

it to zero will result in a matrix equation of the following form 

 
2𝐹𝑇𝑊𝐹 −𝐻𝑇 _𝐺𝑇

𝐻 0 0
𝐺 0 0

  
Δ𝑥
𝜆
𝜇

 =   

−2𝐹𝑇𝑊(𝑓 𝑥0 − 𝑍)

−(𝑥0)

−𝑔(𝑥0)

                     (18) 

where 𝐹, 𝐻 𝑎𝑛𝑑 𝐺 represent the jacobian matrices. These matrices are constant ones and the right hand side 

vector is divided into two groups, one consisting of the bus power injections and generator bus voltages which 

are constants and the other consisting of the loss term and charging and compensating powers which are 

nonlinear. So the right hand side vector is partially linearised. The algorithm for solving the objective function 

given in (3.14) is explained in the following section.  

 

Algorithm of the Proposed Method: 

1. For the given network, the bus incidence matrices and matrices describing real and reactive power balance 

are obtained.  

2. Line voltage equations which relate the bus bar voltages to the receiving end power are written in matrix 

form. 

3. Loop phase angle equations are also written in matrix form. 

4. From these matrix equations the necessary forms of A matrices, C matrix, R and X matrices which are 

required for the formation of jacobian matrices are extracted. 

5. The left hand side matrix of equation (18) is assembled in terms of these constant jacobian matrices and the 

constant part of the right hand side vector is also obtained from the known quantities. 

6. For the given set of measurements, the mismatch vector is calculated. 

7. Equation (18) is solved and correction vector is obtained. 

8. Convergence check is carried out.  

9. If converged, the procedure is stopped, otherwise state vector is updated and steps 7 and 8 are repeated till 

convergence is attained. 
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10. Steps 1 to 9 are repeated after introducing several bad measurements in each of the measurement set. 

 

Simulation and Results: 

 The proposed method has been tested on standard IEEE 14, 30 and 57 bus test systems. The measurement 

vector has been generated by adding a small percentage of noise to the values obtained from the Newton 

Raphson load flow. Bus voltage magnitudes at the load buses and real and reactive power flows through the 

lines were taken as state variables. All the line flows, bus power injections and bus voltage magnitudes at the 

even numbered buses were considered in the measurement set to achieve necessary redundancy. To study the 

performance of the algorithm in the presence as well as absence of bad measurements, in each of the 

measurement set 5, 10 and 15 bad measurements were introduced randomly. The performance of the algorithm 

has been validated by comparing the results of the proposed method against the results obtained using standard 

WLS state estimation.  

 The algorithms were tested with a flat start and a convergence tolerance of 0.0001. Three performance 

indices are defined to validate the performance of the proposed technique. They are∆Vrms,   ∆p
rms,   

∆q
rms

. 

∆Vrms =   
1

nb
 (V

i
t − Vi)

2
nb

i

                                                                                                                                             (19) 

∆p
rms   

=   
1

nl
 (P

i
t − Pi)

2
nl

i

                                                                                                                                              (20) 

∆q
rms   

=  
1

nl
 (q

i
t − q

i
)

2
nl

i

                                                                                                                                                 (21) 

 Tables 1, 2 and 3 compare the performance of the proposed method with WLS estimation algorithm in 

terms of the performance indices defined in 19, 20 and 21 and NET. The performance of the algorithm is also 

illustrated through bar charts in Fig 1 to 12.This graphical representation has been obtained for each of the 

measurement set with 0, 5, 10 and 15 bad measurements. 
 

Table 1: Results for IEEE 14- Bus System. 

No. of Bad 

Measurements 

WLS-

ΔVrms 

LFWLS-

ΔVrms 

WLS-

ΔPrms 

LFWLS-

ΔPrms 

WLS-

ΔQrms 

LFWLS-

ΔQrms 

WLS-

NET 

LFWLS-

NET 

0 0.04752 0.033964 0.26785 0.2662955 0.03396 0.03364 197 123 

5 0.03915 0.02843 0.26893 0.2673 0.03615 0.03598 198 123 

10 0.09369 0.07277 0.2711 0.269266 0.03677 0.03651 198 124 

15 0.09734 0.07468 0.27157 0.2706 0.03778 0.03678 198 123 

 
Table 2: Results for IEEE 30- Bus System. 

No. of Bad 

Measurements 

WLS-

ΔVrms 

LFWLS-

ΔVrms 

WLS-

ΔPrms 

LFWLS-

ΔPrms 

WLS-

ΔQrms 

LFWLS-

ΔQrms 

WLS-NET LFWLS-

NET 

0 0.02134 0.01215 0.01192 0.00401 0.04066 0.03009 489 111 

5 0.02859 0.02426 0.02104 0.01116 0.04348 0.03115 493 116 

10 0.05074 0.04003 0.03076 0.01406 0.0485 0.03621 490 115 

15 0.07176 0.0691 0.0402 0.01812 0.0514 0.04168 490 115 

 

Table 3: Results for IEEE 57- Bus System. 

No. of Bad 

Measurements 

WLS-

ΔVrms 

LFWLS-

ΔVrms 

WLS-

ΔPrms 

LFWLS-

ΔPrms 

WLS-

ΔQrms 

LFWLS-

ΔQrms 

WLS-NET LFWLS-

NET 

0 0.05769 0.002258 0.06465 0.008535 0.0239 0.01757 579 120 

5 0.07173 0.0118 0.0638 0.01467 0.0374 0.01455 583 119 

10 0.07136 0.01199 0.0682 0.0244 0.03106 0.03043 580 119 

15 0.10865 0.0349 0.0623 0.02802 0.04923 0.03928 581 119 

 

    
Fig. 1: Measurement Vs ΔVrms.     Fig. 2: Measurement Vs ΔPrms. 
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Fig. 3: Measurement Vs ΔQrms.    Fig. 4: Measurement Vs NET. 

 

     
Fig. 5: Measurement Vs ΔVrms.    Fig. 6:  Measurement Vs Δ Prms. 

 

   
 

Fig. 7: Measurement Vs ΔQrms.    Fig. 8: Measurement Vs NET. 

   
Fig. 9: Measurement Vs ΔVrms.    Fig. 10: Measurement Vs ΔPrms. 

 

   
Fig. 11: Measurement Vs ΔQrms.    Fig. 12: Measurement Vs NET. 

 

Conclusion: 

 A new line flow based state estimation (LFBSE) technique which results in the formation of constant 

jacobian matrix has been presented in this paper. The proposed method considers line flows, bus power 

injections and bus voltage magnitudes as state variables and the problem is solved through WLS technique. The 

performance of the algorithm is tested by applying it on standard IEEE 14, 30 and 57 bus test systems and it has 

been validated by comparing the results obtained through the application of WLS technique. Testing has been 

done with and without bad measurements and these bad measurements were generated by introducing random 

errors in the measurement vector. In order to analyze the performance of the system under varying numbers of 

bad measurements, 5, 10 and 15 bad measurements were introduced in each of the measurement set. It can be 

observed that the presence of bad measurements significantly affects the accuracy of estimation in the 

conventional WLS technique whereas it is not so with the proposed LFBSE technique. In conventional WLS, 

estimated state variables deviate widely from their true values and this deviation increases with the increase in 
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the number of bad measurements. But in the proposed method this deviation is considerably less due to the fact 

that the jacobian is a constant matrix. The results indicate that the normalized value of the error between the 

actual values and estimated values of the state variables is considerably lesser in the case of proposed method 

than that of the conventional WLS technique.  

 As the problem has been linearised resulting in the formation of a constant jacobian, the proposed method 

reduces the computational burden on the system resulting in a considerable reduction in the computation time. 

Also a part of the right hand side vector is constant and this part and the jacobian are to be computed only once 

at the beginning of the iterative procedure. The normalized error values and the NET of the proposed LFWLS 

technique are compared against those corresponding values obtained from conventional WLS technique in 

Tables 1 to 3 for 14, 30 and 57 bus systems respectively. The performance comparison of the proposed method 

with that of the WLS technique has also been made through bar chart representations. From these it can be 

understood that the proposed method based on line flows and bus voltage magnitude measurements is much less 

sensitive towards the presence of bad measurements and is less time consuming and hence capable of making 

estimates which are comparable with those obtained through conventional technique which makes it highly 

suitable for online procedures such as security assessment. 
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Nomenclature: 

LFBSE – Line Flow Based State Estimation 

LFWLS- Line Flow based weighted Least Squares state estimation 

SE – State Estimation 

WLS – Weighted Least Squares 

PM – Proposed Method 

z – Measurement Vector 

x
0
 – Initially assumed values of state vector 

𝑥𝑘–State vector at 𝑘𝑡
 iteration    

𝑥𝑘+1–State vector at 𝑘 + 1𝑡 iteration 

∆𝑥𝑘–State correction vector after 𝑘𝑡
 iteration 

H  - Jacibian Matrix 

h(x) – Measurement function 

J(x) – Objective function 

v – Vector of measurement residues 
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[𝐻𝑇WH] – Gain matrix 

Pi = Real bus power injection 

Qi = Reactive bus power injection 

Aij  =  ij
th

 element of bus incidence matrix 

Aij
’
 = ij

th
 element of modified bus incidence matrix 

Pj = Real power flow in j
th

 line 

lj = Real power loss in j
th

 line  

Qj = Reactive power flow in j
th

 line  

mj = Reactive power loss in j
th

 line 

H = Diagonal matrix formed by the sum of shunt and compensating susceptances at each bus 

R – Diagonal matrix of line resistances 

X – Diagonal matrix of line reactances 

⋀  -  Diagonal matrix of order 1 with the values equal to the square of the tap settings 

 𝐴1+ 𝑎𝑛𝑑 𝐴 1−   Positive and negative element of 𝐴1 

λ  and µ - Lagranjian Multipliers 

C  - Loop incidence matrix 

𝛂 - Phase angle of the phase shifter, taken as 1 otherwise 

ΔVrms, Δprms, Δqrms - Root Mean Square values of the corresponding quantities 

Vi
t, 

, pi
t 
, qi

t
 = True values of the respective quantities on i

th 
bus 

 


