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 Background: One of the basic problems of flight dynamics is the formulation of 
aerodynamic forces and moments acting on an aircraft in arbitrary stable motion. For 
many years the aerodynamic functions were approximated by linear expressions 
leading to a concept of stability and control derivatives. The modern control approach 
has played a vital role in growth of military and civil aviation. Recent aircrafts include 
different control systems that aid the flight crew in flight management and in 
navigation. The development of autopilots closely followed the successful in 
maintaining pitch, roll and heading angles. Objective: The objective of the paper is to 
reduce the pilot’s workload, guide the airplane to safe landing in poor visibility and to 
provide stability augmentation to improve the flying qualities of airplanes with poor 
stability characteristics. Result: State feedback control is used to improve the stability 
characteristics of airplanes that lack good flying qualities. Quadratic regulator method 
is employed to identify the best location of the closed loop poles augmenting the 
stability characteristics of the airplane.  Conclusions: The longitudinal eigen values are 
short and long period roots.  If the eigen values do not meet the handling quality 
specification the airplane would be considered difficult to fly and deemed unacceptable 
by the pilots. The quadratic regulator method is employed to identify the best location 
of the closed loop poles. This improves the dynamic characteristics of autopilots 
design. 
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INTRODUCTION 

 
 The Wright brother’s flight was statically unstable but quite maneuverable. The lack of stability made their 
work as pilot very difficult. A fundamental study was made by Dickman, E. W (Dickman, E, W,1926). This 
work was extended in computing forces and moments on an oscillating airfoil, whereas Sears studied the lift on 
an airfoil as it penetrates a sharp-edge or harmonically-varying gust, respectively ( Garick, I. E ,1957). One of 
the first investigations of unsteady aerodynamic effects on aircraft motion was made by R. T. Jones (Jones et al, 
1940). He studied the effect of the wing wake on the lift of the horizontal tail. A more general formulation of 
linear unsteady aerodynamics in the aircraft longitudinal equations in terms of indicial functions was introduced 
by Tobak (Tobak, et al, 1954). Later (Tobak et al, 1976), Tobak and Schiff expressed the aerodynamic forces 
and moments as functional of the state variables. This very general approach includes linear unsteady 
aerodynamics as a special case. A different approach to unsteady aerodynamics in aircraft equations of motion 
was introduced by Goman (Goman, M. G et al, 1990) and his colleagues. They used additional state variables, 
which they called internal state variables, in the functional relationships for the aerodynamic forces and 
moments. 
 
Aircraft Equation of Motion: 
 Flight dynamics deals principally with the response of aerospace vehicles to perturbations in their flight 
environments and to control inputs. In order to understand this response, it is necessary to characterize the 
aerodynamic and propulsive forces and moments acting on the vehicle, and the dependence of these forces and 
moments on the flight variables, including airspeed and vehicle orientation (Fossen, T. I, 2011). The force acting 
on an airplane in flight consists of aerodynamic, thrust, and gravitational forces. These forces can be resolved 
along the axis system fixed to the airplanes center of gravity. 
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Fig. 1: Force, moments, and velocity components in a body fixed coordinate. 
 
 The standard notations for describing the motion of, and the aerodynamic forces and moments acting upon, 
a flight vehicle are indicated in Fig. 1. Virtually all the notation consists of consecutive alphabetic triads as 
listed in Table 1. The variables x, y, z represent coordinates, with origin at the center of mass of the vehicle. The 
x-axis lies in the symmetry plane of the vehicle and points toward the nose of the vehicle. The z-axis also is 
taken to lie in the plane of symmetry, perpendicular to the x-axis, and pointing approximately down. The y axis 
completes a right-handed orthogonal system, pointing approximately out the right wing. The variables u, v, w 
represent the instantaneous components of linear velocity in the directions of the x, y, and z axes, respectively. 
 
Table 1: Aerodynamic Nomenclature. 

 Roll axis  Pitch axis  Yaw axis  
Angular rates P Q R 

Velocity components U V W 
Aerodynamic force components X Y Z 

Aerodynamic moment components L M N 
Moment of inertia 

   
Product of inertia 

   
 
    The variables X, Y, Z represent the components of aerodynamic force in the directions of the x, y, and z axes, 
respectively. The variables p, q, r represent the instantaneous components of rotational velocity about the x, y, 
and z axes, respectively. The variables L, M, N represent the components of aerodynamic moments about the x, 
y, and z axes, respectively (Robert C. Nelson, 1998). Although, the variables φ, θ, ψ represent the angular 
rotations not indicated in the figure. 
 

+                                        (1)  
 

    (2) 
 

                             (3) 
 
 The aerodynamic forces and moments can be expressed as a function of all the motion variables.  Also that 
the longitudinal aerodynamic control surface was assumed to be an elevator. The complete set of linearized 
equation of motion is given in equation 1, 2 and 3. 
 
State Variable Representation of the Equation of Motion: 
 The longitudinal motion of an airplane (fixed control) disturbed from its equilibrium flight condition is 
characterized by two oscillatory modes of motion. One of the modes is lightly damped and has a long period. 
This motion is called long-period or phugoid mode. The second basic motion is heavily damped and has a very 
short period called short-period mode. The linearized longitudinal equation developed in equation 1 to 3 is 
simple, ordinary differential equations with constant coefficients. The coefficients in the differential equations 
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are made up of the aerodynamic stability derivatives, mass and inertia characteristics of the airplane. These 
equations can be written as a first order differential equation, called the state space equations and represented in 
equation 4. 
 

                                                                            (4) 
 
where x  is the sate vector , is the control vector, and the matrices A and B contain aircrafts dimensional 
stability derivatives. An approximation to the short-period mode of motion can be obtained by assuming  

 and dropping X-force equation. The longitudinal state-space equation can be reduced as in equation 5, 
 

=                                                          (5) 

 
where α = angle of attack and q = angular rates of pitch axis. The first derivatives of these variables are 
considered as state variables. Also we can denote    =    and  =   . In general short-period 
approximation was found to be closer agreement with the exact solution than the phugoid approximation. 
 

RESULTS AND DISCUSSION 
 
 State feedback is used to provide a stability augmentation system (SAS) to improve an aircrafts longitudinal 
flying qualities. The pole placement technique is placing the closed loop poles of airplane in desired location 
there by achieving required characteristics. The pole placement can be done by using state feedback gain matrix 
‘k’. The airplane equation considered should be completely controllable for pole placement technique   
(Katsuhiko Ogata, 2002). 
 
CASE I Stability Augmentation System 
 An airplane is found to have poor short-period flying qualities in a particular regime. To improve the flying 
qualities, a stability augmentation system using state feedback is employed. The following data are assumed for 
general aviation airplane (Robert C. Nelson, 1998). 
 

=  + (                                    (6) 

 
 The Matlab Simlink model for equation 6 is shown in the figure 2.  
 

 
Fig. 2: Short period dynamics of an airplane with and without state feed back. 
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 The state variables angle of attack and angular rate of pitch axis without feedback and with feedback is 
shown in respective figures 3 and 4. 
  

 
 
Fig. 3: State variable analysis of an airplane without feedback. 
 
 The state variable remains in constant steady state as time increases for state feedback airplane. In other 
case, without feedback the angle of attack and angular pitch rate vary continuously as time increases. 
 

 
Fig. 4: State variable analysis of an airplane with feedback. 
 

 
Fig. 5: Response of short period dynamics of an airplane. 
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 The value of state feedback gain matrix is found by using Matlab programming based on Ackermanns  
formula (Katsuhiko Ogata,2002). The Value of state feedback gain matrix are found to be k1 = -2 and k2 = -1.3 
The output (shown in figure 5) of short-period dynamic characteristics with state feedback is found to be stable 
in nature whereas without state feedback the system is found to be oscillatory in nature. 
      
CASE II: AUTOPILOT DESIGN 
 The stability augmentation system is an auto pilot. The sate equation for the airplane considered to be 4-
defree of freedom. The airplane selected is the Short take off and landing (STOL) transport. The following are 
the data’s of STOL transport. Data are summarized from (R. K. Heffley, 1974). In state feedback design the 
designer can specify the descried location of the closed loop poles and poles can be obtained from equation 7. 
 

  + (                                                           (7) 

 
 Where α = angle of attack, q = angular rate of pitch axis, θ = pitch angle and h = rate of climb.  
 

 
 
Fig. 6: Sate variables without feedback. 
 

 
 
Fig. 7: State variables with feedback. 
 
 The state variables angle of attack, angular rate of pitch axis, pitch angle and rate of climb without feedback 
and with feedback is shown in respective figures 6 and 7. The state variable remains in constant steady state as 

http://www.google.co.in/search?tbo=p&tbm=bks&q=inauthor:%22Katsuhiko+Ogata%22�


253                                                                  Dr. S.N. Deepa and Sudha, G., 2014 
Australian Journal of Basic and Applied Sciences, 8(1) January 2014, Pages: 248-255 

 
time increases for state feedback airplane. In other case, without feedback the angle of attack, angular rate of 
pitch axis, pitch angle and rate of climb vary continuously as time increases. 
 

 
 
Fig. 8: Response of state feedback for an autopilot airplane. 
 
 The value of state feedback gain matrix is found by using Matlab programming based on Ackermanns  
formula. The Value of state feedback gain matrix are found to be k1 = 2.445, k2 = -0.124, k3 = -3.636 and k4 = 
-0.009. The output (shown in figure 8) of short-period dynamic characteristics with state feedback is found to be 
stable in nature whereas without state feedback the system is found to be oscillatory in nature. 
 
CASE III  Quadratic Optimal Regulator Problem 
 An advantage of the quadratic optimal control method over (9) the pole placement method is that the former 
provides a systematic way of computing the state feedback control gain matrix. By solving Riccati equation we 
obtain the positive semi definite matrix ‘S’. The quadratic performance index that is to be minimized is given 
from equation 8 as, 
 
J =                                                                            (8) 
 
 Where Q and R are called weighing matrix. The general form allows us to specify the weighing matrix Q 
and R as given in equation 9, 
 

Q =     and 

 

R = ( )                                                                        (9) 

 
 Let   = 0.087 rad,  = 100ft and  = 0.175 rad. The Matlab program for solving Riccati 
equation gives the following output, 
 
>> optimallaw 
 
A = 
   -1.3970    1.0000         0         0 
   -5.4700   -3.2700         0         0 
         0        1.0000         0        0 
 -400.0000         0   400.000       0 
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B = 
   -0.1240 
  -13.2000 
         0 
         0 
Q = 
  132.12        0         0         0 
         0         0         0         0 
         0         0         0         0 
         0         0         0    0.0001 
R = 
   32.8400 
 
K = 
    0.0980   -0.3038   -1.7154   -0.0017 
 
 The optimal value of K is used to find optimal control response. The figure 9 shows the response of the 
STOL aircraft to a 100ft deviation from the desired altitude. The control system is observed to rapidly bring the 
aircraft back to the desired altitude while keeping the angle of attack and control deflection under the given 
values respectively. 
 

 
 
Fig. 9: Optimal Control Response. 
 
Conclusions: 
 Modern control theory provides the control system with a valuable design tool. Unlike the classical control 
methods, modern control theory is ideally suited for synthesis of a control system with multiple inputs and 
determining optimal control strategies. In state feedback design, the poles of closed loop can be placed at any 
desired location in the complex plane. However, the practical considerations such as signal noise and control 
actuator saturation place limitations on pole placement. Optimal control theory can be used to overcome these 
difficulties. The optimal design gives good idea for the best location of the closed loop poles. The dynamic 
behavior of the Autopilot aircraft is improved by placing the poles in optimal desired location using state 
feedback gain matrix.     
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