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 Background: For decades, representation of Boolean functions using Binary Decision 
Diagrams (BDD) has been popular. The order of variables in BDD is important since it 
affects the number of nodes in the BDD. There are a lot of methods available in 
literature to find the order of variable so that the size of the BDD is less. Some of the 
various methods available in the literature are Sit, symmetric sift, genetic algorithm etc. 
As the number of variables increate the time needed to find the variable order and time 
needed to build the BDD increases exponentially. Thus methods that work for few 
numbers of variables do not function well for large number of variables. The efficiency 
of the available methods to find and optimal variable order is evaluated using 
benchmark circuits. From literature it can be seen that there is no single method that 
can provide optimal performance for all the available benchmark circuits. One of the 
existing methods in literature is BDD optimization using a tabular method. Objective: 
In the tabular method the BDD size is optimized using a table that is pre built for all 
possible combinations min-terms and BDD sizes. The main objective of this paper is to 
analyze the time needed to build the table and the time needed to access the table. An 
in-depth analysis on the timing parameters is done. Results: The analysis lead to novel 
equations for modeling the time needed to perform the creation and access of the table. 
The derivation of the formula makes use of combination of terms, binomial coefficients 
and Pascal’s triangle. The time complexities obtained by the equations are illustrated 
using graphs. From the graphs the time complexity can be modeled as normal 
distribution. Using the model of normal distribution the complexities for any number of 
variables can be obtained. Conclusion: An analysis on the time complexities of 
building and accessing the BDD backend table for the tabular method is discussed in 
this paper. Then the number of elements in the BDD backend table is discussed. The 
detailed analyses lead to novel equations for the time complexities. 
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INTRODUCTION 
 
 The efficient approach for Boolean function manipulation is the key factor in many areas, i.e.: synthesis, 
design and testing of VLSI CAD circuits (Priyank 1997) BDD are one of the most commonly used synthesis 
tool for logic optimization of digital systems (Bryant 1991). Varieties of BDD are used in several commercial 
applications. However the size and complexity of functions some times make BDD beyond any acceptable limit 
in terms of space and memory requirement. Hence most of the applications are heavily relying on good variable 
ordering (Bryant 1986, Malik et al 1988). Many heuristics have been suggested to minimize the space and 
memory complexity by providing a more effective initial variable ordering for BDD (Butler et al 1990, Prasad 
and Singh 2003, Prasad et al 2004, Prasad and Singh 2004, Yand and Ciesielski 2002). But the search for 
alternative solution still active in order to minimize the problems caused by the variable ordering to the BDD 
size. A new algorithm is discussed to address the variable ordering problem. The proposed method is based on a 
table that includes a number of variables, a number of min-terms for BDD, and the corresponding BDD size. 
This paper is structured as follow: In section II we recall definitions pertaining to BDD and other basic 
concepts. Proposed method which is he time complexity is explained in section III followed by the conclusion 
in section IV. The section V summarizes the future work possible in this model. 
 
Preliminaries: 
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 Basic definitions for binary decision diagrams are detailed in (Pryank 1997, Bryant 1991, Akers 1978 and 
Brace 1993). The following is a recall of some of these definitions. 
 
Definition 1:  
 A BDD is a directed acyclic graph (DAG). The graph has two sink nodes labeled 0 and 1, representing the 
Boolean functions 0 and 1. Each non-sink node is labeled with a Boolean variables v and has two out-edges 
labeled 1 (or then) and 0 (or else). Each non-sink node represents the Boolean function corresponding to its 1 
edge if v=1, or the Boolean function corresponding to its 0 edge if v=0. 
 
Definition 2:  
 An OBDD is a BDD in which each variable is encountered no more than once in any path and always in the 
same order along each path. 
 
Definition 3:  
 A reduced ordered binary decision diagram (ROBDD) is an OBDD where each node represents a distinct 
logic functions. It has the following two properties: 
(i) There are no redundant nodes in which both of the two edges leaving the node point to the same next node 
present within the graph. If such a node exists it is removed and the incoming edges redirected to the following 
node. 
(ii) If two nodes point to two identical sub-graphs (i.e. isomorphic sub-graphs) then one subgraph will be 
removed and the remaining one will be shared by the two nodes. 
 
Variable Ordering: 
 The size of a BDD is largely affected by the choice of the variable ordering. The number of nodes in the 
graph varies from linear to exponential depending on the variable ordering. Fig. 1 shows the effect of the 
variable ordering on the size of BDDs. 
 

 
Fig. 1: Effect of the variable ordering on the size of BDDs. 
 
Apart from BDD, introduction to certain other concepts are explained in the following. 
 
Min-term based tabular method for BDD manipulation: 
 A new algorithm for finding the optimal variable order, number of nodes for any order and other ROBDD 
parameters, based on a tabular method is explained in Prasad et. al 2004. The tabular method makes use of a 
pre-built backend database table that stores the ROBDD size for selected combinations of min-terms. The user 
uses the backend table and the proposed algorithm to find the necessary ROBDD parameters, such as best 
variable order, number of nodes etc. Experimental results on benchmarks are given for this technique in Prasad 
et al 2004. 
 
Combination and Binomial Co-efficient: 
 The number of k-combinations from a given set S of n elements is often denoted in elementary combinatory 

texts by C(n, k), or by a variation such as , , or even  (Erwin 1999). The same number 

however occurs in many other mathematical contexts, where it is denoted by (often read as "n choose k"); 
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notably it occurs as a coefficient in the binomial formula, hence its name binomial coefficient. One can define 

for all natural numbers k at once by the relation 

 

from which it is clear that and for k > n. To see that these coefficients count k-
combinations from S, one can first consider a collection of n distinct variables Xs labeled by the elements s of S, 
and expand the product over all elements of S (Erwin 1999). 
 
Pascal’s Triangle: 
 In mathematics, Pascal's triangle is a triangular array of the binomial coefficients. It is named after the 
French mathematician Blaise Pascal in much of the Western world, although other mathematicians studied it 
centuries before him in India, Greece, Iran, China, Germany, and Italy (Peter 1998). 
 The rows of Pascal's triangle are conventionally enumerated starting with row n = 0 at the top. The entries 
in each row are numbered from the left beginning with k = 0 and are usually staggered relative to the numbers 
in the adjacent rows. A simple construction of the triangle proceeds in the following manner. On row 0, write 
only the number 1. Then, to construct the elements of following rows, add the number above and to the left with 
the number above and to the right to find the new value. If either the number to the right or left is not present, 
substitute a zero in its place. For example, the first number in the first row is 0 + 1 = 1, whereas the numbers 1 
and 3 in the third row are added to produce the number 4 in the fourth row (Peter 1998). 
 
Normal Distribution: 
 In probability theory, the normal (or Gaussian) distribution is a very commonly occurring continuous 
probability distribution—a function that tells the probability that an observation in some context will fall 
between any two real numbers. For example, the distribution of grades on a test administered to many people is 
normally distributed. Normal distributions are extremely important in statistics and are often used in the natural 
and social sciences for real-valued random variables whose distributions are not known (Amari et al 2000). 
 The normal distribution is immensely useful because of the central limit theorem, which states that, under 
mild conditions, the mean of many random variables independently drawn from the same distribution is 
distributed approximately normally, irrespective of the form of the original distribution: physical quantities that 
are expected to be the sum of many independent processes (such as measurement errors) often have a 
distribution very close to the normal. Moreover, many results and methods (such as propagation of uncertainty 
and least squares parameter fitting) can be derived analytically in explicit form when the relevant variables are 
normally distributed (Amari et al 2000). 
 
Analysis of Time Needed to Create and Access the Bdd Size Table: 
 The BDD size table for three variables and two min-terms in depicted in table 1. Table 2 provides the table 
for the BDD sizes with three variables and 6, 7, 8 min-terms. The two tables (1 and 2) are just illustrations for 
showing the BDD sizes. The size of the table varies as the number of variables varies. There are two phases in 
using the tabular algorithm. First a substantial amount of time is spent in building the BDD size table. Then time 
has to be spent in accessing the table to get the BDD size or the variable order. The time needed to access the 
table also depends on the speed of the computer. 
 
Table 1: BDD Size table for 3 variables with 2 min-terms. 

 
 
a. Properties of the BDD size table: 
 The contents of the BDD size table are simplified combinations of min-terms. A single row in the BDD size 
table has three columns. The entries of the table rows are: 
First Column: Number of min-terms 
Second Column:  The actual min-terms 
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Third Column: The BDD size. 
 
b. Time complexity in building the table: 
 Building the BDD size table is the first step in the tabular algorithm. Time taken in this phase is an 
important factor. Let ‘n’ be the number of variables in the Boolean function. The total number of min-terms 
possible is 2n. Thus a Boolean function can have from 1 to 2n min-terms. Table 1 shows the values for n=3 and 
number of min-terms as 2. Let ‘r’ be the number of min-terms in the function. Thus from the table 1 it can be 
seen that for n=3 and r=2, the total number of combinations of min-terms possible is 28. From table 2 it can be 
noted that, for n=3 and r=6, number of min-term combination is 28. The number of min-term combinations 
possible for n=3 is shown in table 3. 
 
Table 2: BDD Size table for 3 variables with 6,7 and 8 min-terms. 

 
 
Table 3: Number of min-term combinations for 3 variables. 

Number of Min-terms (r) Number of min-term combinations 
0 1 
1 8 
2 28 
3 56 
4 70 
5 56 
6 28 
7 8 
8 1 

 
 An analysis on table 3 will indicate that the number of min-term combinations can be represented by the 
combinatorial function (binomial coefficient function) as below: 
   Number of combinations = 8Cr 
In general for ‘n’ variables the number of min-term combinations can be written as: 
   Number of combinations = NCr       (1) 
    Where N = 2n 
    And r is the number of min-terms 
 
The time needed to build the complete table (TTB) can be denoted as follows: 
   TTB = Time to build a single min-term * total number of min-terms *  
number of combinations 
 
 Let τ be the time needed to build a single min-term. Thus the total time in building the table (TTB) needed 
can be re-written as 
 

TTB =          (2) 
 



162                                                                        S. Deivanai et al, 2014 
Australian Journal of Basic and Applied Sciences, 8(1) January 2014, Pages: 158-164 

 
 The table 4 gives the time complexity in building the table, for three variables and different number of min-
term combinations.  
 
Table 4: Number of time complexities in building the table for 3 variables. 

Number of Min-terms (r) Time complexity in building the table for different min-terms (r* NCr) 
0 0 
1 8 
2 56 
3 168 
4 280 
5 280 
6 168 
7 56 
8 8 

 
 The total time complexity in building the table for three variables can be obtained by summing up the 
values in the second column in table 4. The time complexity in building the table for three variables is shown in 
fig. 2. The fig. 2 depicts the values of complexities as a graph. From fig.2 it can be noted that the variation of 
the complexity in building the table follows a normal distribution.  
 To find the total time complexity in building the table (TTB) for three variables can be obtained by 
summing up the values of column 2 in table 4 or summing up the y axis values in fig. 2. From fig.2 it can be 
seen that the time complexity in building the table varies as Normal Distribution. In general, to find the total 
complexity (TTB) for any number of variables, the following steps need to be followed 
Step 1: Find out the values of time complexities in building the table using the same method as obtaining the 
table 4. 
Step 2: Plot the time complexity graph (in building the table) similar to fig. 2 
Step 3: Find an equation for the discrete curve as a normal distribution using curve fitting techniques. 
Step 4: Integrate the derived equation for the limits from 0 to infinity to get the area of the curve. 
Step 5: The integrated values give the time complexity in building the table for the given number of input 
variables. 

 
Fig. 2: Time complexity in building the table, for 3 variables and different number of min-terms. 
 
c. Time complexity in accessing the table: 
 The second phase of the tabular algorithm is to access the already built table. For three variables the total 
access time (TTA) is to access all the rows in the table multiplied by time taken to access a single row. 
Therefore the total number of rows in the table is proportional to the time the time needed to access the table 
(TTA). The time needed to access the complete table (TTA) can be denoted as follows: 
TTA = Time to access a single min-term * total number of rows in the table 
 Let α be the time needed to access a single row. Thus for n variables, the total time in accessing the table 
(TTA), needed can be re-written as 
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TTA =          (3) 
Where N = 2n 
And r is the number of min-terms 
 The table 3 gives the time complexity in accessing the table, for three variables and different number of 
min-term groups. The difference between the equation 2 and equation 3 is the factor r that in present in the Σ. 
From table 3 it can be seen that the number of min-term group follows the binomial co-efficient. Fig. 3 shows 
the time complexity for accessing the table for three variables. It is interesting to note that the values in Fig. 3 
follow the binomial co- efficient. Since the values are binomial co-efficient the Pascal’s triangle can be used for 
the analysis. Similar to the previous section, the summation, curve fitting and integration can be applied for 
access time also. But the Pascal’s triangle provides easier approach.  The Pascal’s triangle for 0 to 9 levels is 
depicted in table 5. Now the second column in table 3 can be compared with the Pascal’s triangle for 8 
variables. The third column in table 5 represents the sum of the elements as explained in equation 3. The third 
column in table 5 can be written as a power of 2 as shown in the fourth column in table 5. Thus the sum of the 
element in equation 3 can be represented by the powers of 2. Thus we have the equation 3 as following: 
 

TTA = =α * 2N         (4) 
Where N = 2n 
And r is the number of min-terms 
 
 Thus for ‘n’ variables, equation 4 can be written as follows: 
 

TTA = =α * 2N=α *        (5) 

  

 
Fig. 3: Time complexity in accessing the table, for 3 variables and different number of min-terms. 
 
Table 5: Elements of Pascal Triangle. 

Level Pascal’s Triangle Row Sum of the elements Expression for Sum 
0 1 1 20 
1 1 1 2 21 
2 1 2 1 4 22 
3 1 3 3 1 8 23 
4 1 4 6 4 1 16 24 
5 1 5 10 10 5 1 32 25 
6 1 6 15 20 15 6 1 64 26 
7 1 7 21 35 35 21 7 1 128 27 
8 1 8 28 56 70 56 28 8 1 256 28 
9 1 9 36 84 126 126 84 36 9 1 512 29 
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 Thus equation 5 is novel information about the access times (time complexities i.e. TTA) of the BDD 
Backend table access time complexity. Thus using equation 5 we can directly determine the time needed to 
access the backend table.  
 
Conclusion: 
 An analysis on the time complexities of building and accessing the BDD backend table for the tabular 
method is discussed in this paper. Initially some basic definitions of BDD and related literature is explained. 
Then the number of elements in the BDD backend table is discussed. This analysis is divided in two phases. The 
first is the building phase and the second is the access phase. The time complexity for both the phases is 
discussed. Model for the time complexity in building the table is discussed. The time complexity for accessing 
the table is modeled using a direct equation. These modelings by equations for the phases are novel. Thus novel 
methods are proposed for the time complexities of the BDD operations using the tabular method. 
 
Future Work: 
 It is worthy to note that the timing analysis provided in this paper also depends upon the speed of the 
computer that is used for the operations. The model provides the complexity in terms of equations. The 
equations have parameter for single min-term creation time and single row access time. These parameters are 
dependent on the speed of the computer memory, bus speed and the processor. In this paper these parameters 
are considered as a constant. Future work in this area may to determine the value of the parameters for all 
possible combinations. Future work may also be to determine the time taken to build the BDD to get the BDD 
size. This BDD size is now ignored in this paper. These two points are the lead for future work based on this 
paper. 

REFERENCES 
 

Akers, S.B., 1978. "Binary Decision Diagram," IEEE Trans. Computers, 27: 509-516. 
Amari, Shun-ichi, Nagaoka, Hiroshi, 2000. Methods of Information Geometry. Oxford University Press. 

ISBN 0-8218-0531-2. 
Brace, K., 1993. “Efficient implementation of a BDD package,” in Proceedings of Design and Automation 

conference, pp: 40-45. 
Bryant, R.E., 1986, "GraphBased Algorithm for Boolean Function Manipulation," IEEE Trans. 

Computers, 35: 677-691. 
Bryant, R.E., 1991. "On the complexity of VLSI implementations and graph representations of Boolean 

functions with application to integer multiplication," IEEE Trans. Computers, 40: 203-213. 
Butler, K.M., D.E. Ross, R. Kapur and M.R. Mercer, 1990. “Heuristics to Compute Variable Ordering for 

Efficient Manipulations of Ordered Binary Decision Diagrams", DAC-90, pp: 52-57. 
Erwin Kreyszig, 1999. Advanced Engineering Mathematics, John Wiley & Sons, INC. 
Malik, S., A. Wang, R. Brayton, A. Sangiovanni, 1988. “Logic Verification using Binary Decision 

Diagrams in Logic Synthesis Environment”. International Conference on Computer Aided Design. 
Peter Fox, 1998. Cambridge University Library: the great collections. Cambridge University Press, pp: 13. 

ISBN 978-0-521-62647-7. 
Prasad, P.W.C., A. Assi and M. Raseen, 2004. ”BDD Minimization Using Graph Parameter Permutation”, 

The 2004 International Conference on VLSI,  pp: 491-494. 
Prasad, P.W.C., A. Assi, M. Raseen and A. Harb, 2004. "Selective min-terms based tabular method for 

BDD Manipulations", International Conference on Information Technology (ICIT 2004), pp: 241-244, Turkey, 
December. 

Prasad, P.W.C. and A.K. Singh, 2003. "Representation of Boolean Function using Partial Binary Decision 
Diagram," contribution talk, 5th International Congress on Industrial and Applied Mathematics, Australia. 

Prasad, P.W.C. and A.K. Singh, 2003. "An Efficient Method for Minimization of Binary Decision 
Diagrams," 3rd International Conference on Advances in Strategic Technologies (ICAST), pp: 683-688. 

Priyank, K., 1997. “VLSI Logic Test, Validation and Verification, Properties &Applications of Binary 
Decision Diagrams,” Department of Electrical and Computer Engineering University of Utah, Salt Lake City, 
UT 84112. 

Yang, C. and M. Ciesielski, 2002. “BDS: A BDDBased Logic Optimization System,” IEEE Trans. On 
CAD of IC and Systems, 21: 866-876.  

 


