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Abstract: The problem of imputation of missing data emerges in many areas especially environment 
field. These data usually contained missing values due to many factors such as machine failures, 
changes in the siting monitors, routine maintenance and human error. Incomplete data set usually 
cause bias due to differences between observed and unobserved data. One approach that commonly 
used for handling missing data is imputation technique. This paper discusses three interpolation 
methods that are linear, quadratic and cubic. A total of 8567 observations of particulate matter (PM10) 
data for a year were used to compare between the three methods when fitting the lognormal 
distribution. The goodness-of-fit were obtained using three performance indicators that are mean 
absolute error (MAE), root mean squared error (RMSE) and coefficient of determination (R2). It was 
found that linear interpolation method give the best fit with smallest error (value for MAE is 1.99) and 
highest R2 that is 0.9889. 
 
Key words: Missing values, PM10, performance indicators, lognormal distribution  

 
INTRODUCTION 

 
 The presence of missing values in statistical survey data is an important issue to deal with (Little, R.J.A. 
and B.B. Rubin, 1987). These missing items are usually due to machine failure, routine maintenance, changes in 
siting monitors, human errors and other factors. Incomplete datasets may lead to results that are different from 
those that would have been obtained from a complete dataset (Hawthorne, G. and P. Elliot, 2005). There are 
three major problems that may arise when dealing with incomplete data. First, there is a loss of information and, 
as a consequence, a loss of efficiency. Second, there are several complications related to data handling, 
computation and analysis, due to the irregulaties in data structure and the impossibility of using standard 
software. Third, there maybe bias due to systematic differences between observed and unobserved data.  
 In the last decades, a number approaches have been proposed and utilised for filling missing values. The 
most straightforward idea of filling missing data is by substituting average or mean values into the missing 
entries (Wasito, I. and W. Mirkin, 2005). However, mean substitution lead to large errors in the correlation of 
matrix and therefore degrading the performance of statistical modelling (Junninen, H., 2004). One approach to 
solve incomplete data problems is the adoption of imputation techniques. 
 This paper concentrate on replacing the real missing item of annual PM10 monitoring data using three 
methods that are linear, quadratic and cubic interpolation. The main objective of the study is to observe the 
performance of each method when fitted to lognormal distribution. Three performance indicators were 
calculated in order to determine the goodness-of-fit for each method that are mean absolute error (MAE), root 
mean squared error (RMSE) and coefficient of determination (R2). 
 

MATERIAL AND METHODS 
 
The Data: 
 The data used for this analysis is particulate matter (PM10) data (measured in µg/m3) in Kuala Lumpur. 
Kuala Lumpur was chosen because it has experienced a rapid growth of population due to the presence of large 
development area. This is accompanied by a growing number of vehicles that contribute to air pollution. Table 1 
gives the summary of particulate matter (PM10).  8567 hourly concentrations are available that is 2.2 percent 
(193 observations) of missing values.  The mean value (77.2) is higher than median (74.0), which indicates that 
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the pollutants distributions are skewed to the right. This is confirmed with the range of values between 9 μg/m3 
to 314 μg/m3. 
 
Table 1: Descriptive statistic of PM10 data 

Valid data 8567 
Missing data 193 
Mode 59.0 
Standard Deviation 0.31 
Minimum Value 9.0 
Maximum Value 314.0 

 
The Interpolation Techniques: 
 There are three interpolation techniques used to estimate the missing values that are linear, quadratic and 
cubic. 
 
Linear Interpolation: 
 The simplest form of interpolation is to connect two data points with a straight line. This technique is called 
linear interpolation. The equation of the linear interpolation function is (Chapra, S.C. and R.P. Canale, 1998): 
 

)()( 0101 xxbbxf                                                   (1) 
 

where x is the independent variable, 0x  is a known value of the independent variable and  xf1  is the value of 
the dependent variable for a value x of the independent variable. Then from Equation (1), 
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Quadratic Interpolation: 
 If three data points are available, estimation are carried out using a second-order polynomial. A particularly 
convenient form for this estimation is given by (Chapra, S.C. and R.P. Canale, 1998): 
 

))(()()( 1020102 xxxxbxxbbxf                                 (4) 
 
where x is the independent variable, x0

 and x1
 are known values of the independent variable, b0

 and b1
 are the 

unknown coefficients and  xf2  is the second-order interpolating polynomial. The procedure to determine the 
coefficients of, b0

and b1
 are the same as in Equations (2) and (3). The coefficients for b2

is obtained below: 
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Cubic Interpolation: 
 When four data points are available, a third-order polynomial (also called a cubic polynomial) can be 
applied. The cubic interpolation formula has the form (Ayyub, B.M. and R.H. McCuen, 1996): 
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 The procedure to determine the coefficients of, b0

, b1
and b2

are the same as in Equations (3) to (5). b3 is 

given by 
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Lognormal Distribution: 
 The PM10 data, which is used in this analysis, is a set of real data where missing values are available. Thus, 
to compare the performance of the interpolation technique, the data is fitted to lognormal distribution. There are 
three distributions that are widely used in fitting data that are Weibull, Lognormal and Gamma distribution. 
However, for this paper, only lognormal distribution is used. 
The probability density function (pdf) for the two parameter lognormal distribution is given as (Evans, M., 
2000): 
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where x is the variable, α is the shape parameter and β is the scale parameter. 
The cumulative distribution function (cdf) equation for lognormal distribution is as follows (Evans, M., 2000): 
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where x is the variable, α is the shape parameter and β is the scale parameter. 
 
 The values of α and β for lognormal distribution were estimated using maximum likelihood estimators 
(MLE) method. In this method, the equation applied is as follow (Evans, M., 2000): 
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To obtain α and β values, the following equation were applied (Evans, M., 2000): 
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where x is the variable, n is the numbers of observation, α is the shape parameter and β is the scale parameter. 
 
Performance Indicators: 
 Three performance indicators were used to describe the goodness-of-fit or the lognormal distribution when 
missing values are estimated using interpolation techniques. 
 
Mean Absolute Error (MAE): 
 Mean absolute error is the average of the difference between predicted and actual values of the data. The 
mean absolute error (MAE) is evaluated by the equation (Junninen, H., 2004):  
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where N is the number of imputations, Oi is the observed data points and Pi is the imputed data point.  
 Mean absolute error (MAE) ranges from 0 to infinity and a perfect fit is obtained when MAE equals to 0.  
 
Root Mean Squared Error (RMSE): 
 The mean-squared error is computed by (Junninen, H., 2004):  
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where N is the number of imputations, Oi the observed data points and Pi the imputed data point.  
 
 The RMSE gives the error value the same dimensionality as the actual and predicted values.  The smaller 
value of RMSE indicates the better performance of the model.  
 
Coefficient of Determination (R2): 
 The coefficient of determination (R2) takes on values between 0 and 1, with values closer to 1 implying a 
better fit.  The equation of coefficient of determination (R2) is given as follows (Junninen, H., 2004): 
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where N is the number of imputations, Oi is the observed data points, Pi is the imputed data point, P is the 
average of imputed data, O is the average of observed data,  P

is the standard deviation of the imputed data 

and O
is the standard deviation of the observed data. 

 
RESULTS AND DISCUSSION 

 
 The descriptive statistic using interpolation techniques are presented in Table 2. From Table 2, it can be 
seen that very small differences between the values of the descriptive statistics. The mean values are in the range 
of 74.9 to 75.0. There is small variability on the data for the three methods used. For each method, the data is 
skewed to the right. 
 
Table 2: Descriptive Statistics for the three methods. 

 Linear Quadratic Cubic 
Valid 

Missing 
8760 

0 
8760 

0 
8760 

0 
Mean 74.98 75.00 74.93 

Std. Deviation 30.743 30.797 30.770 
Skewness 1.407 1.403 1.402 
Kurtosis 7.874 7.840 7.822 

Percentile 
25th 
50th 
75th 
95th 

 
54 
70 
90 
132 

 
54 
70 
90 

132 

 
54 
70 
91 
132 

 
 Table 3 below indicates the values of the shape parameter, α, and the scale parameter, β when the lognormal 
distribution was fitted to the three data sets and when the maximum likelihood method was used to estimate the 
parameters. 
 
Table 3: Parameter values for the lognormal distribution. 

Data α β 
Linear  4.2349 0.4166 
Quadratic 4.2340 0.4177 
Cubic 4.2340 0.4177 

 
 From Table 3, it is observed that quadratic and cubic interpolation method give the same value for the shape 
and scale parameters. The slightly different values of α and β are probably because there are small percentages 
of missing values in the tested PM10 data. 
 Figure 1 shows the probability distribution function (pdf) plots for the three methods. From the plots, the 
modes for PM10 data for linear, quadratic and cubic interpolation are 62.2, 63.0 and 63.0 respectively. The 
modes changes slightly according to the methods used for replacing missing data. 
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Fig. 1: Probability distribution function (pdf) of the lognormal distribution using (a) Linear Interpolation (b) 

Quadratic Interpolation (c) Cubic Interpolation. The dotted straight line (-) indicates the theoretical data 
whereas the dotted line (----) contained the predicted data. 

 
 Figure 2 shows the cumulative distribution function (cdf) plots for three methods. The cdf plots show that 
the lognormal distribution fit the data very well at low concentration but starts to under estimate the data when 
the concentration reaches 94 µg/m3. Calculating the performance indicators does confirmation of the results 
from Figure 2. Three types of performance indicators were calculated that are mean absolute error (MAE), root 
mean squared error (RMSE) and coefficient of determination (R2). The result is given in Table 4. 
 
Table 4: Performance Indicators. 

Methods MAE RMSE R2 
Linear 1.9878 3.8485 0.9889 
Quadratic 2.0194 3.8937 0.9888 
Cubic 2.0194 3.8937 0.9888 

 
 From Table 4, it can be confirmed that linear interpolation methods gives the best result with the lowest 
values of error and highest value of R2 compared to quadratic and cubic interpolation methods. The values of 
performance indicators for quadratic and cubic interpolation methods are the same because of the value of shape 
parameter, α, and the scale parameter, β are the same. Overall, the replacement of missing values using linear 
interpolation fits the data very well. There are only slight variations of the values for all performance indicators 
measured because the amount of missing item for this data is small. 
 
Conclusions: 
 Three methods of interpolation techniques were used to estimate the missing values. Since the data used is a 
real data set, fitting the lognormal distribution to the data made comparison. Estimates of the lognormal parameters 
were obtained by using the maximum likelihood estimator (MLE). From observing the probability density function 
(pdf) and cumulative distribution function (cdf), it is observed that all the three methods fit the data well. This 
might be due to small number of missing observations in the data. Three types of performance indicators that are 
MAE, RMSE and R2 were calculated in order to reconfirm the results.  It was found that linear interpolation method 
give the best fit with smallest error (value for MAE is 1.99) and highest R2 that is 0.9889. 
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Fig. 2: Cumulative distribution function (cdf) of the lognormal distribution using (a) Linear Interpolation (b) 

Quadratic Interpolation (c) Cubic Interpolation. The dotted straight line (-) indicate the theoretical data 
whereas the dotted line (----) contained the predicted data. 
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