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Abstract: In recent years, there has been an increasing interest in dynamic analysis of railway bridges. 
However, for understanding the actual behavior of such railway bridges, engineers need to improve 
their knowledge with respect to the parameters influencing on dynamic analysis. The objective of this 
paper is to determine the significant parameters which influence on natural frequencies of bridges. For 
this purpose, a number of single span finite element (FE) models of an existing railway bridge are 
developed. In order to obtain the natural frequencies, Eigen value analysis is carried out and the results 
are compared with corresponding results by other researchers. Having found a good agreement between 
the simulation FE models and previous study published by G. Kaliyaperumal et al. (2011), different 
parameters such as Young’s modulus and skew angle of the bridge are considered and the effects of 
them are indicated in such an analytical study.  
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INTRODUCTION 

 
The past thirty years have seen increasingly rapid advances in the field of railway bridges. Nevertheless, the 

issue of the costs and safety of bridges is still a controversial and much disputed subject. As a consequence, the 
correct understanding of the actual behaviour of railway brides is of necessity.  

Natural frequency is an important parameter influencing on dynamic behaviour of the railway bridge. It is 
defined as the frequencies at which a system naturally vibrates. Put differently, natural frequency is the number 
of times which a system moves vibrates between its original position and its displaced position and has to be 
considered very important in related vibration problems (Ehsan ahmad, W.H. Wan Badaruzzaman, 2011). Two 
parameters such as skew angle of bridge and Young’s modulus have effect on the natural frequencies. Skew 
angle is the angle between the normal to the centreline of the bridge. Bridges with skew angle less than 20° can 
be designed as a straight bridge and more than 45° are not recommended (Ibrahim S. I. Harba, 2011; X.H. He et 
al. 2012; AASHTO, 2003).  

This paper will focus on the effect of skew angle and Young’s modulus on the natural frequency of bridge. 
First of all, a number of single span FE models of an existing railway bridge, located in Stockholm Sweden, are 
developed and the Eigen value analysis are carried out aimed at obtaining the natural frequencies of FE models 
with different skew angles as well as Young’s modulus. Finally, the obtained results are compared to each other.  
 
Bridge Description And Finite Element Model:  

The case study of railway bridge is located in Stockholm and connects northern and southern Sweden with 
two train tracks. This steel railway bridge is of six spans which the north and south part of the bridge are 27 and 
26.9 meters respectively and the inner spans are 33.7 meters (see Fig.1). The superstructure consists of two main 
girders of 3000 mm deep and 600 mm wide. Bracings are provided at the top and bottom to connect rails and 
cross beams respectively. Additional information of the bridge can be found in (Mehrdad Bisadi et al., 2012; G. 
Kaliyaperumal et al., 2011; John Leandera et al., 2010).  

The finite element program LUSAS was employed to develop a single span FE model with different skew 
angles and Young’s modulus. The girders, stringers and cross beams of the bridge were simulated as the shell 
elements and the bracings were simulated as the bar elements. Likewise, the quadratic mesh (QTS8) and three 
dimensional meshes (BTS3) was considered for the shell and bar members of the bridge respectively. Moreover, 
the mild steel was used for all component of bridge and simply support was considered as a boundary condition.  
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Fig. 1: Elevation and plan view of the bridge (dimensions are in meter). 
 
 

 
 
Fig. 2: Single-span skewed FE models.  
 
Free Vibration:  

Eigen value analysis was carried on all FE models with various skew angles and Young’s modulus to 
demonstrate the influence of such parameters on natural frequencies of bridge and the obtained results were 
compared to each other. Natural frequencies of an undamped mechanical system which vibrates freely without 
further force interaction can be calculated based on the equation of motion which is represented as follows:  
 
[ M]( ϋ) [K](u) = {F(t)}              (1)  

 
Where [M] is mass matrix, [K] is stiffness matrix,{ϋ} is acceleration vector, {ϋ} displacement vector and 

{F (t)} is the external force vector (Ray W. Clough; Joseph Penzien, 1993; Chopra, A.K., 2006). The natural 
frequency in radiance per second is obtained by the given equation:  
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Where w is the natural frequency, m is mass and k is stiffness (Boris Rohal-IIkiv, Gergely Takacs, 2012). 
The natural frequency in cycle per second is given by:  

 
/ 2f w                 (3)  

 
Consequently, the natural frequency can be expressed into more familiar units:  
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Verification of the Finite Element Modeling:  

In order to establish the accuracy of the FE models, the Eigen value analysis was carried out on the single 
span, three span and full bridge based on convergence study. The results were compared with the previous 
research which was carried out by (G. Kaliyaperumal et al., 2011).  

a) Single-span b) Three-span  
 

 
 
Fig. 3: Simulated models of bridge.  
 

Table 1 demonstrates the comparison of the periods of FE models in the first three modes, indicating that 
there is a good agreement between results although in the previous research was carried out by different finite 
element program ABAQUS.  

 
Table 1: Comparison of periods 

Software  LUSAS (FE Software)  ABAQUS (FE Software)  
Support  Pined  Pined  Pined  Pined  
Number of span  Single-span  Three-span  Single-span  Three-span  
T1(s)  0.180  0.176  0.182  0.181  
T2(s)  0.134  0.174  0.156  0.161  
T3(s)  0.106  0.170  0.110  0.146  

 
RESULTS AND DISCUSSIONS 

 
In an attempt to illustrate the effect of parameters influencing on dynamic behaviour of the railway bridge, 

free vibration analysis was carried out on four developed FE single-span bridges with the same geometries, 
supports and materials as those tested by G. Kaliyaperumal et al., 2011 but with different skew angles. The FE 
models were developed with the skew angles of 0°, 10°, 30°, and 40° as well as Young’s modulus of 190, 200 
and 210 GPa.  

Turning now to equation 4, it can be seen that the natural frequency is a function of stiffness. Therefore, 
increasing the stiffness of bridge enhances the natural frequencies. It is apparent from the tables 1, 2 and 3 that 
the simulated model with Young’s modulus of 200 witnessed high frequencies compared to other FE models. In 
contrast, the natural frequencies dropped due to increasing the skew angles. As shown on the table 1, the first 
natural frequency plugged from 6.69 hertz in the straight bridge to 4.17 hertz in the 40° skewed FE model 
(approximately 60%). The similar results can be seen in table 2 and 3.  
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Table 2: Natural frequencies for different skew angles of the bridge 
Young’s modulus  190 (GPa)  
Skew angle  0°  10°  30°  40°  
f1 6.69656  5.47865  4.76022  4.17893  
f2 7.54541  7.26768  7.26538  6.04741  
f3 9.53947  9.15763  7.30629  6.07861  
f4 13.1041  10.1354  7.34289  6.07974  
f5 13.3504  10.2243  7.34367  6.09489  

  
Table 3: Natural frequencies for different skew angles of the bridge 

Young’s modulus  210 (GPa)  
Skew angle  0°  10°  30°  40°  
f1 7.04020  5.75979  5.00449  4.39337  
f2 7.93261  7.64062  7.63820  6.35773  
f3 10.0290  9.62755  7.68121  6.39053  
f4 13.7765  10.6555  7.71969  6.39172  
f5 14.0355  10.7490  7.72051  6.40764  

 
Conclusion:  

In this investigation, eigenvalue analyses were carried out on simulated models of an existing railway 
bridge in Stockholm by finite element program LUSAS and the obtained frequencies of FE models were 
compared with previous study, carried out by ABAQUS, to show the accuracy of simulated models. Having 
found a good agreement between the results, the Eigen value analysis was carried out on the simply support 
single-span FE model with different skew angles (0°, 10°, 30°, and 40°) and Young’s modulus (190, 200 and 
210 GPa) to indicates the influence on such parameters on the dynamic behavior of the bridge.  

It was shown that the natural frequencies decreased for skewed bridge and FE models with high Young’s 
modulus. As regards the first natural frequencies, the decrement at skew angles 0◦ and 40◦ is about 60% for the 
all FE models. In general, it was found that skew angle and Young’s modulus play an important role in the 
dynamic behavior of railway bridges. 
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