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 This paper is complementary of the published paper (Khawla, 2013) , which is discussed the 
likelihood function for the multinomial distribution given by:  

  , and a conditional likelihood function for 
the observed data as: 

, where  
~
q   is a vector 

of   , now go to original equation for response using Cox model, we have a split plot 

design response =    then   is a function of  

~~~
,, εβα   depending on the form assumed for the two hazard functions. Let 

 then:  

 
Which is the same for product binomial variables for fixed  . 
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INTRODUCTION 

 
 As we seen    is the number of individuals assigned to main unit j on trt i (  starters). If there is no 
censoring case we have   and    for  k > 1. Two possible choices for the function that 

will be considered are:    and   . These responses are derived 

from continuous random variable models. From this point onwards we use  . 
 
Background:  
 Cox model for survival function is    depending on Poisson model as    which represents the 
(success and failure) or (true and false) for statistic processes. This model have a new parameter denoted by    
which is explained further in the influential have addition effect to the main variable having a Cox model. In 
paper published in (Australian Journal of Basic and Applied Sciences) by: (Khawla, 2013) which refers that we 
can analyze survival data with new variable    . The dealing is the same for both variables: continuous and 
discrete. We translated this model to binomial and found any data related with survival analysis. Depending on 
what has mentioned above we obtained a multiplicative form of binomial function using the    and solved it by 
using maximum likelihood and estimate its' parameters. Using conditional that    is occur. 
 
UObjective: 
The Model and the Likelihood Function 
We studied two cases:  
UFirst: U Assuming that there is no censoring data: 
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Individuals at risk during time interval k may fail, be censored on survive to the start of the following time 
period. The observed number at risk for time interval k on a given trt i and a main unit j is  and the number of 
individuals failing is   . Define    , which is denoted by    (the number of 
individuals surviving interval k). Thus it will be individuals at risk for the next time interval, i.e,  

 . The number of deaths or failures    in time intervals  (t0,t1], (t1,t2], …, (tk-1,tk] 
with t0 = 0 among  starters, follow a multinomial distribution with probably function: 

  where    starters and  

 . Now define    is the probability an individual on trt i and in 
a main unit j survives beyond.   is the conditional probability an individual on trt i and in main unit j 
survives beyond interval k given that it survives beyond interval (k-1), where    ,  

  is the conditional probability an individual on trt i and in main unit j fails  in interval (k-1) and  
  is the number of individuals surviving at end of study. 

We have    is the probability an individual fails in 
interval k for a given main unit j on trt i . The likelihood function for the multinomial distribution is given by: 

 

 
  

Recall that:   and    for  k = 1, 2, 
…, k+1. Therefore the likelihood is proportional to: 

 
 Using equation (1), and assuming that individuals in a main unit survive independently of other individuals, 
then we have independent multinomial distribution over i and j. The conditional likelihood function for the 
observed data can be written as:  

  
Return to equation:  response =   
i = 1, 2, …, I;  j = 1, 2, …, J;  k = 1, 2, …, K. 
We saw that    is a function of  

~~~
,, εβα   depending on the form assumed for the two hazard function. Let:  

  then:   

 
 The form of conditional likelihood function is the same as the likelihood function for product binomial 
random variables for fixed and random  . 
 
Second: Handling Censored Data: 
The censoring case can be defined by the following relations:    and   

    for  k > 1 . 
The only difference between the censored and uncensored data is that risk sets at each time interval can be 
obtained somewhat differently. Computationally, the case of censoring will not affect our parameters of interest 
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nor the structures of our layout since our methods are based on the knowledge that   ~ binomial 

. 
 Hence, handling censored data will be straight forward. In general, the idea behind handling censored time 
can be formulated as follows: It is often assumed that each individual has a life time T and a censoring time C, 
where T and C are independent continuous random variables with survivor functions S(t, θ) and G(C, ϕ) and 
probability density function f(t, θ) and g(C, θ), respectively. θ is the vector of interest parameters and ϕ is the 
vector of parameters on censoring time C. Let us assume Ti and Ci are independent for all i define: 

  and    . 

 The data from observation on individuals consist of the pair  . Further, assume that the   are 
independent then if an individual failed then the "likelihood contribution" of observing a failure given   
is the product   . If, on the other hand, an individual is censored then the likelihood contribution 
of observing censored given   is the product  . The full likelihood for all individuals can 
be written as: 

 
 . For inference on    alone    acts as a constant,   will not be used in solving 

for    of    or likelihood inference on   . We consider working with the marginal likelihood function  
  rather than the full likelihood  . In what follows, we derive the form of the marginal likelihoods 

given    for our grouped time model. From the way the data has been collected we have: 

 
Where    starters   . 

  is the probability of an individual fails in interval k for a given main unit j on trt i with censoring, and    
is the probability of an individual censored interval k for a given main unit j on trt i. Recall that    is the 
probability of an individual fails in interval k for a given main unit j on trt if for the censoring case. Assuming 
that all censors take place at the start of an interval then    and    are related in the following form: 

 
We know that the conditional multinomial likelihood function is given by: 

 
Now combining the equation: 

  , (4) , and (5) we get: 

 
And     
substituting (7) and (8) in (6) we have: 

 

 
 Assume that individuals in  a main unit survive independently of other individuals we then have 
independent multinomial distributions over i and j. Therefore the conditional likelihood can be written as: 
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 Since our parameter of interest is  

~
q   then we might consider working with the following with the 

following conditional marginal likelihood function:   . 

Therefore, for inference  
~~
εq   alone we consider working with the conditional marginal likelihood function  

  rather than the full conditional likelihood function   . This conditional marginal 

likelihood function for censored data has the same form as the conditional likelihood function for uncensored 
data as given in equation (2). 
 
Estimation of The Binomial Variabilities: 

 ~ Binomial  , with 

 
For a large sample size, the asymptotic distribution is given by:  

 
•

•
~  Normal    , and  

 
•

•
~  Normal  .  

Let   ,  , where    is defined to be the derivative of the 

function  g ,   
•

•
~  Normal   . 

That is,   
•

•
~  Normal . The general model is  

 , where    is a random error,   
•

•
~  Normal 

 . 

 
Hazard Functions 
The conditional hazard function in the multiplicative form is given by:  

 . Assume that    then we have: 

 

 
, where   . Now if we assume that    then we have: 

 

           
           ,  

where    is the moment generating function of  , and   . We should 
mention that there is no closed formula for the moment generating function of a lognormal random variable. At 
this stage we can use an approximation by using Taylor expansion of second degree for:  

 . And expand it around   . Hence we have:  

 , 

 , 
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 , 

  

 

 
  satisfies the properties   ,   , and    is non-increasing, and left continuous. 

 
Results: 
1- In constructing the variance-covariance matrix for the model we need    rather than  

 . 
2- We need to consider    and    to be uncorrelated but not necessarily independent since    
and    may be different. Thus we have:   

 . 
3- Since    and   , then   , and hence:   

 . 
4- This suggests average over all main units on the same treatment and the same interval to get an estimate of  

  given as: 

 
5- For the rest of all arguments we will designate    by    and it is estimated by   . 
6-   is a supervisor function even though it is only an approximation of the true supervisor function. 

7- The only restriction on this supervisor function is that always intersects the underlying function    at 
height  =  . 
8- The conditional hazard function in an additive form is given by:   . 
Assume that  then we have:  

 

     . 

where   . Again if we assume that    then we have:   

      

 

 

 

 
However,   is not a survivor function since    as   . 
 
Conclusions: 
1- The form of conditional marginal likelihood function is the same as the likelihood function of independent 
binomial random variables with fixed    as in the case with no censored observations. 
2- For simplicity we act as if we had a product of independent binomial random variables with fixed   , 
even though the    are actually random. 
3- It's difficult to see how there will be any information in the    about the    that is not already obtained 
in the   . This could be given as another motivation for treating    fixed. 
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4- The asymptotic results will be the same for both fixed or random   . This is one motivation for treating 
the    as a fixed. 
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