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Abstract: In this paper, we study the numerical solution of Fredholm integral equations of the first
kind with convolution kernel by using preconditioned conjugate gradient (PCG) method. Then by using
quadrature method the integral equations reduce to a Toeplitz system. In the case that the coefficient
matrix of above system is symmetric positive definite (SPD), we can use CG method for solving the
system. At normal state, the system contains in appropriate eigenvalues not clustering around 1. The
using of CG method with suitable preconditioners causes clustering eigenvalues of the new system
around 1. As a result, the stability and convergence rate are guaranteed.
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INTRODUCTION

Many inverse problems in science and engineering lead to the solution of integral equations of the first
kind, namely,

   (1)

where g(x) and k(x-t) are known functions and y(t) is the unknown function to be determined. In general
equations of this form are ill-posed, for a given k(x-t), g(x) equation(1) may  have  no  solution,  while  if a

solution exists the response ration                to small perturbations in g(x) may be arbitrary large (Rashed,
2003). Several numerical methods for approximating the solution of the first kind integral equations are know 
(Lewis, 1973; Baker, 1977).

Let  x i= a + ih , tj = a + jh and h =        and suppose that

xi = ti ; i = 0 , 1 , 2 , … , n ,

then we have the following linear system:

  (2)

where the coefficient matrix of the system is a Toeplitz matrix. The condition number of the coefficient matrix
of the system is large. In the many of iterative methods the error bound has been determined by condition

number. For instance the bounds of error in CG algorithms are given by               and k =      , where t is 
1

1

t

k

k

 
   

number of iteration and λmin, λmax are minimum and maximum of absolute eigenvalues on the spectrum of an
operator (Maleknejad, 2003).
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Definition 1:

Cn =              is called a circulant matrix if  Cij = ci-j (mod n) ; 0 < i, j < n -1 and  Tn =                 is called 

a Toeplitz matrix if tij = ti-j; 0 < i, j < n-1 (Maleknejad, 2003; Maleknejad, 2005). 

2. Circulant Preconditioners for Toeplitz Matrices:
2.1. Strange’s Preconditioner:

This preconditioner is defined to be the matrix that copies the central diagonals of matrix T and reflects
them around to complete the circulant. For T, the diagonals sj the Strange’s preconditioners S = [si-j]; 0 < i,j
< n-1 are given by

Sj =

         (3)

One of the interesting properties of S is that is minimizes              and                over all Hermitian
circulant matrices C (Maleknejad, 2003; Maleknejad, 2005).

2.2. Chan’s Preconditioner:
Optimal preconditioners for an n × n Toeplitz matrix T, Chan’s circulant preconditioner C is defined to be

the minimizer of

    ,   (4)
F

C T

over all n × n  circulant  matrices C. Here         denotes the  Frobenius norm. For T  , the diagonals cj the 

Chan’s preconditioners C = [ci-j]; 0 < i,j < n-1 are given by 

Cj =

       (5)

It is proved that the spectrum of  C-1T and S-1T are asymptotically the same as n tends to infinity. Also,
it is proved that the spectrum of  C-1T is clustered around 1 (Maleknejad, 2003; Maleknejad, 2005).

2.3. Preconditioners by Minimization of Norms ( Superoptimal Preconditioners):

Beside using the minimizer              as preconditioners for Toeplitz systems, minimizers of other
approximations have also been proposed. For instance, Tyrtyshnikov’s circulant preconditioner Ty is defined to
be the minimizer of 

         ,   (6)

over all nonsingular circuant matrices C and Ty  is called the superoptimal circulant preconditioner because it
minimize (6) instead of (4). Suppose that C is the solution of the optimization problem of the from (6):
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       ,   (7)

where           is the set of real nonsingular circulants of order n. Let 

where 

 

0 0 0 0 1

1 0 0 0 0

0 1 0 0 0

0 0 0 1 0

Q

 
 
 
 
 
 
  





     


In stead of (7), consider the following problem:

                           ,
  (8)

where Jn  is the set of all real circulants of order n.
In order to solve problem (8), let us investigate the functional

                                               

where

fi = tr (TT Q-i + Qi T),

uij = tr (TT Qj-i T),

Compute the partial derivatives of  J and require them to be zero we have:

where 

The solution  of  this   linear  algebraic  system  will  give  the  minimum  point  of                      
(Maleknejad, 2003; Maleknejad, 2005).
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Theorem 1: 
For any nonsingular Toeplitz matrix T of order n the superoptimal circulant preconditioner can be computed

with O(n log2 n) operations (Maleknejad, 2003).

3. Numerical Results:
We present in this section numerical results for one example to show efficiently and accuracy of the PCG

method, all computations were carried out using MATLAB v7.6.

Example 1: 
Consider the following first kind Fredholm integral equation (Maleknejad, 2006):

       .
  (9)

Equation (9) is replaced by system of linear equations. For solving  this  linear system, the CG can used. In

the above example, the zero vector is  used as  our initial  guess and the  stopping  criterion is       <  10-7, 
where rk is the residual vector of the CG and PCG methods after k iterations.

WS:  
Means that the CG method is used without preconditioner and Simpson’s quadrature.

SS:
Means that the CG method is used with Strange’s preconditioner and Simpson’s quadrature.

OS:
Means that the CG method is used with optimal preconditioner and Simpson’s quadrature. 

SUS: 
Means that the CG method is used with superoptimal preconditioner and Simpson’s quadrature .

The comparison of iteration counts for example 1 when different preconditioners are  used represented in Table
1. 

Table 1:
n WS SS OS SUS
40 87 27 25 20
80 156 35 30 27
120 208 45 39 32
160 239 65 45 42
200 312 83 57 50

Conclusion:
One of the main important results of the methodology is that the complexity of solving a large class of

Toeplitz system can be reduced to O(n log2 n) operations as compared the  O(n2 log2 n) operations required by
fast direct Toeplitz solvers (Maleknejad, 2003). The using  of  SUS method causes clustering eigenvalues of
the new system around 1. As a result, the stability and convergence rate by bounds of error in CG algorithms
are guaranteed and at most we reach the answer in n steps (Maleknejad, 2003).
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