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Abstract: The Main result of this paper is to show that the Ishikawa iteration Schemes with mixed
errors for ¢ — seremgly pseudocontractive Lipschitzian operators, with parameter between zero and
one, in an arbitrary Banach space is convergent.
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INTRODUCTION

Throughout this paper X is Banach space with real field and X* stands for its dual space, < .,. > will denote
for generalized duality pairing between X and X'*.we assume that the mapping J: X — 2% defined by

J) ={f € X*:<xf == llxllIfl, lIxll =1fl} V¥x€X,

is the normalized duality mapping. By Hahn-Banach theorem J{x) # @ for each x € X. Let T: D — X be an
operator, where D is a subset of X as domain of T with range R(T) € X.
(1) T iscalled Lipschitzian if there is L = 0 such that for each x, ¥ € D
ITx =Tyl = L{lx—yll.
(2) T is called strongly pseudocontractive if for each x, ¥ € D) there exists jlx—v) €J(x —v) such
that

(Tx —Ty,j(x —y) = kllx—ylI? (1.1)

for some constant k& € (0,1). The T is called ¢ — strongly pseudocontractive if there exists a strictly
increasing function @ : [0, eo) — [0, 22) with ¢(0) = 0 such that the inequality

(Tx =Ty, jlx— ) = llx —yllI* — @llx — 1) llx — ¥l
holds for all x, ¥ € D,
(3) T is called strongly accretive if for given x,v € D there is j{x —¥) € J{x —¥) and a constant
k € (0,1} such that
(Tx — Ty, j(x—y)) = kllx — ylI%.
and T is ¢ — strongly accretive if for any x,y € D there exists j{x —y) € J{x —v) and a strictly
increasing function @ : [0, o) — [0,c0) with @({0) = 0 such that
(Tx =Ty, j(x— ) = ¢(llx — ¥l llx —ll.

Definition 1.1: Let T:X — X be an operator, xgand 1 be two given points in X, {&,.}oz, and {f, )iz, be
two real sequances in [0,1], {w,}52, and {w,}ii, be two sequences in X satisfying the following
conditions:
(Dvy=vy + vrlzlj llvgll = G(Qn} (n=0)and E:::g.
(H} limn—:vuc”“‘rn ” =0
Then

(1) The sequence {x,} 5= defined by

Ty

< oo,
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{xn+1 = {1 - anjxn + ﬂ'nT}"nJ n =0,
Yn = (1 - ﬁn}xn + ﬁnTan n =0,
is called the Ishikawa iterative sequence (Ishikawa, 1974; Kim, J.K., 2006).
(1) Let D be a nonempty convex subset of X and T:D — D Dbe an operator. For any given the
Xplg ¥y € D, process defined by
{xn+1 =0pXn + TVt ¥ut n=0,
Yn = a;zxn + ﬁ::;Txn + Y::;Sm n =0,
where {5,155, {1,151, are bounded sequences in D and the real sequences fe, }om g, £6ntorg, T¥nticy,
{al ), 8L, {yntis, © [0,1] satisfy the conditions &, + By + ¥ = 1 = ah+5s +yn, ¥Yn =0,
called the Ishikawa iterative sequence with errors (Chidume, C., 2009).
(2) The sequence {x,}q= defined by
{xnﬂ ={1l—-a)x,+a, Ty, +1v, n=0,
Vo = (1 = Bp)xn + B, Tx, +wy, n =0,
is called the Ishikawa iterative sequence with mixed errors (Kim, J. K., 2006; Liu, L.S., 1995).

It is shown in (Osilike, M.O., 1996) that the class of strongly pseudocontractive mapping is a proper
subclass of ¢ — strongly pseudo contractive mapping. Furthermore, the example in (Chidume, C.E. and

Osilike, M.O., 1994) shows that the class of ¢ — strongly pseudocontractive mapping with the
nonempty fixed point set is a proper subclass of ¢ — hemicontractive mapping (Zhiqun, X., 2005).

In the present paper we show that the Ishikawa iteration schemes wih mixed errors for ¢¢ — strongly
pseudocontractive Lipschitzian operators, in an arbitrary real Banach space is convergent.

Preliminarise:
Lemma 2.1:
(Liu, Z., 2008) Suppose that {et, }oeg, 18n oz, (Fntneg and fe,} oz, are nonnegative sequences such
that
tpeg = (1 —wyo, + Bpw, +¥, Yn=0
with {wp ey © [0,1], By, = 0, Bo g Vs < o and lim,, o f, = 0. Then lim,, . &7, = 0.

The Main Result:
Theorem 3.1.

Let X be a real Banach space and D a nonempty, closed convex subset of & andT: D) — D' a uniformly
continuous Lipschitzian operator with a Lipschitz constant L=1 and ¢-strongly pseudo contractive. Suppose
F(T) # @ and xy € D be arbitrary and {xn}f:,g be the Ishikawa iterative sequence with mixed errors defined
by
{xnﬂ ={1-a,)x, +a,Tv,+1, n=0,

Vn = (1 - ﬁn}xn + fnTx, +wy, n=0,

where {v, 122, {wy,J5; are two sequences in D and {a,, 3o g, {8 o are two real sequences in [0,1]

satisfying the following conditions:

) an=o,

(i)@) vy = vy + v, 0]l = 0(a,) (M= 0)and B,
(b) lim,, . [lwy, || = 0.

If

nli_];E:”Txn+1 - T}’n ” = ﬂ;

@1

Uy || = oo,

Then the sequence {x,, }f:,g converges strongly to a unique fixed point of T in .
Proof. From (1.1) follows that F (T is a singleton, say F(T) = {p}. Thus
Xpp1— P = (1 — @), + @, Ty, + v, — P + anp — anp
=1 —a,)x, —p) + a,(Ty, —p) +v,..
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which implies that
lxpns1 — pll = (1 —adllx, — pll + @, 1Ty, — Toll + [l ]l (3.2)
Since ¥, = v, + 1y, and ||zL]l = o{&,,), there exists a nonnegative sequence {entoey with £, — 0
such that [|vy || = £, a,, and so

|, ]l = &, 0, + 'rs,:

(n=0) (33)
Since T is Lipschitzian, it follow from (3.2) and (3.3) that

lx,+1 — pll = (1 —aJllx, — pll + @, (ITy, — Tx, |l + ITx,, — Tpll) +a,=, +

v,
= (1 = el = pll + el Ty — Txall + anlllxn = pll + atnen + ||
= (1— (1 - Dayllx, — pll + (1 - Da, 0 4 (1 - Da = + ||
ITyn—Txnll  =n .
= (1- (1 - Dallx, = pll + (1 — D, P 4 2 [l

Therefore it follows from lemma 2.1 that lim,,_..[|x, — Il = 0.Hence the Ishikawa iterative sequence
{2, } =g with mixed errors defined by (3.1) converges strongly to a unique fixed point p of T in D.

In (3.1), if v, =w,, = 0(n = 0), then:

Theorem 3.2:

Let X be a real Banach space and D a nonempty, convex subset of X and T: D) — I a co- ntinuous
Lipschitzian operator with a Lipschitz constant L=1 and ¢ — strongly pseudocontractive. Suppose
F(T) = @ and xy € D be arbitrary and {x, },,—, be Ishikawa iterative sequence defined by
{xn+1 = {1 - anjxn + anT}"m n =0,

Y = (1 - ﬁn}xn + JEnTan n =0,
If
nli_];E:”Txn+1 - T}’n ” =0,

(34)

then the sequence {x,}.=q defined by (3.4) converges strongly to a unique fixed point of T in D.

Theorem 3.3:
Let X be a real Banach space, I' a nonempty, convex subset of X and T:D — D a cont- inuous

Lipschitzian operator with a Lipschitz constant L <1 and ¢ — strongly accrative operator. Define
G:D — D py Gx = f— Tx for all x € X and for given f € D. Let x4 € D be arbitrary and{x,,};,= be the
Ishikawa iterative sequence with mixed errors defined by

{xnﬂ ={1—-a,)x,+a,6Gyv, +v,, n=0,
}’nz(i_ﬁn}xn+ﬁn6xn+urnJ n=0,

where {v, 15, {w, 152, are two sequences in D and {a, }oe g, {8} o are two real sequences in [0,1]
satisfying the following conditions:

@) an=o,

(it) (@) vy = vy + v, llvpll = 0la,) (0 = 0) and 7| || < oo,
(b) lim; .. || w3, || = 0.
If

lim ||Tx,2q — Ty, =0,
1 —ro0

Then the sequence {x,, }ff:.g converges strongly to a unique fixed point of & in .
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Proof: Since T:D — D is a ¢ — strongly accrative operator, for any x,¥ €D there exist
j{x —¥) € J(x — ¥) and a strictly increasing function ¢: [0,e2) — [0, e2) with ¢(0) = 0 such that
(Tx =Ty, j(x—y)) = ¢(llx —yID llx —¥ll,
so that
(Gx — Gy, jlx =) ={(f —Tx—F + Ty, jlx —y))
=—(Tx =Ty, j{x— ¥y}
= —¢(llx —yIDllx — ¥l
= llx— ylI* — @(llx — yIDIlx — ¥l
Therefore G is ¢ — strongly pseudocontractive. On the other hand, & is continuous Lipschitzian
ope- rator with a Lipschitz constant L < 1 and
nli_];E:”G-'xn+1 —Gyll = nli_]ﬂ:“Txn+1_ Tyall = 0.
Therefore conclusion of theorem (3.3) can be obtained from Theorem 2.1 immediately. This completes the
proof.

Theorem 3.4:
Let X be a real Banach space, I} a nonempty, convex subset of X and the operator T: D' = I be a

continuous Lipschitzian operator with a Lipschitz constant L = 1 and ¢» —strongly pseudocontractive. Define
G:D =D by Gx =f—Tx for all x € X and for given f € D. Let {Bylnco ¥nlneo hntines and
{¥n Y=g be four real sequences in [0,1] that

D Bn+rn=1 Bntya=1,

(i1) Z::Dﬁn = co,

(iii) < oo, yi—0.
¥n ¥n

n=0
Let {x, };E be the Ishikawa iterative sequence with errors defined by
{xn+1 = {1 _ﬁn _Ynjxn + ﬁnG}"n Ll n=0
Vo = (1_}9?2 _'}/?Z}xn-l_ﬁrggxn_'_'}f;;sw nz=0
If {2, } ;=g be bounded and
1im |41 = T¥ull = O,

(3.9)

then & has a unique fixed point p € D and the sequence {x, }.=, converges strongly to p.

Proof. From (3.5) follows:
{xn+1 =(1- ﬁn-}xn + 5,6y, + Yn(rn - xn}i n=0

}?n={1_ﬁé}xn'i'ﬁrggxn'i_}"?;(sn_xn}i n=0
Let ¥, = ¥ (1 — Xn) and wy, = yi(s, — x,), ¥n = 0. Then
{x?ﬂ'l = (-1 - ﬁ?‘!-}x?‘! + ﬁ?‘!G}"n +'}fnt,n1 n=0
Yn = (1 - ﬁ::;}xn + JH?';Gxn + Y;z""rni n=0

oo

by the sequences {xn}icy {m oz, and {5,152, are bounded in D and by condition (iii),
Yool |l < coand limy, . llw, || = O,

Which imply that {x,,} =, defined by (3.5) is a special case on the Ishikawa iteration sequence with mixed
errors defined by (3.1). Therefore all the conditions in theorem 3.1 are satiafied. This completes the proof.
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